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PREFACE TO THE FIRST EDITION 



The significance of the Calculus, the possibility of applying 
it in other fields, its usefulness, ought to be kept constantly 
and vividly before the student during his study of the subject, 
rather than be deferred to an uncertain future. 

Not only for students who intend to become engineers, but 
also for those planning a profound study of other sciences, the 
usefulness of the Calculus is universally recognized by teach- 
ers; it should be consciously realized by the student himself. 
It is obvious that students interested primarily in mathe- 
matics, particularly if they expect to instruct others, should 
recognize the same fact. 

To all these, and even to the student who expects only gen- 
eral culture, the use of certain types of applications tends to 
make the subject more real and tangible, and offers a basis for 
an interest that is not artificial. Such an interest is necessary 
to secure proper attention and to insure any real grasp of the 
essential ideas. 

For this reason, the attempt is made in this book to present 
as many and as varied applications of the Calculus as it is 
possible to do without venturing into technical fields whose 
subject matter is itself unknown and incomprehensible to the 
student, and without abandoning an orderly presentation of 
fundamental principles. 

The same general tendency has led to the treatment of 
topics with a view toward bringing out their essential useful- 
ness. Thus the treatment of the logarithmic derivative is 
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vi PREFACE 

vitalized by its presentation as the relative rate of change of a 
quantity; and it is fundamentally connected with the impor- 
tant " compound interest law," which arises in any phe- 
nomenon in which the relative rate of increase (logarithmic 
derivative) is constant. 

Another instance of the same tendency is the attempt, in 
the introduction of the precise concept of curvature, to explain 
the reason for the adoption of this, as opposed to other 
simpler but cruder measures of bending. These are only 
instances, of two typical kinds, of the way in which the effort 
to bring out the usefulness of the subject has influenced the 
presentation of even the traditional topics. 

Rigorous forms of demonstration are not insisted upon, es- 
pecially where the precisely rigorous proofs would be beyond 
the present grasp of the student. Rather the stress is laid 
upon the student's certain comprehension of that which is 
done, and his conviction that the results obtained are both 
reasonable and useful. At the same time, an effort has been 
made to avoid those grosser errors and actual misstatements 
of fact which have often offended the teacher in texts other- 
wise attractive and teachable. 

Thus a proof for the formula for differentiating a logarithm 
is given which lays stress on the very meaning of logarithms; 
while it is not absolutely rigorous, it is at least just as rigorous 
as the more traditional proof which makes use of the limit of 
(l+ 1 / n ) n as n becomes infinite, and it is far more convincing 
and instructive. The proof used for the derivative of the sine 
of an angle is quite as sound as the more traditional proof 
(which is also indicated), and makes use of fundamentally use- 
ful concrete concepts connected with circular motion. These 
two proofs again illustrate the tendency to make the subject 
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PREFACE vii 

vivid, tangible, and convincing to the student; this tendency 
will be found to dominate, in so far as it was found possible, 
every phase of every topic. 

Many traditional theorems are omitted or reduced in im- 
portance. In many cases, such theorems are reproduced in 
exercises, with a sufficient hint to enable the student to 
master them. Thus Taylor's Theorem in several variables, 
for which wide applications are not apparent until further 
study of mathematics and science, is presented in this manner. 

On the other hand, many theorems of importance, both 
from mathematical and scientific grounds, which have been 
omitted traditionally, are included. Examples of this sort 
are the brief treatment of simple harmonic motion, the wide 
application of Cavalieri's theorem and the prismoid formula, 
other approximation formulas, the theory of least squares 
(under the head of exercises in maxima and minima), and 
many other topics. 

The Exercises throughout are colored by the views ex- 
pressed above, to bring out the usefulness of the subject and 
to give tangible concrete meaning to the concepts involved. 
Yet formal exercises are not at all avoided, nor is this neces- 
sary if the student's interest has been secured through convic- 
tion of the usefulness of the topics considered. Far more 
exercises are stated than should be attempted by any one 
student. This will lend variety, and will make possible the 
assignment of different problems to different students and to 
classes in successive years. It is urged that care be taken in 
selecting from the exercises, since the lists are graded so that 
certain groups of exercises prepare the student for other 
groups which follow; but it is unnecessary that all of any 
group be assigned, and it is urged that in general less than 
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half be used for any one student. Exercises that involve 
practical applications and others that involve bits of theory 
to be worked out by the student are of frequent occurrence. 
These should not be avoided, for they are in tune with the 
spirit of the whole book; great care has been taken to select 
these exercises to avoid technical- concepts strange to the 
student or proofs that are too difficult. 

An effort is made to remove many technical difficulties by 
the intelligent use of tables. Tables of Integrals and many 
other useful tables are appended; it is hoped that these will 
be found usable and helpful. 

Parts of the book may be omitted without destroying the 
essential unity of the whole. Thus the rather complete treat- 
ment of Differential Equations (of the more elementary 
types) can be omitted. Even the chapter on Functions of 
Several Variables can be omitted, at least except for a few 
paragraphs, without vital harm; and the same may be said 
of the chapter on Approximations. The omission of entire 
chapters, of course, would only be contemplated where the 
pressure of time is unusual; but many paragraphs may be 
omitted at the discretion of the teacher. 

Although care has been exercised to secure a consistent 
order of topics, some teachers may desire to alter it; for 
example, an earlier introduction of transcendental functions 
and of portions of the chapter on Approximations may be 
desired, and is entirely feasible. But it is urged that the 
comparatively early introduction of Integration as a summa- 
tion process be retained, since this further impresses the 
usefulness of the subject, and accustoms the student to the 
ideas of derivative and integral before his attention is diverted 
by a variety of formal rules. 
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PREFACE ix 

Purely destructive criticism and abandonment of coherent 
arrangement are just as dangerous as ultra-conservatism. 
This book attempts to preserve the essential features of the 
Calculus, to give the student a thorough training in mathe- 
matical reasoning, to create in him a sure mathematical 
imagination, and to meet fairly the reasonable demand for 
enlivening and enriching the subject through applications 
at the expense of purely formal work that contains no essential 
principle. 

E. W. Davis, 
W. C. Brenke, 

E. R. Hedrick, Editor. 
June, 1912. 
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PREFACE TO THE REVISED EDITION 

The Davis Calculus was very favorably received by the 
mathematical world at the time of its original appearance 
in 1912. The necessity for some revision arose from the 
usual exhaustion of the old lists of exercises by repeated use 
of them in class-rooms, and from suggestions of minor changes 
of forms and of arrangement of the textual matter as a result 
of actual experience in its use. Professor Davis was intend- 
ing such a revision at the time of his death, and it has re- 
mained for Professor Brenke, in collaboration with Professor 
E. R. Hedrick, to carry it out. 

The lists of exercises have been thoroughly revised. Most 
of the old formal exercises have been replaced by new ones, 
the lists have been extended or shortened, as experience 
indicated they should be, and some of the applications for- 
merly contained in the lists of problems have been trans- 
ferred to the body of the text. 

The spirit of the original text was to bring out to the 
student the real significance of the Calculus; and this was 
accomplished in an unusually effective manner. In the 
revision, every effort has been made to retain and to amplify 
this spirit. The technique, and mechanical drill, have not 
been neglected, but the reasons for learning this technique 
have been demonstrated to the student unmistakably. 

Some rearrangement of topics has occurred. Thus integra- 
tion as a summation has been postponed until after the 
technique of integration has been mastered. The latter half 
of the book has been somewhat simplified, and a few more 
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difficult topics that were not reached by many classes have 
been omitted. It is hoped that the revision will appeal to 
many and that it will do justice to the great teacher who 
was the principal author of the original edition. 

W. C. Brenke, 
E. R. Hedrick. 
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THE CALCULUS 

CHAPTER I 
FUNCTIONS — SLOPE — SPEED 

1. Variables. Constants. Functions. A quantity which 
changes is called a variable. The temperature at a given 
place, the annual rainfall, the speed of a falling body, the dis- 
tance from the earth to the sun, are variables. 

A quantity that has a fixed value is called a constant. 
Ordinary numbers, such as 2/3, v^2, —7, w, log 5, etc., are 
constants. 

If one variable, y, depends on another variable, x, in such 
a way that y is determined when x is known, y is called a 
function of x; the variable x is called the independent variable, 
and y is called the dependent variable. Thus the area A of a 
square is a function of the side s of the square, since A = s 2 . 
The volume of a sphere is a function of the radius. In 
general, a mathematical expression that involves a variable 
x is a function of that variable. 

2. The Function Notation. A very useful abbreviation for a 
function of a variable x consists in writing / (x) (read / of x) 
in place of the given expression. 

Thus if f(x) = x 2 + 3x + 1, we may write /(2) = 2 2 + 
3-2 + 1 = 11, that is, the value of x 2 + 3 x + 1 when x = 2 
is 11. Likewise /(3) = 19, /(- 1) = - 1, /(0) = 1, etc. 
/(a) = a 2 + 3a + l. f(u + v) = (u + v) 2 + 3 (u + v) + 1. 

Other letters than / are often used, to avoid confusion, but 

/ is used most often, because it is the initial of the word June- 

1 
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2 THE CALCULUS [I, § 2 

tion. Other letters than x are often used for the variable. 
In any case, given /(x), to find /(a), simply substitute a for 
x in the given expression. 

3. Graphs. In our study of variables and functions, much 
use will be made of graphs. To draw the graph of an equa- 
tion that contains two variables, we may determine by trial 
several pairs of numbers which satisfy the equation and plot 
these number pairs as points of the graph, as in elementary 
analytic geometry. 

Shorter methods for drawing certain graphs are indicated 

in some of the following exercises. Thus to draw the graph 

of the equation 

y = sin x + cos x, 

first draw on the same sheet of paper the graphs of the two 

equations 

y = sin x and y = cos x, 

and add the corresponding ordinates. 

Certain standard graphs are shown in the tables at the 
back of this book. 

EXERCISES 

Calculate the values of each of the following functions for a suitably 
chosen set of values of x, and draw the graph. Estimate the values of 
x and / (x) at points where the curve has a highest or a lowest point. 
Also determine graphically the solutions of the equation /(x) = 0. 

1. /(x) = x*-5x + 2. 2. /(x) =x3-2s + 4. 

3. /(x) = x 4 -5x3+3x 2 -2x + 3. 4. /fr) = (x + l)/(2x- 3). 

5. /(x) - logio x. 6. /(x) = (logio x) 2 . 

7. /(x) = sin x. 8. /(x) = esc x. 

9. /(x) = cos x. 10. f(x) = sin x -f cos x. 

11. f(x) = x + sin x. 12. /(x) = sin 2 x. 
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I, § 3] FUNCTIONS — SLOPE — SPEED 3 

13. If /(x) = sin x and <f> (x) = cos x, show that [/(x)] 2 + [<f> (x)] 2 = 1; 
/(x)-h0(x)=tanx; f(x + y) =/(x) *(y) +/(y) 0(x); *(x + 1,)=?; 
/(x) = *0r/2 - x); *(x) =/(x/2 - x) - - <t> (v - x); /(- x) = 
-/( + *); *(-x)=0(x). 

14. If f(x) — logio x, show that 

/(*) +/<W -/(*■*); /(**) - 2/(«); 

f(m/n)-f(n/m) - 2/(m) - 2/(n); /(m/n) +/(n/m) =0. 

15. If /(x) = tan re, # (x) = cos x, draw the curves y =/ (x), y = # (x), 
V =f(x) —<t>(x)- Mark the points where /(x) = # (x) and estimate the 
values of x and y there. 

16. Taking /(x) = x 2 , compare the graph of y=f(x) with that of 
2/ = /(x) + 1, and with that of y = /(x + 1). 

17. Taking any two curves y =f(x), y = <f>(x) t how can you most 
easily draw y = /(x) — 4> (x) ? y = f (x) + <f> (x) ? Draw y = x 2 + 1/x. 

18. How can you most easily draw y=/(x)+5? t/=/(x + 5)? 
assuming that y =f(x) is drawn. 

19. Draw y — x 2 and show how to deduce from it the graph of 
y — 2 x 2 ; the graph of y = — x 2 . 

Assuming that t/=/(x) is drawn, show how to draw the graph of 
y = 2/(x); that of y= -/(x). 

20. From the graph of y = x 2 , show how to draw the graph of 
y = (2 x) 2 ; that of y = x 2 + 2; that of y = (x + 2) 2 ; that of y = (2x - 3) 2 . 

21. What is the effect upon a curve if, in the equation, x and y are 
interchanged? Compare the graphs of y = /(x), x =f(y). 

Plot each of the following curves: 

22. y + 1 = sin (3 x - 2). 23. y = 2* + sin x. 
24. y = 2* + 2~*. 25. t/ = 2~* cos x. 
Plot each of the following curves, using polar coordinates. 
26. r = sin 27. r = sin 2 0. 

28. r = coS 3 6. 29. r = 3 + 2 sin 0. 

30. r = 2 + 3 sin 0. 31. r = 1 + cos 0. 

32. r = 0. 33. r - 1/0. 

34. r = 2*. 35. r = 2~*. 
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4. Rate of Increase. Slope. In the study of any quantity, 

its rate of increase (or decrease), when some related quantity 

changes, is a very important consideration. 

Graphically, the rate of increase of y with respect to x is 

shown by the rate of increase of the height 

of a curve. If the curve is very flat, there 

is a small rate of increase; if steep, a large 

.rate. 

The steepness, or slope, of a curve shows 
the rate at which the dependent variable is 
increasing with respect to the independent 
variable. When we speak of the slope of 
a curve at any point P, we mean the slope 
of its tangent at that point. To find this, 
we must start, as in analytic geometry, with 
a secant through P. Let the equation of 
the curve, Fig. 1, be y = x 2 , and let the 
point P at which the slope is to be found, be the point (2, 4). 
Let Q be any other point on the curve, and let Ax represent 
the difference of the values of x at the two points P and Q* 
Then in the figure, OA = 2, AB = Ax, and OB =2 + Ax. 
Moreover, since y = 7? at every point, the value of y at Q is 
BQ = (2 + Ax) 2 . The slope of the secant PQ is the quo- 
tient of the differences Ay and Ax: 

^ Ax PM Ax 

The slope m of the tangent at P, that is tan Z MPT, is the 

* Ax may be regarded as an abbreviation of the phrase, "difference of 
the x's." The quotient of two such differences is called a difference quo- 
tient. Notice particularly that Ax does not mean AXx. Instead of "differ- 
ence of the x's," the phrases "change in #" and "increment of x" are often 
used. 



Fig. 1. 
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. I, § 4] FUNCTIONS — SLOPE — SPEED 5 

limit of the slope of the secant as Q approaches P. But it 
is clear that this limit as Q approaches P is 4, since Ax 
approaches zero when Q approaches P. Hence the slope 
m of the curve is 4 at the point P. At any other point the 
argument would be similar. If the coordinates of P are 
(a, a 2 ), those of Q would be [(a + Ax), (a + Ax) 2 ]; and the 
slope of the secant would be the difference quotient Ay -s- Ax: 

Ay _ (a + Ax) 2 — a 2 _ 2 a Ax + Ax 2 _ _ 
Ax Ax Ax 

Hence the slope of the curve at the point (a, a 2 ) is * 

m = lim Ay I Ax = lim (2 a + Ax) = 2 a. 

Ax-*0 Ax— >0 

On the curve y = x 2 , the slope at any point is numerically 
twice the value of x. When the slope can be found, as above, 
the equation of the tangent at P can be written down at 
once, by analytic geometry, since the slope m and a point 
(a, b) on a line determine its* equation: 
y —b = m(x — a). 

The normal to a curve is defined to be the line through a 
point on the curve perpendicular to the tangent line at that 
point. Hence, if the slope of the tangent at a point (a, b) 
is m, the slope of the normal is — 1/ra, and the equation of 
the normal is 

2,_ 6= _I (a; _ a ). 

Thus, in the preceding example, at the point (2, 4), where we found 
m=4, the equation of the tangent is 

(y — 4) = 4 (re — 2), or 4z — 2/ = 4. 
The equation of the normal is 

y - 4 = - i (x - 2), or a; -f 4 2/ = 18. 

* Read "Aoj-^O" "as As approaches zero." A discussion of limits is given 
in Chapter II. 
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6 THE CALCULUS [I, § 5 

6. General Rules. A part of the preceding work holds true 
for any curve, and all of the work is at least similar. Thus, 
for any curve, the slope is 

m = lim (Ay /Ax) ; 

Ax->0 

that is, the slope m of the curve is the limit of the difference quo- 
tient Ay/ Ax. 

The changes in various examples arise in the calculation of 
the difference quotient, Ay -f- Ax, and of its limit, m. 

This difference quotient is always obtained, as above, by find- 
ing the value of y at Q from the value of x at Q, from the equa- 
tion of the curve, then finding Ay by subtracting from this the 
value of y at P, and finally forming the difference quotient by 
dividing Ay by Ax. 

6. Slope Negative or Zero. If the slope of the curve is 
negative, the rate of increase in its height is negative, that is, 
the height is really decreasing with respect to the independent 
variable.* 

If the slope is zero, the tangent to the curve is horizontal. 
This is what happens ordinarily at a highest point (maximum) 
or at a lowest point (minimum) on a curve. 

Example 1. Thus the curve y = x 2 , as we have just seen, has, at any 
point x = a, a slope m — 2a. Since m is positive when a is positive, the 
curve is rising on the right of the origin; since m is negative when a is 
negative, the curve is falling (that is, its height y decreases as x increases) 
on the left of the origin. At the origin m = 0; the origin is the lowest 
point (a minimum) on the curve, because the curve falls as we come 
toward the origin and rises afterwards. 

* Increase or decrease in the height is always measured as we go toward 
the right, i.e. as the independent variable increases. 
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Example 2. Find the slope of the curve 
(1) y=x 2 + 3x-5 

at the point where a; = — 2; also in general at a point x = a. Use these 
values to find the equation of the tangent 
at a; = 2; the tangent at any point. 

When x = — 2, we find y = — 7 (P in 
Fig. 2); talcing any second point Q, (— 2 + 
Ax, — 7 + Ay), its coordinates must satisfy 
the given equation, therefore 

- 7 + Ay = (- 2 + Ax) 2 

+ 3(-2 + Ax)-5, 
or 

Ay - - 4 Ax + Ax 2 + 3 Ax 
= — Ax + Ax 2 , 
where Ax means the square of Ax. Hence 
the slope of the secant PQ is 

Ay /Ax = — 1 + Ax. 
The slope m of the curve is the limit of Ay /Ax 
as Ax approaches zero; i.e. 

m= lim ^ = lim (- 1 + Ax) = - 1. 

Ax— >0 Ax &x— >Q 

It follows that the equation of the tangent at (— 2, — 7) is 
(y + 7) = - 1 (x + 2), or x + y + 9 = 0. 
Likewise, if we take the point P (a, b) in any position on the curve 
whatsoever, the equation (1) gives 

b = a 2 + 3 a - 5. 
Any second point Q has coordinates (a + Ax, b + Ay) where Ax and 
Ay are the differences in x and in y, respectively, between P and Q. 
Since Q also lies on the curve, these coordinates satisfy (1) : 

. b + Ay = (a + Ax) 2 + 3 (a + Ax) - 5. 
Subtracting the last equation from the preceding, 

Ay = 2 a Ax + Ax 2 + 3 Ax, whence Ay /Ax = (2 a +3) + Ax, 
and 

m - Urn ^ = lim [(2 a + 3) + Ax] = 2 a + 3. 

Ax-*0 AX A*-K) 

Therefore the tangent at (a, 6) is 
y-(a 2 + 3a-5) = (2a + 3) (x-a), or (2a + 3)x - y = a 2 + 5. 
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The slope m is zero when 2 a -f 3 =0, i.e. when a = — 3/2. Hence 
the tangent is horizontal at the point where x = — 3/2. 

Example 3. Consider the curve y = x 3 — 12 a; -f 7. If the value of 
x at any point P is a, the value of y is a 3 — 12 a + 7. If the value of x 
at <? is a -f Ax, the value of y at Q is (a + Ax) 3 — 12 (a + Ax) + 7. 
Hence 

Ay _ [(a + Ax) 3 - 12 (a + As) + 7] - [a 3 - 12 a + 7] 
Ax Ax 

= (3 a 2 -f 3 a Ax + Ax 2 ) - 12, 



and 



m = lim ^ = 3 a 2 - 12. 
Ax— >0 Ax 




Fig. 3. 

For example, if x = 1, y = — 4; at this point (1, — 4) the slope 
is 3* l 2 — 12 = — 9; and the equation of the tangent is 

(y + 4) = — 9(x — 1), or 9x+y — 5=0. 

The points at which the slope is zero would be determined by the 
equation m = 3 a 2 — 12 = 0, which gives a = ± 2. When x has either 
of these values, the tangent is horizontal. From the equation of the 
curve, ifx = +2, y = — 9; when x = — 2, y = 23. Hence the horizontal 
tangents are at the points (2, - 9) and (- 2, 23). (See Fig. 3.) 
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13. y = x 3 -6x. 


16. */ = x 4 - 2 x 2 . 


14. y = x 3 — 6 x -+- 5. 


17. y = x 4 — x 3 . 
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EXERCISES 

Find the slope and the equation of the tangent line to each of the 
following curves at the point indicated. Verify each result by drawing 
the graph of the curve and the graph of the tangent line from their 
equations. 

1. y - x 2 - 2; (1, - 1). 2. y = x 2 /2; (2, 2). 

3. y = 2s 2 -3; (2,5). 4. !/=a; 2 -4x + 3; (2, -1). 

5. 2/ = x 3 ; (1, 1). 6. y = x 3 - 9 x; (2, - 10). 

7. 2/ = x 3 - 3 x + 4; (0, 4). 8. y = 2 x 3 - 3 x 2 ; (1, - 1). 

Draw each of the following curves, using for greater accuracy the 
precise values of x and y for which the tangent is horizontal, and the 
knowledge of the values of x for which the curve rises or falls. 
9. y = x 2 + 5 x - 5. 12. y = x 3 - x 2 . 15. y = x 4 . 

10. y = 3x-x 2 v 

11. 2/ = x3-3x + 2. 

7. Speed. An important case of rate of change is the 
rate at which a body moves, — its speed. 

Consider the motion of a body falling from rest under the 
influence of gravity. During the first second it passes over 
16 ft., during the next it passes over 48 ft., during the third 
over 80 ft. In general, if t is the number of seconds, and s 
the entire distance it has fallen, s = 16 t 2 if the gravitational 
constant g be taken as 32. The graph of this equation (see 
Fig. 4) is a parabola with its vertex at the origin. 

The speed, that is the rate of increase of the space passed 
over, is the slope of this curve, i.e. 

v As 
hm— • 

Af->0 AC 

This may be seen directly in another way. The average 
speed for an interval of time At is found by dividing the dif- 
ference between the space passed over at the beginning and at 
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the end of that interval of time by the difference in time: i.e. 
the average speed is the difference quotient As -5- At. By the 
speed at a given instant we mean the limit of the average 
speed over an interval At beginning or ending at that instant 
as that interval approaches zero, i.e. 

speed = lim -r^ • 

A*->0 At 

Taking the equation s = 16 J 2 , if t = 1/2, s = 4 (see point P in Fig. 4). 

After a lapse of time At, the new 
values are 

t = l/2+At, 
and s = 16 (1/2 + A*)* 
(Q in Fig. 4). 
Then 
As = 16 (1/2 -f A*) 2 - 4 
= 16 At + 16 A?, 
As I At = 16 + 16 A*. 
Whence 
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Fig. 4. 



= hm — 
A*_*0 At 

= lim (16 + 16 At) = 16; 

A*-*0 



that is, the speed at the end of the first half second is 16 ft. per second. 

Likewise, for any value of t f say t = T, s = 16 T 2 ; while for 
* = T + A*, s = 16 (T 7 + AO 2 ; hence 

, As 16 {T+ At) 2 -16T 2 , 
average speed = — = — - — i— - — * 



and 



speed = lim — 

A*— K)At 



A* 
■Z2T. 



= 32!T+16A* 



Thus, at the end of two seconds, T = 2, and the speed is 32-2 = 64, in 
feet per second. 

8. Component Speeds. Any curve may be regarded as the 
path of a moving point. If a point P does move along a 
curve, both x and y are fixed when the time t is fixed. To 
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specify the motion completely, we need equations which 
give the values of x and y in terms of t. 

The horizontal speed is the rate of change of x with 
respect to the time. This may be thought of as the speed 
of the projection M of P on the z-axis. Likewise, the 
vertical speed is the rate of change of y with respect to 
the time. It would be the speed of the projection of P on 
the 2/-axis. Hence, by § 7, we have 

Ax 



and 



horizontal speed = lim A - 

A<-0 Af 



Since 


vertical speed 


= lim 

A<->0 


Ay 
At 




Ay = 
Ax 


Ay . 
' At * 


Ax 
'At 9 




it follows that 










m = {vertical speed) -5- {horizontal speed) ; 

that is, the slope of the curve is the ratio of the rate of increase 
of y to the rate of increase of x. 

9. Continuous Functions. In §§ 4-8, we have supposed that 
the curves used were smooth. All of the functions which 
we have used could be represented by smooth curves. Except 
perhaps at isolated points, a small change in the value of 
one coordinate has caused a small change in the value of 
the other coordinate. Throughout this text, unless the 
contrary is expressly stated, the functions dealt with will 
be of the same sort. Such functions are called continuous. 
(See § 10, p. 14.) 

The curve y = 1/x is continuous except at the point 
x — 0. The curve y = tan x is continuous except at the 
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points x = =*= w/2, =*= 3 t/2, etc. Such exceptional points 
occur frequently. We do not discard a curve because of 
them, but it is understood that any of our results may fail at 
such points. 

EXERCISES 

1. From the formula s = 16 P, calculate the values of s when t = 1, 
2, 1.1, 1.01, 1.001. From these values calculate the average speed between 
t = 1 and t = 2; between t = 1 and t = 1.1; between t = 1 and t = 1.01; 
between t = 1 and f = 1.001. Show that these average speeds are 
successively nearer to the speed at the instant t = 1. 

2. Calculate as in Ex. 1 the average speed for smaller and smaller in- 
tervals of time after t = 2; and show that these approach the speed at the 
instant t = 2. 

3. A body thrown vertically downwards from any height with an 
original velocity of 50 ft. per second, passes over in time t (in seconds) a 
distance s (in feet) given by the equation s = 50 1 + 16 < 2 (if g = 32, as 
in § 7). Find the speed v at the time t = 1; at the time t = 2; at the 
time t = 4; at the time £ = 7\ 

4. In Ex. 3 calculate the average speeds for smaller and smaller in- 
tervals of time after t = 0; and show that they approach the original 
speed vq = 50. Repeat the calculations for intervals beginning with 
* = 2. 

Calculate the speed of a body at the times indicated in the follow- 
ing possible relations between s and t: 

5. s = P; t = 1, 3, 20, T. 7. s = - 16 fl + 80 1; t = 0, 2, 5. 

6. s = 16 £ - 50 1\ t = 0, 2, !T. 8. s = $ - 6 * + 4; * = 0, 1/2, 1. 

9. The relation in Ex. 7 holds (approximately, since g = 32 ap- 
proximately) for a body thrown upward with an initial speed of 80 ft. 
per second, where s means the distance from the starting point counted 
positive upwards. Draw a graph which represents this relation between 
the values of s and t. 

In this graph mark the greatest value of s. What is the value of v at 
that point? Find exact values of s and t for this point. 

10. A body thrown horizontally with an original speed of 8 ft. per 
second falls in a vertical plane curved path so that the values of its hori- 
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zontal and its vertical distances from its original position are respec- 
tively, x = 8 1, y = 16 P f where y is measured downwards. Show that the 
vertical speed is 32 T, and that the horizontal speed is 8, at the instant 
t = T. Eliminate t to show that the path is the curve 4 y — x 2 . 

11. Find the component speeds and the resultant speed when the 
path is given by the equations 

x = t + 1, y = * 2 - 1. 
Calculate their numerical values when t = 1; when t = 0; when t = 2. 
Plot the path. 

12. Proceed as in Ex. 11 when the path is given by the equations 

x = 2 + fi, y = 2-P. 
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CHAPTER II 

LIMITS — DERIVATIVES 

10. Limits. Infinitesimals. We have been led in what pre- 
cedes to make use of limits. Thus the tangent to a curve at 
the point P is defined by saying that its slope is the limit of 
the slope of a variable secant through P; the speed at a given 
instant is the limit of the average speed; the difference of the 
two values of x, Ax, was thought of as approaching zero; and 
so on. To make these concepts clear, the following precise 
statements are necessary and desirable. 

When the difference between a variable x and a constant a be- 
comes and remains less, in absolute value* than any preassigned 
positive quantity, however small, then a is the limit of the 
variable x. 

We also use the expression "x approaches a as a limit," or, 
more simply, "x approaches a." The symbol for limit is 
Km; the symbol for approaches is — >; thus we may write 
lim x = a, or x-^a, or lim (a — x) =0, or a — x— >0.f 

When the limit of a variable is zero, the variable is called 
an infinitesimal. Thus a — x above is an infinitesimal. 
The difference between any variable and its limit is always 
an infinitesimal. When a variable x approaches a limit a, 
any continuous function f (x) approaches the limit /(a): 

* When dealing with real numbers, absolute value is the value without 
regard to signs, so that the absolute value of —2 is 2, for example. A con- 
venient symbol for it is two vertical lines; thus |3 — 7|=4. 

t The symbol = is often used in place of — ►. 

14 
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thus, if y = / (x) and b = f (a), we may write 
lim y = 6, or l\mf(x) = /(a). 



This condition is the precise definition of continuity at the 
point x = a. (See § 9, p. 11.) 

11. Properties of Limits. The following properties of limits 
will be assumed as self-evident. Some of them have already 
been used in the articles noted below. 

Theorem A. The limit of the sum of two variables is the sum 
of the limits of the two variables. This is easily extended to the 
case of more than two variables. (Used in §§ 4, 6, and 7.) 

Theorem B. The limit of the product of two variables is the 
product of the limits of the variables. (Used in §§ 4, 6, and 7.) 

Theorem C. The limit of the quotient of one variable divided 
by another is the quotient of the limits of the variables, provided 
the limit of the divisor is not zero. (Used in § 8.) 

The exceptional case in Theorem C is really the most in- 
teresting and important case of all. The exception arises 
because when zero occurs as a denominator, tlie division can- 
not be performed. In finding the slope of a curve, we con- 
sider lim (Ay /Ax) as Ax approaches zero; notice that this is 
precisely the case ruled out in Theorem C. Again, flie speed 
is lim (As/ At) as At approaches zero. The limit of any such 
difference quotient is one of these exceptional cases. 

Theorem D. The limit of the ratio of two infinitesimals de- 
pends upon the law connecting them; otherwise it is quite inde- 
terminate. Of this the student will see many instances; for 
the Differential Calculus consists of the consideration of just such 
limits. In fact, the very reason for the existence of the Differ- 
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ential Calculus is that the exceptional case of Theorem C is 
important, and cannot be settled in an offhand manner. 

The thing to be noted here is, that, no matter how small 
two quantities may be, their ratio may be either small or 
large; and that, if the two quantities are variables whose 
limit is zero, the limit of their ratio may be either finite, zero, 
or non-existent. In our work with such forms we shall try to 
substitute an equivalent form whose limit can be found. 

Theorem D accounts for the case when the numerator 
as well as the denominator in Theorem C is infinitesimal. 
There remains the case when the denominator only is 
infinitesimal. A variable whose reciprocal is infinitesimal is 
said to become infinite as the reciprocal approaches zero. 

Thus 

V = 1/s 
is a variable whose reciprocal is x. As x approaches zero, y 
is said to become infinite. Notice, however, that y has no 
value whatever when x = 0. 

Likewise 

y = sec x 

is a variable whose reciprocal, cos x, is infinitesimal as x 
approaches w/2. Hence we say that sec x becomes infinite 
as x approaches t/2. In any case, it is clear that a 
variable which becomes infinite becomes and remains larger 
in absolute value than any preassigned positive number, 
however large. 

The student should carefully notice that infinity is not a 
number. When we say that "sec x becomes infinite as x ap- 
proaches 7r/2," * we do not mean that sec (t/2) has a value, 
we merely tell what occurs when x approaches t/2. 

* Or, as is stated in short form in many texts, "sec (t/2) = oo." 
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EXERCISES 

1. Imagine a point traversing a line-segment in such fashion that it 
traverses half the segment in the first second, half the remainder in the 
next second, and so on; always half the remainder in the next following 
second. Will it ever traverse the entire line? Show that the remainder 
after t seconds is 1/2 1 , if the total length of the segment is 1. Is this 
infinitesimal? Why? 

2. Show that the distance traversed by the point in Ex. 1 in t seconds 
is 1/2 + 1/2 2 + ... + 1/2'. Show that this sum is equal to 1 - 1/2'; hence 
show that its limit is 1. Show that in any case the limit of the distance 
traversed is the total distance, as t increases indefinitely. 

3. Show that the limit of 3 — x 2 as x approaches zero is 3. State this 
result in the symbols used in § 10. Draw the graph of y = 3 — x 2 and 
show that y approaches 3 as a; approaches zero. 

Evaluate the following limits: 

4. lim(7-5s+3*2). 7. limf^f^. $5) lim X \ ~ \* + \ . 

6. lim(7-5s+3s 2 ). 8. lim ^- . 11. lim a -^- 
x-+2 x-*o 4 — X *->l c+ax 

6. lim(k 2 +kx-2x 2 ). 9. i im Lz_?. 12. H m a + hx + f \ . 
x-+t x->2 x x ->oin+nx + lx 2 

If the numerator and denominator of a fraction contain a common 
factor, that factor may be canceled in finding a limit, since the value of 
the fraction which we use is not changed. Evaluate before and after 
canceling a common factor: 

13 . ^ jf-2)( r l) 14 . lim _*fr - 2) 



i(2*-3)(*-l) ' ^ (* 2 + 1) (* - 2) 

15. hm-- %$. hm — -5 ^ — 17J hm^r-^ 5 - 

x ->o x ^ x-+i x 2 — 1 v7 x->i 2 x 2 -f x — 3 

fc*> i- V * + l 10 v x * & - 1 ) 2 oa r x " fo, n>l, 

[181 hm rV* *9- h™ ~r — tt^" 2 a - hm — = ]' / 

^-^-►..i x + 1 x->ox* — 2x 2 x-+ox 11, n = 1. 

(21) Show that 

Hm 3rc2+5 -3 

x _kx> a; 2 + 4 1 + 5 

[Hint. Divide numerator and denominator by x»; then such terms as 
B/x* approach zero as x becomes infinite.] 
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Evaluate: 

22. lim^- — -• 23. hm Q • 24. lim — -f — 

2->oo<) x — 2 x-»aoo a^ + 2 z-*»ma; + n 

26. lim -2£= • 26. lim ^H-' 27. lim V "* 2 +<>*+'. 

28. Let be the center of a circle of radius r = 05, and let a = Z COB 
be an angle at the center (Fig. 6). Let BT be 
perpendicular to OB, and let BF be perpendic- 
ular to OC. Show that OF approaches OC as a 
approaches zero; likewise arc CB-+0, arc 
DB — O, and FC-+0, as a^O. 

29. In Fig. 6, show that the obvious 

FlG - 6 - geometric inequality F B < arc CB < BT is 

equivalent to r sin a < r • a < r tan a, if a is measured in circular measure. 

Hence show that a/sin a lies between 1 and 1/cos a, and therefore 

that lim (a/sin a) = 1 as a->0. (Cf. § 72.) 

30. In Fig. 6, show that 

.. FB n .. OF , .. #T n r FC A r arcCB A 
lim — =0; lim — = 1; lim — = 0; lim — = 0; lim = 0. 

a-+0 r a->0 T a— M) T a-M) T a -H) f 

12. Derivatives. While such illustrations as those in the pre- 
ceding exercises are interesting and reasonably important, 
by far the most important cases of the ratio of two infini- 
tesimals are those of the type studied in §§ 4-8, in which each 
of the infinitesimals is thq difference of two values of a varia- 
ble, such as Ay/ Ax or As/At. Such a difference quotient 
Ay/Ax, of y with respect to x, evidently represents the 
average rate of increase of y with respect to x in the interval 
Ax; if a: represents time and y distance, then Ay /Ax is the 
average speed over the interval Ax (§ 7, p. 9); if y = f(x) 
is thought of as a curve, then Ay /Ax is the slope of a secant 
or the average rate of rise of the curve in the interval Ax 
(§ 4, p. 4). 
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The limit obtained in such cases represents the instanta- 
neous rate of increase of one variable with respect to the 
other, — this may be the slope of a curve, or the speed of a 
moving object, or some other rate, depending upon the 
nature of the problem in which it arises. 

In general, the limit of the quotient Ay /Ax of two infinitesimal 
differences is called the derivative of y with respect to x; it is 
represented by the symbol dy/dx: 

-M. = derivative of y with respect to x— lim =. 
ax Ax-*o Ax 

Henceforth we shall use this new symbol dy/dx or other 
convenient abbreviations; * but the student must not forget 
the real meaning: slope, in the case of curve; speed, in the 
case of motion; some other tangible concept in any new 
problem which we may undertake. In every case the meaning 
is the rate of increase of y with respect to x. 

Any mathematical formulas we obtain will apply in any of 
these cases. We shall use the letters x and y, the letters s 
and t, and other suggestive combinations; but any formula 
written in x and y also holds true, for example, with the 
letters s and t, or for any other pair of letters. 

13. Formula for Derivatives. If we are to find the value of 
a derivative, as in §§ 4-7, we must have given one of the vari- 
ables y as a function of the other x: 

a) »-/(*). 

If we think of (1) as a curve, we may take, as in § 4, any 

♦Often read "the x derivative of y" Other names frequently used are 
differential coefficient and derived function. Other convenient notations are 
&zV> Vx, f'(x) y', y; the last two are not safe unless it is otherwise clear 
what the independent variable is. 
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point P whose coordinates are x and y, and join it by a secant 
PQ to any other point Q, whose coordinates are z + Ax, y + Ay. 

Here x and y represent fixed values 
of x and y. This will prove more 
convenient than to use new letters 
each time, as we did in §§ 4-7. 

Since P lies on the curve (1), its 
coordinates (x, y) satisfy the equa- 
tion (1), y = / (x). Since Q lies on 
(1), x + Ax and y + Ay satisfy the same equation; hence we 

must have 

(2) y + Ay=f(x + Ax). 

Subtracting (1) from (2) we get 

(3) Ay=f(x + Ax)-f(x). 
Whence the difference quotient is 

... At/ f(x + Ax)—f(x) 7 niir 

(4) -r 2 = — — ! — -r^ — ^-^- = average slope over PM, 

and therefore the derivative is 

(5) jg=lim^ s lim '(* + y-'(*> -dope at P.* 

14. Rule for Differentiation. The process of finding a de- 
rivative is called differentiation. To apply formula (5) of § 13: 

(A) Find (y + Ay) by substituting (x + Ax) for x in the given 
function or equation; this gives y + Ay = f(x + Ax). 

(B) Subtract y from y + Ay; this gives 

Ay=f(x + Ax)-f(x). 

* Instead of slope, read speed in case the problem deals with a motion, 
as in § 7. In general, Ay/ Ax is the average rate of increase, and dy/dx is 
the instantaneous rate. 
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(C) Divide Ay by Ax to find the difference quotient Ay /Ax; 
simplify this result. 

(D) Find the limit of Ay /Ax as Ax approaches zero; this 
result is the derivative, dy/dx. 

Example 1. Given y = / (x) = x 2 , to find dy/dx. 

(A) /(x+Ax) = (x+Ax) 2 . _ 

(B) Ay =/(x+Ax)-/(x) = (x+Ax) 2 -x 2 - 2xAx + Ax 2 . 

(C) Ay/Ax = (2 x Ax + A?) 4- Ax = 2 x + Ax. 

(D) dy/dx = lim At//Ax = iim (2 x + Ax) = 2 x. 

Ax— *0 As— *0 

Compare this work and the answer with the work of § 4, p. 5. 
Example 2. Given y = / (x) = s 3 — 12 x + 7, to find dy/dx. 
/(x+Ax) = (x+Ax) 3 -12(x+Ax)+7. 
(£) Ay = /(x+Ax) -/(x) = 3 x 2 Ax + 3 x A?+ Ax 3 - 12 Ax. 

(C) Ay/Ax = 3 x 2 + 3 x Ax + Ax 2 - 12. 

(D) dy/dx = lim Ay/Ax = lim (3 x 2 + 3 x Ax + Ax 2 - 12) = 3 x 2 - 12. 

Ax— >0 Ax— >0 

Compare this work and the answer with the work of Example 3, § 6. 
Example 3. Given y =/ (x) = 1/x 2 , to find dy/dx. 

(B) *-/<>+*)-,« -j^-£--§?£±g. 

VW Ax x 2 (x+Ax) 2 ' 

(D> dy/dx = lim 4g = lim ["- , 2 «+f J = - ^ - - 4> 
Ax-»oAx a*->oL x 2 (x+Ax) 2 J X 4 X 3 

Example 4. Given y =/ (x) = Vx, to find efy/dx, or df (x)/dx. 
(A) / (x + Ax) = V x + Ax. 

(5) Ay=f(x + Ax)-f(x) - V^T+Ax- VJ] 
CC) ^ = ^ + Ax — Vx _ Vx + Ax — Vx # Vx + Ax -f- Vx 

Ax Ax Ax Vx + Ax + Vx 

1 

Vx + Ax + Vx 

(D) ft- Km ff- Km ; * ..-4=- 

ox ax-*oAx Ax-»o Vx -f Ax + Vx 2Vx 
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Example 5. Given y = / (x) s x 7 , to find df (x)/dx. 

(A) / (x + Ax) = (x + Ax) 7 = x 1 + 7 x 6 Ax + (terms with a factor Ax 2 ). 

(B) Ay — f (x + Ax) — / (x) = 7 x 6 Ax+ (terms with a factor Ax 2 ). 

(C) Ay I Ax = 7 x 6 -f (terms with a factor Ax). 

(D) dy/cte = lim Ay /Ax — lim [7 x 6 + (terms with a factor Ax)] = 7 x 6 . 

Ax— *0 As— >0 

EXERCISES 

Find the derivative, with respect to x, of each of the following 
functions: 



x 2 ' 



x-1 
3x-2 


x + 2 


Vx-1 



1. x 2 -4x + 3. 5. 8x-x*. <£ 

2. x»+2x 2 . 6. x 4 +x 2 + l. 10. 

3. 3x-x*. 7. ^r- 11 

x— 1 

4. a/+2*3. 8. j^- 8 . 18. 

13. Find the equation of the tangent to the curve y = 4/x at the point 
where x = 3. 

14. Determine the values of x for which the curve 2/=x 3 — 12x + 4 
rises, and those for which it falls. Draw the graph accurately. 

Proceed as in Ex. 14 for each of the following curves: 

15. x3-15x + 3. 17. 2x4-64 x. 

16. x3-3x 2 . 18. x4-32x 2 . 

19. If a body moves so that its horizontal and its vertical distances 
from a point are, respectively, x = 15 1, y — — 16 & + 15 1, find its hori- 
zontal speed and its vertical speed. Show that the path is 

y = - 16x 2 /225+x, 
and that the slope of this path is the ratio of the vertical speed to the 
horizontal speed. [These equations represent, approximately, the mo- 
tion of an object thrown upward at an angle of 45°, with a speed 15v^2.] 

20. A stone is dropped into still water. The circumference c of the 
growing circular waves thus made, as a function of the radius r, is c = 2 *t. 

Show that dc/dr = 2t, i.e. that the circumference changes 2 ir times as 
fast as the radius. 
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II, § 14] LIMITS — DERIVATIVES 23 

Let A be the area of the circle. Show that dA/dr = 2 vr) i.e. the rate 
at which the area is changing compared to the radius is numerically 
equal to the circumference. 

21. Determine the rates of change of the following variables: 

(a) The surface of a sphere compared with its radius, as the sphere 
expands. 

(6) The volume of a cube compared with its edge, as the cube enlarges. 

(c) The volume of a right circular cone compared with the radius of 
its base (the height being fixed), as the base spreads out. 

22. If a man 6 ft. tall is at a distance x from the base of an arc light 
10 ft. high, and if the length of his shadow is s, show that 5/6 = s/4, or 
s = 3 x/2. Find the rate (ds/dx) at which the length 5 of his shadow 
increases as compared with his distance x from the lamp base. 
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CHAPTER III 
DIFFERENTIATION OF ALGEBRAIC FUNCTIONS 

15. Classification of Functions. For convenience it is usual 
to classify functions into certain groups. 

A function which can be expressed directly in terms of the 
independent variable x by means of the three elementary 
operations of multiplication, addition, and subtraction is 
called a polynomial in x. 

Thus, 2 x 3 + 4 x 2 - 7 x + 3, x 3 - 4 x + 6, etc., are poly- 
nomials. The most general polynomial is a^a? + aix n ~ l + 
. . . + a n -iX + a ny where the coefficients a Q} a lt . . . , o» are 
constants, and the exponents are positive integers. 

A function which can be expressed directly in terms of 
the independent variable x by means of the four elementary 
operations of multiplication, division, addition, and sub- 
traction, is called a rational function of x. Thus, 1/x, (x 3 — 
3 x)/(2 x+7), etc., are rational. The most general rational 
function is the quotient of two polynomials, since more than 
one division can be reduced to a single division by the rules 
for the combination of fractions. All polynomials are also 
rational functions. 

If, besides the four elementary operations, a function re- 
quires for its direct expression in the independent variable x 
at most the extraction of integral roots, it is called a simple 
algebraic function * of x. Thus, Vx, (Vx 2 + 1 - 2)/(3 - Vz), 

* Since the expression "algebraic function" is used in the broader sense 
of § 25 in advanced mathematics, we shall call these simple algebraic 
functions. 

24 
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Ill, § 16] ALGEBRAIC FUNCTIONS 25 

etc., are simple algebraic functions. All rational functions 
are also simple algebraic functions. 

Simple algebraic functions which are not rational are 
called irrational functions. 

A function which is not an algebraic function is called a 
transcendental function. Thus sin x, log x, e*, tan -1 (1 + x) + x 2 , 
etc., are transcendental. 

In this chapter we shall deal only with algebraic functions. 

16. Differentiation of Polynomials. We have differentiated 
a number of polynomials in Chapter I. To simplify the 
work to a mere matter of routine, we need four rules: 

The derivative of a constant is zero: 

m *-* 

The derivative of a constant times a function is equal to the 
constant times the derivative of the function: 

rni d(c-u) _ du 

The derivative of the sum of two functions is equal to the sum 
of their derivatives: 

m ^=£+£ 

The derivative of a power, x n , with respect to x is nx n ~ l : 

[IV] *£ = nx-i. 

ax 

[We shall prove this at once in the case when n is a positive integer; 
later we shall prove that it is true also for negative and fractional 
values of n.] 

Each of these rules was illustrated in Chapter II, § 14. 
To prove them we use the rule of § 14. 
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26 THE CALCULUS [HI, § 16 

Proof of [I]. If y=c, a change in x produces no change in 
y; hence Ay = 0. Therefore dyjdx = lim Ay /Ax = lim = 
as Ax approaches zero. Geometrically, the slope of the 
curve y = c (a horizontal straight line) is everywhere zero. 

Proof of \n\. If y = cu where u is a function of x, a 
change Ax in x produces a change Aw in u and a change Ay in 
y; following the rule of § 14 we find: 

(A) y + Ay = c(u + Au). 

(B) Ay = cAu. 

(D) -7*= lim c— = chm — = c-r-- 

ax ax-k)L AxJ ax-^)Ax ax 

Thus d(7x 2 )/dx = 7 • d(x 2 )/dx = 7 • 2 x = 14 x. (See §§ 4, 

15.) 

Proof of [HI]. If y = u + v, where u and v are functions of 
x, a change Ax in x produces changes A//, Au, Ay in 2/, u, v, 
respectively, hence 

(A) y + Ay = (u + Au) + (v + Av); 

(B) Ay = Au + Av; 

^ Ax Ax ^ Ax ' 

/rfcX d?/ r ^ 1 r Ay du . do 

(D) -j- = hm — + lim — - = j- + -7— 

ax ax-*oAx ax-k)Ax ax ax 

Thus 

d(x*-12x + 7) _d(x 3 )_ d(12x) + d(7) - 3:c 2_ 1 2 + 
dx dx dx dx . ' 

by applying the preceding rules and noticing that dx z /dx 
= 3x 2 . 
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Ill, § 16] ALGEBRAIC FUNCTIONS 27 

Proof of [IV]. If y = x n , we proceed as in Example 5, § 14. 

(A) y + Ay = (x + A#) n = x n + nx n ~ 1 Aa; + (terms which 

have a common factor Ax 2 ). 

(B) Ay = nx?- 1 Ax+ (terms with a common factor Ax 2 ). 

(C) Ay I Ax = nx n ~ l + (terms which have a factor Ax). 

(D) dy/dx = lim {AyJAx) = nx*" 1 . 

This proof holds good only for positive integral values of n. 

For negative and fractional values of n } see §§ 17, 21. 

Example 1. d (x*)/dx = 9 x 8 . 

Example 2. cfcr/efo = 1 • x° = 1, since s° = 1. 

This is also evident directly: efo/dr = lim Ax I Ax = 1. Notice how- 
ever that no new rule is necessary. **-+o 

Examples $- Or*- 7 x 2 + 3x- 5) = 4s»- 14s +3. 
ax 

Example 4. — (Ax m + Bx n + C) = mAx*-* + nfix " 1 . 
cfcr 

EXERCISES 

Calculate the derivative of each of the following expressions with re- 
spect to the independent variable it contains (x or r or s or t or y or u). 
In this list, the first letters of the alphabet, down to n, inclusive, repre- 
sent constants. 

s = 10* 5 + 50*. 9. g«6<» + 3<« 
8 = - 4* + 2 *s. 10. g = £i - 8 ** + io. 
s = 3(M-2* 2 ). 11. g = 6(rs + r2-f 1). 
s=mt 2 +nt*. 12. g = Ario + 5rS. 

14. w = (l-t^) (2 + v 2 ). 
16. u = (i;« + 2)(i;«-3). 
(^18) s = wi°(2 w 7 - 5 w 9 + 8). 
(20) r =cz 8n — <fo 2m . 
22. * = A - By m \ 



1. 


y = 3x*. 5 


2. 


y - xV5. 6. 


3. 


2/ = 4 x5 + 5. 7. 


4. 


2/ = 5(*6 - 3). 8. 


13. 


w = v(v— 1). 


15. 


W = i;6(t;5_j_2). 


17. 


z = a2/ 5 (y 8 — 61/4). 


19. 


z = fcr m + &c*. 


21. 


r = 2»(* 2 » _ *2) # 
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28 THE CALCULUS [III, § 16 

Locate the vertex of each of the following parabolas by finding the 
point at which the slope is zero. 

23. y=i 2 +4x + 4. 25. y = 5 + 2x-x 2 . 

24. y=x 2 -6x + 2. 26. y = ax 2 +2 bx + c. 

27. What is the slope of the curve y = 2s s — Sx 2 + 4ats = 0, ± 2, 
± 4? Where is the slope 9/2? - 3/2? Where is the tangent hori- 
zontal? Draw the graph. 

28. What is the slope of the curve y = 3 4 /4 — 2 x* + 4 x 2 at x = 0, 
1,-1,-2? Where is the tangent horizontal? Where is the slope 
equal to eight times the value of xl 

29. Show that the function x 8 -3x 2 +3x- 1 always increases 
with x. Where is the tangent horizontal? 

SO. Find the angle between the curve y = x % and the straight line 
y = 9 x at each of their points of intersection. 

17. Differentiation of Rational Functions. In order to dif- 
ferentiate all rational functions, we need only one more rule, 
— that for differentiating a fraction. 

The derivative of a quotient NJD of two functions N and D 
is equal to the denominator times the derivative of the numerator 
minus the numerator times the derivative of the denominator, all 
divided by the square of the denominator: 

d(%) D d »N d ° 
rvi \Z)/ _ dx dx 

11 dx D 2 

To prove this rule, let y = N/D, where N and D are func- 
tions of x; then a change Ax in re produces changes At/, AN, 
AD in y, N, and D, respectively. Hence, by the rule of § 14: 

(A) y+ A v=i£j5'> 

. . _ N+AN N_ D-AN-NAD 

(V) * y ~D+AD D D(D+AD) ' 
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Ill, § 17] ALGEBRAIC FUNCTIONS 29 

(O 



At/_ Ax Ax . 
As" D(D + AD) ' 



d y~ Km A ^ dx ^ - 






dx a*-k>A:c D 2 



ExAMPLEl - sUi^J" (3F^ 



(3a;-7)-2s-(s 2 + 3)-3 ^ 3s 2 -14a;-9 
(3a; -7) 2 , (3x-7) 2 



d /1\ g da; <fo 0-2a; 2 

Example2 ' 5W W = ^" = "i"«- 

(Compare Example 3, § 14.) 

Examples. ^ (*-*) - & {j k )—^- =^1" "*» l - 

Note that formula IV holds also when n is a negative 
integer, for if n = -k, formula IV gives the result we have 
just proved. 

EXERCISES 

Calculate the derivative of each of the following functions. 



■ 1-x 
1. y = • 



6. „- a *-.(-!). 



3s-4 © ,- '' 

5. «=-?;. 10. S=W5-«-«. 

* x° 
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30 THE CALCULUS [III, § 17 

U. .-*-S±J. 21. x = 2 -f±l- ■ «,. 

w 2 — 1 y 3 — 1 j/ 2 + y + 1 

12 v = 3+6«-5tt 2 22 g _ t 4/4+a4-6 i 



w 2 - 


-1" 




3+6w- 


•5u 2 




w 






16 u« +4 


u 2 -3 


w 



2r 2 /7 

13. v = "" ' 8 'J — • 23. s = (fi + 4)(*-» - 5). 

14. g=or->»+6r-«. (24) r = a +6 -s- (u + ^Y 
"•ff-5^5- 26. M =^(t- 2 -I). 

«.„_«£_. 26. ,- ,. Wt, +" 

os 2 ■+ c (bm — an) (av + 6) 

4* 2 ,3 _ 2ax+b 



2 3T 2 2 + 1 — • * 2a 2 (ax + 6) 2 * 

18. w = ( 3 2 + l).(l-l). @y = ^ T ^ TIF . 

r 2 — r + 1 3(y — l) 3 

20. z ^My-l . 30., = - ^ 6 



2/ 2 -2 2/ + 6* ow * (5- 7 s*) 2 * 

31. Compare the slopes of the family of curves y = x n , where n = 0, 
+ 1, + 2, etc., — 1,-2, etc., at the common point (1, 1). What is the 
angle between y = x 2 and y = x~ l l See Tables, III, A. 

18. Derivative of a Product. The following rule is often 
useful in simplifying differentiations: 

The derivative of the product of two functions is equal to the 
first factor times the derivative of the second plies the second 
factor times the derivative of the first: 

[VI] ^ii_„. *?+„.*?. 

dx dx dx 

If y=u • v where u and v are functions of x, a change Ax in 
x produces changes Ay, Au, Av in y } u } and v, respectively: 
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Ill, § 19] ALGEBRAIC FUNCTIONS 31 

(A) y+Ay=(u + Au) (v + Av) ; 

(B) Ay=(u + Au) (v + Av)—u-v = uAv + vAu + AuAv; 

(C) Ay /Ax = u(Av/Ax) + v(Au/Ax) + Au — ; 

AX 

(D) dy/dx = lim (Ay /Ax) = u(dv/dx) + v(du/dx). 

Ax-*0 

Example 1. To find the derivative of y = (x 2 + 3)(x 8 + 4). 
Method 1. We may perform the indicated multiplication and write: 

Method 2. Using the new rule, we write: 

f = (* 2 + 3)^(*s + 4) + (*3 + 4)Jj(*2 +3) 
= (x 2 -h 3)3 x 2 + (x 3 -f 4)2 x = 5 x 4 + 9 x 2 + 8 x. 
In other examples which we shall soon meet, the saving in labor due 
to the new rule is even greater than in this example. 

19. The Derivative of a Function of a Function. Another 
convenient rule is the following: 

The derivative of a function of a variable u, which itself is a 
function of another variable x, is found by multiplying the deriva- 
tive of the original function with respect to u by the derivative of 
u with respect to x. 

If y is a function of u } and u is a function of x, a change Ax 
in x produces a change Am in w; that in turn produces a 
change Ay in y; hence: 

Ay_Ay # Au 
Ax Au Ax 

Taking limits on both sides, we have formula [VII]. 
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32' THE CALCULUS [HI, § 19 

Example 1. To find the derivative of y = (x 2 + 2) 3 . 
Method 1. We may expand the cube and write: 

5x = Sz [( * 2+2)3] =^( a;6 + 6a;4 + 12:c2 + 8 ) =:6:c5 + 24a;8 + 24a? - 

Method 2. Using the new rule, we may simplify this work: let 
u = x 2 + 2, then y = (x 2 + 2) 3 = w 3 ; rule [VI] gives 
dy =: dydu = d(u*) d(x 2 +2) = 3 w2 
dx du dx du dx 

« 3(x 2 + 2) 2 • (2 x) = 3(x< + 4 x 2 + 4) • (2x) = 6x* + 24 x 3 + 2 4x. 

20. Parameter Forms. If x and y are given as functions 
of a third variable t, in the form 

*=/(<), y = <K0, 

the variable £ is called a parameter, and the two given 
equations are called parameter equations. Elimination of t 
between these equations would give an equation connecting 
x and y, from which dy/dx might be found. But it is often 
desirable to find dy/dx without elimination of t. Since 

Ay _ Ay _^ Ax 
Ax "At * At 

we have, in the limit as Ax approaches zero, 

This formula is essentially the same as the result of § 8, p. 11. 
If we replace t by y in [VII a], we obtain the following 
important special case: 

Example. If y = t 2 + 2 and x = 3 < + 4, to find cfy/dx. 
Method 1. We may solve the equation x = 3 J + 4 for £ and sub- 
stitute this value of t in the first equation: 



x-4V x^_8 34 

+ ^ 9 9* + 9' 



Ar - 4Y 
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Ill, § 20] ALGEBRAIC FUNCTIONS 33 

d£ 2 _l_2 8 = 2J. 

dx 9 X 9 9 l +4; 93 
Method 2. Using the new rule (with letters as used in §8, p. 11). 
we write: 





dx dt ' dt 


a ' a -"'° r* 


EXERCISES 


1. y = 2x(x*-l). 


15. s = (* 3 - t - 4)3. 


2. y = x 2 (x 3 + 3). 


16. w = (7-5i; + 2t; 3 ) 4 . 


3. y = (2 x - 3) (x + 3). 


17. w =(1^+3^- 2) 4 . 


4. 2/ = (l+z)(l-*.H-* 2 ). 

5. y = (4-x2)(l+x 3 ). ' 

6. y = (2 s - x 2 ) (2 - 3 x - 


18. tt = (a + 6i; + c^) B . 

11 w — 


w - 2/ - {t z + 1)2 

i-3"\ 5rt ii — 


*'>• 20 - »- (t 2 + t + l). 


7. 2/ = (x2-l)*. 


^ y (x* + 2)3 


8. y = (2x2 + 3)2. 


(2 *•-«)• 

^ y (*' + 3)* 


9. y = (x*-2) 2 . 


23. r = (2«*-3)-». 


10. 2/ = (x3 + 2)3. 


(&) r = (l-s 2 + «*)-». 


11. y = (3x 2 + 5) 4 . 


26. « = (»* + 2)»(3»-5) 2 . 


12. 2/ = (5x 3 -7) 5 . 


26. m = (w» - 2)2 (2 v - 1)*. 


13. s = (l+2*-3* 2 )2. 


i$D s =<(** + 3) «» + 4). 


14. s = (*2 + 3* + 7) 3 . 


28. s = (1 - 1) (1 - 5 P) (3-4 <») 


Determine dy/dx in each of the following pairs of equations: 


*"' U = 3x-4. 


30 - l«=^-l/2. 


31. 


6z-4z* 
z = 2 - 4 x. 


(&. ■ 


r i-s 

y=—, 

l-x 

l S= l+x 
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34 THE CALCULUS [III, § 20 

Draw each of the curves represented by the following pairs of 
parameter equations and determine dy/dx. 

33 f* = < 2 > 34 f*-2< + 3*», 

33 U-31 + 2. M - 1 y = 2 / + 4. 

What is the slope in each case when t = 1? Show this in your graphs. 
Find the value of the slope in each case at a point where ths param- 
eter has the value 2. 

35. Draw the graph of the function y = (2x- l) 2 (3s + 4) 2 . 
Determine its horizontal tangents. 

36. Proceed as in Ex. 35, for the function 

y = (2 x - l) 2 -f- (3 x + 4) 2 . 

21. Differentiation of Irrational Functions. In order to 
differentiate irrational expressions, we proceed to prove that 
the formula for the derivative of a power (Rule [IV]) holds 
true for all fractional powers: 

[IVa] g = nx"-i, n=±^ 

where n is any positive or negative integer or fraction. 

The formula has been proved in § 17 for the case when n 
is a negative integer. Suppose next that 

(1) y = x*'*, 

where p and q are any positive or negative integers. If we 
set 

(2) x = V, y = «p, 

which together are equivalent to y = x p/Q , and apply formula 
[Vila], we find: 

but since t = x 1/Q , substitution for t gives 

<k = V( x V*y-< = V xP/q - K 
ax q v q 

This proves [IV] for all fractional values of n. 
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Ill, § 22] ALGEBRAIC FUNCTIONS 35 

The rule also holds when n is incommensurable; for 
example, given y = x v *, it is true that dy/dx = V2x V2_1 ; 
we shall postpone the proof of this until § 85, p. 85. 

22. Collection of Formulas. Any formula may be combined 
with [VII], for in any example, any convenient part may be 
denoted by a new letter, as in § 20. For example, Rule [IV] 
may be written 



dx 


= *L" . *f by [VII], = nw- 1 . ^ , by [IV]. 
du dx dx 


The formulas we have proved are collected below: 


[U 


£ = *• 

dx 


[II] 


d(c • u) _ du 
dx ' dx* 


[HI] 


-^—j — - = -j- + zr • Holds for subtraction also. 
dx dx dx 


[IV] 


du n „ * du 


W] 


dH D'-N-N™ d C - -cp 
\ D) ^n. dX • Special case/ - ,**. 


[VI] 


«*(«•«>) ^..dv'du 
dx dx^ dx' 


[VH] 


A^S'is* fo -'<«>' «-*<*»• 


[Vila] 


J-J + S-l*-/©..-*©]. 


[VH6] 




These formulas enable us to differentiate any simple alge- 


braic function. 
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36 THE CALCULUS [III, § 23 

23. Illustrative Examples of Irrational Functions. In this 
article the preceding formulas are applied to examples. 

„ , dVx dx 1 / 2 1 1/9 , 1 ,* 1 

Example 1. -3 — = — r— = -x 1 / 2 - 1 = ^x- 1 /* = — ■=• 
dx ax 2 2 2Vx 

(See Ex. 4, p. 21.) 
Example 2. Given y = V3 x 2 + 4, to find <fy/dx. 
itfetfiorf 1. Set w = 3 x 2 + 4, then y ~ V£; by Rule [VII], 

dy = dy . ^ = _J_ . 6 6x = 3xV3x 2 + 4 

dx du' dx 2 Vw 2 V3 x 2 + 4 3 x 2 + 4 

Method 2. Square both sides, and take the derivative of each side of 
the resulting equation with respect to x: 



J( 2 / 2 ) = J(3x 2 + 4) _ 6: 
dx dx 



But by Rule [IV], 
hence, 



d{y*) _d(y*) dy _ 2 dy 
dx dy dx y dx' 



dy c dy 3x 3x 3 x V3 x 2 + 4 
2 2/ -^ = 6 x, or 3^ = — = . = — o , , 

"dx dx y V3x 2 + 4 3x 2 + 4 

This method, which is excellent when it can be applied, can be used to 
give a third proof of the Rule [IV] for fractional powers. The next 
example is one in which this method cannot be applied directly. 

Example 3. Given y = x 3 — 2 V3 x 2 + 4, to find dy/dx. 

dy_d(x*) * v — r —_ 6xV3^T4 

dx" dx Z dx 6X + 4 " d * 3x' + 4 

Example 4. Given y = (x 3 — 2)V3x 2 + 4, to find dy/dx. 

d £ = V3x 2 + 4Jj (x 3 - 2) + (x 3 - 2) £ (V3x 2 + 4) [by Rule VI] 

= V3x 2 + 4 • 3x 2 + (x 3 - 2) 3 * 3 ^^ 4 [by Example 2] 

12x 4 +12x 2 -6x 



= V3x2 + 4[3x2 + (x3-2)-3^^] = V3^+4 
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Ill, § 23] ALGEBRAIC FUNCTIONS 37 

Example 5. Given y = ■ . 7-, to find dy/dx. 

Vx -f 1 + Vx 

First reduce y to its simplest form: 
_ VaT+1- Vx Vs~+1- Vx ^ 2s + l-2Vx 2 +x 
y ~" Vx~+l + Vx ' V J+T - Vx (x + 1 ) - x 

= 2 x + 1 — 2 Vx 2 + a;. 

Then 

dx dx dx du dx 

where i* =*x 2 + x; hence 

dx 2Vw a* Vx 2 + x 

This example may be done also by first applying the rule for the 
derivative of a fraction [Rule V] ; but the work is usually simpler, as in 
this example, if the given expression is first simplified. 



EXERCISES 

Calculate the derivatives of 
1. y = x 4 / 8 . 3. « = 2 ^a?. 5. y = Vx Vx. 



T ^-^-^" @>a=V3— 4. 



= 6__2 



15. v = wV2 +3m. 

9. s = * 3 (2 * 2 / 3 + 3 J- 2 / 3 ). (t|> s - V?=T. 

(gj? y = 2 ^xCxVS + x 5 /3). 17. s = V?=3l. 

2 xVx"3 .3,-2 ^ 5 + 3* 






13. y = V2 +3x. m y = "\2 x 2 + 4 x. 
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38 THE CALCULUS [III, § 23 



21. y=xW3x-4. 27. v = Va2 ~ u . 



u 



22. y = (5 + 3x)V6x-4. 28. y = (9- 6x + 5x 2 ) ^(1 +x*) 2 . 



23. t> = Vl - a; +s 2 . 29. s = (1 + t 2 ) VT=T 2 . 



5 + 3* * vT+^+Vl-x 

(First rationalize the denominator.) 



25. y = V\ + Vx • 31. y = 



Vl+s 2 + s 
Va 2 - x 2 



Va* + x 2 

Draw the graphs of the equations below, and determine the tan- 
gent at the point mentioned in each case. 

33. y = Vi~=~52, (x = |). 36. y = V(l+ X ) (2+3x), (z = 2). 

34. y = VIT^2, (x = }). 37. y = xVT+x, (x = 1). 

35. y = Vx~, (x = 2). 38. 2/ = x*/2 - x*/3,(x = 1). 

39. Find the angle between the curves y = x 2/z and y = x 372 at (1, 1). 

40. Find the angle between the curves y = x*'* and y = a? 7 * at (1, 1). 

41. In compressing air, if no heat escapes, the pressure and volume 
of the gas are connected by the relation pv 1 '* 1 = const. Find the rate of 
change of the pressure with respect to the volume, dp/dv. 

42. In compressing air, if the temperature of the air is constant, the 
pressure and the volume are connected by the relation pv = const. 
Find dp/dv, and compare this result with that of Ex. 41. 
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CHAPTER IV 

IMPLICIT FUNCTIONS — DIFFERENTIALS 

24. Equations in Unsolved Form. An equation in two vari- 
ables x and y is often given in unsolved form; i.e. neither 
variable is expressed directly in terms of the other. Thus 

(1) , x 2 + y 2 = l 

represents a circle of unit radius about the origin. 

Such an equation often can be solved for one variable in 
terms of the other; thus (1) gives 

(2) y = VF^x 2 , or y = - VI - x 2 . 

The first solution represents the upper half of the circle, the 
second the lower half. Now we can find dy/dx as in § 23: 

(3) %L = ~* , or^- +x 



dx \/i _ x 2 ' dx Vl—x 2 ' 
where the first holds true on the upper half, the second on 
the lower half, of the circle. 

By Rule [VII] such a derivative may be found directly 
without solving the equation. From (1) 

£„+*,_ !_0; 

**& + *-*& + *£ — + *&■&*** 
hence 

(4) 2x + 2y^ = 0, 

39 
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40 THE CALCULUS [IV, § 24 

or 

(5) *U-5. 

dx y 

This result agrees with (3), since y = =*= Vl — z 2 . 

This method is the same as that used in the second solution 
of Ex. 2, p. 36. It may be used whenever the given 
equation really has any solution, without actually getting 
that solution. 

Such a formula as (4) is much more convenient than (3), 
since it is more compact, and is stated in one formula instead 
of in two. But the student must never use (5) for values of x 
and y without substituting those values in (1) to make sure 
that the point (x, y) actually lies on the curve; and he must 
never use (5) when (5) does not give a definite value for 
dy/dx* Thus it would be very unwise to use (4) at the 
point x= 1, y =2, for that point does not lie on the curve (1) ; 
it would be equally unwise to try to substitute x = 1, y = 0, 
since that would lead to a division by zero, which is impos- 
sible. 

25. Explicit and Implicit Functions. If one variable y is 
expressed directly in terms of another variable x, we say 
that y is an explicit function of x. 

If, as in § 24, the two variables are related to each other by 
means of an equation which is not solved explicitly for y, then 
y is called an implicit function of x. Thus, (1) in § 24 gives 
y as an implicit function of x; but either part of (2) gives y as 
an explicit function of x. 

Definition. If the original equation is a simple polynomial 

* These precautions, which are quite easy to remember, are really suffi- 
cient to avoid all errors for all curves mentioned in this book, at least pro- 
vided the equation like (4) [not (5)] is used in its original form, before any 
cancelation has been performed. 
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IV, §25] IMPLICIT FUNCTIONS — DIFFERENTIALS 41 

in x and y equated to zero, any explicit function of x obtained 

by solving it for y is called an algebraic function. See § 15. 

Example, x 3 + y* — 3 xy = 0. (Folium of Descartes: Tables, III, 

/5.) 

This equation is difficult to solve directly for y. Hence, as in § 24, 
we find dy/dx by Rule [VII] ; differentiating both sides with respect to 
x, we find: 

3*2+3^-3,-3*1=0; 

dy' y — x 2 
whence -r- = — y . 

dx y 1 — x 

At the point (2/3, 4/3), for example, dy/dx =4/5; hence the equation 
of the tangent at (2/3, 4/3) is (y - 4/3) = (4/5) (x - 2/3) or 4 x - 
5 y + 4 = 0. Verify the fact that the point (2/3, 4/3) really lies on 
the curve. Note that this formula is useless at the point (0, 0) 
although that point lies on the curve. 

EXERCISES 

In each of these exercises the student should take some point on the 
curve, and find the equation of the tangent there. 

1. From the equation x 2 y = 1 find dy/dx by the two methods of 
§ 24, first solving for y, then without solving for y. Write the result in 
terms of x and y; and also in terms of x alone, when possible. 

Find dy/dx in the following examples by the two methods of § 24. 

2. x*y = 10. 7. x* + y 3 = a 3 . 

3. x 2 - xy = 5. 8. x* - 4 y 2 = 4. 

4. 2xy+x + y = 0. 9. X* +2/ 2 - 3x = 0. 

5. x 2 - 4 y 2 = 36. 10. (x + y) 2 - 2 x = 4. 

6. x 3 - y 3 = 1. 11. xy 2 - x 2 + y2 = o. 

Find dy/dx in the following examples without solving for y: check 
the answers when possible by the other method of § 24. 

12. x 2 +2X2/ + 2/ 2 = 2. 15. ax 2 + 2 hxy + by 2 = k. 

13. x 2 2/ 2 - 8x2/ + 7 = 0. 16. 2/ 4 - 2 y 2 x +x 2 = 0. 

14. ax 2 +2&X2/+C2/ 2 +2dx+2e2/+/ = 0. 

17 # Vi~ + v^" = Va. 18. x 3 / 2 + 2/ 3/2 = « 3/2 - 
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In the following pairs of parameter equations, find dy/dx by §20: 
when possible eliminate t to find the ordinary equation, and show that 
the derivative found is correct. Regarding each pair of equations as 
defining the position of a point (x, y) at the time t, find the horizontal 
speed and the vertical speed at the time t (See § 8.) Find also the 
total speed from the relation 



19. 



total speed — V (horizontal speed) 2 + (vertical speed) 2 . 
\y=8t*. ao - \y- 4 1-2. 21 - tlf- 



22. 



y = 



3* 

! l+*3' 

St 2 

1 +* 3 ' 



23. 



y = 



< 2 -i 
'** + i' 

-2< 

* 2 + r 



24. 



1/ 



= 3 + l, 
2*3. 

ff + 1 
* 2 -l' 

2* 
t 2 - r 



25. On a circle of unit radius about the origin dy/dx = — x/y; this is 
positive when x and y have different signs, negative when x and y have 
the same sign. Show that this agrees with the fact that the circle rises 
in the second and fourth quadrants and falls in the first and third quad- 
rants as x increases. 

26. Show that the curve xy — 1 is falling at all its points. 

27. Show that the curve x*y = 1 is rising in the second quadrant and 
falling in the first quadrant. 

28. The equation x 1 / 2 + y 1 / 2 = 1 is the equivalent of the equation 
x 2 -2xy +'y 2 -2 x - 2 y + 1 = 0, if the radicals x 1 / 2 and y 1 / 2 be taken 
with both signs. Show that the values of dy/dx calculated from the two 
equations agree. By methods of analytic geometry, it is easy to see that 
the curve is a parabola whose axis is the line y = x, with its vertex at 
(1/4, 1/4). 

29. The curve of Ex. 28 is also represented by the parameter equa- 
tions 4 x = (1 4- 1) 2 } 4 y = (1 — t) 2 . Test this fact by substitution, 
and show that the value of dy/dx obtained from these equations agrees 
with the value obtained in Ex. 28. [The curve is most easily drawn 
from the parameter equations.] 

If t denotes the time in seconds since a particle moving on this curve 
passed the point (1/4, 1/4), find the total speed of the particle at any 
time. 
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IV, §26] IMPLICIT FUNCTIONS — DIFFERENTIALS 43 

26. Differentials. Let the curve PQ (Fig. 8) be a part of 
the graph of the equation y = f(x). Let P be any point 
(x, y) on the curve, and let Q be a second point (x + Ax, 
y + Ay) on it. The change Ax = PM in x causes a change 
Ay = MQ in y. 

The slope of the tangent 
PT at the point P is given 
by the formula 

(1) m = tan a 

= lim4?/ = ^. 
ax-*o Ax ax 

If this slope were main- 
tained over the interval 
Ax, the change produced in y would be 

(2) MK = m-Ax. 

When Ax is small, the change in y, MQ, will usually be 
nearly equal to MK. In many problems, it is a sufficiently 
exact approximation to Ay. Moreover, its value may be 
found readily by (2), whereas the actual calculation of Ay 
itself might be tedious or impracticable. 

This quantity MK, which is an approximation to Ay, is 
called the differential of y, and is denoted by the symbol dy. 
Hence we may write 



T 


Q 


it 

M 





H / A 


L B 



Fig. 8. 



(3) 



du A 
dy = m- Ax = -j L - Ax. 



In particular, if the curve is the straight line y = x, we find 
m = 1 ; hence the differential of x is 

(4) dx = l-Ax. 
If we divide (3) by (4) we find 

(5) dy -5- dx = m, 

where dy -5- dx now denotes a real division, since dy and dx 
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44 THE CALCULUS [IV, § 26 

are actual quantities defined by the equations (3) and (4), 
and dx (= Ax) is not zero. 

Since m stands for the derivative of y with respect to x, it 
follows that that derivative is equal to the quotient of dy by 
dx, 

(6) g- d * + * t '\ 

this fact is the reason for our use of the symbol dy/dx to repre- 
sent a derivative originally. 

In the figure all quantities here mentioned are shown: 

dx = Ax = AB, dy = MK, Ay = MQ,^ = tan ft $^ = tan a. 

Ax da; 

The quantities dx ( = Ax) ,dy(= m Ax) , Ay, Ay — dy{ = KQ) , are 
infinitesimal when Ax approaches zero, i.e. they approach 
zero as Ax approaches zero. 

27. Differential Formulas. For any given function y = /(x), 
dy can be computed in terms of dx(= Ax), by computing the 
derivative and multiplying it by dx. 

Every formula for differentiation can therefore be written 
as a differential formula; the first six in the list in § 22, p. 35, 
become after multiplication by dx: 

[I] dc = 0. (The differential of a constant is zero.) 

[II] d (c • u) = c • dti. 

[III] d (u + v) = du + «ft>. 

[IV] </ (u n ) = nun-Wit. 

/APv DdN-NdD 

[V] 4s)= 5* * 

[VI] <f (u • i>) = udv + vdu. 
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IV, §27] IMPLICIT FUNCTIONS — DIFFERENTIALS 45 

Rules [VII], [Vila], and [VTI6], of § 22, p. 35, appear as 
identities, since the derivatives may actually be used as 
quotients of the differentials. From the point of view of 
the differential notation Rule [VII] merely shows that we 
may use algebraic cancelation in products or quotients 
which contain differentials. 

Rules [I]-[VT] are sufficient to express all differentials of 
simple algebraic functions. A great advantage occurs in the 
case of equations not in explicit form, since all applications of 
Rule [VII] reduce to algebraic cancelation of differentials. 

Example 1. Given y = x 3 — 12 x -f- 7, to find dy and m. 
(*2/ = d(x3-12x + 7) = d(x*)-d(12x)+d(7) = 3 x 2 dx - 12 dx, 
whence m = dy-?-dx=3x 2 — 12asin Example 2, p. 21. 

x 2 _i_3 
Example 2. Given y = = = , to find dy (Example 1, p. 29). 

O X / 

(3x- 7) d (x2 + 3) - (x2 -f 3) d(3 x - 7) 

dy = (3* -7)2 : 

_ 3x 2 -14x-9 ^ 
~ (3x-7) 2 ax ' 

Example 3. Given y = (x 2 + 2) 3 , to find dy (Example 1, p. 32). 
dy =d[(x 2 +2)3] = 3(x 2 +2) 2 d(x 2 +2) 
= 3(x 2 + 2)2 • 2 x • dx. 

Example 4. Given y — x 3 — 2V^3 x 2 + 4, to find dy (Example 3 
p. 36). 

dy =d(x3)-2dV3x 2 +4 

= 3 x 2 dx - 2 , * • d (3 x 2 + 4) 

2V3x 2 +4 



= f3x 2 —L=6x)dx. 

\ V3x 2 +4 / 



V3x 2 +4 

Example 5. Given x 2 + y 2 = 1, to find dy in terms of dx (§ 24, p. 39). 
d (x 2 + y 2 ) =d (1) = 0; but d (x 2 -\-y 2 )=d (x 2 ) + d (y 2 ) 
= 2xdx + 2ydy; 
hence 2xdx + 2 ydy = 0, or dy = — (x/y) di,orm = dy/dx = — x/y. 



Digitized by 



Google 



46 THE CALCULUS [IV, § 27 

Example 6. To finddj/ and m when x 3 -f- y* — 3 xy = 0. (Example, 

p. 41.) d (x3) + d (i/3) - 3 d (xy) = 0, 

or Sx 2 dx + 3 y 2 dy - 3 x efy - 3 y dx = 0, 

or (x 2 — i/) <fo + (V 2 — x) dy = 0, 

xi — x 2 dy v — x 2 

whence dy = ^ dx, or m = -^ = ^ . 

y l — x dx y 2 — x 

Example 7. To find dy in terms of c?x when x = 3 / + 4, y = £ -f- 2. 
(Example, p. 32.) 

We find <te = d (3 * + 4) = 3 dt; dy = d (fi + 2) = 2 / <B; 

hence m = dy + dx = (2/3) *, or dy = (2/3) / dx; 

but since t = (x — 4)/3, this may be written: 

dy = (2/9) (s-4)ox, orm = | = (2/9) (x - 4). 

EXERCISES 

[These exercises may be used for further drill in differentiation, and 
for reviews. It is scarcely advisable that all of them should be solved 
on first reading.] 

Calculate the differentials of the following expressions. 

1. y = ax 2 + bx + c. 15. u = 1/ V2 v + v 2 . 

2. y = (a 2 + x 2 ) 2 . 16. w = (1 - 2 ^)/(2 - v 2 ). 

v 2 + 2 *> -f 1 



^- 1 

^-2^+3 



3. y = (as 2 + 6x + c)3. 17. u = 

4 . „.. (a _ W )i. 18. ^ = ^ +2t; + 3- 

5. y = l/(ax + 6). 19. z = l/v/(2- 2/3)4. 

6. 2/ = V(^ + W 20. 2 = l/\/(2/-a)3. 

7. s = (1 -f 2 (1 - 3 t). 21. z = 2//V1+2/. 

8. s = (2 - 3 2 (3 + 2 J 2 ). 22. 2 = V^+by/y. 

9. s = * 2 (a - 3 . 23. r = (a + bs n )v. 

10. s = f 4 (3 - 2 * 3 )2 24. r = v'a + 6s n . 

11. s = V3 < - t 2 . 25. r = l/(a -f 6s«)*\ 

12. s = V<4~=T. 26. r = l/\/a + 6s». 

13. s = V(<3 _ 3 j)3 # 27. y ■ 



l + Vx 
1- Vi' 



14. S =^(2* 2 + l) 2 . 28. t/ = /^|?- 
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IV, § 27] IMPLICIT FUNCTIONS — DIFFERENTIALS 47 

Determine dy in terms of dx from the equations below. 

33. (1 - ax) (x 2 + y 2 ) = 4. 

34. x 2 + y 2 = (ax + b) 2 . 



29. 


xy — y = 4. 


30. 


x 2 - 2^ -32/ 2 = 0. 


31. 


* 2 +2/ 2 - x2 
S2-2/2-*' 



35. 



y 2 _ a+bx 



32. 2/4 - 2 2/ 2 x - 1 = 0. 



a; 2 o — bx 
^36. (a; + y) 3/2 + (* - 2/) 3 / 2 = o 3 / 2 . 

37. Obtain the equation of the tangent at (2, — 1) to the curve 
4x 2 -2a;2/-5 2/ 2 -6a;-42/-7=0. 

^38. Obtain the equation of the tangent at (2, 1) to the curve 
z 3 - 7 x 2 y - 5 2/ 3 + 4 x 2 - 10 ^2/ + 8x - 5 2/ + 18 = 0. 

Obtain the equation of the tangent at (x , 2/0) to each of the following 

curves: 

Curve Tangent 

2/ 2 = 4 ax; yy =2a(x + x ). 

x 2 '+ i/ 2 = a 2 ; ' xx + yy - a 2 . 



39. 
40. 



41 ^+*- = l- 

* 1# a 2 -6 2 *' 



XZq 



Wo 

b 2 



Find the derivative <fy/cfo for the curves defined by each of the 
pairs of parameter equations given below. 

2t 

>»• — _ 

3 



42. < 



-*45. 



* i + r 
i-/ 

y = r+r 

*~~i+0' 



* = | V2 t\ 




44. 



47. 



3a-2* 



4(g-Q» 
y a 2 ** 



I* 4*r2' 



2T 



4*r 2 

3 
4*r 3 



48. Calculate the x and y components of the speed (v x and v v ) at any 
time t, and the resultant speed Vv x 2 + V> for the motion 

2< _ 1-/ 2 

X l+t*> y 1+t 2 ' 

49. If a particle moves so that its coordinates in terms of time are 

x = l-t + t 2 , y = l+t + t 2 , 
show that its path is a parabola. Show that from the moment t = its 
speed steadily increases. 
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48 THE CALCULUS [IV, § 27 

50. The electrical resistance of a platinum wire varies with the tem- 
perature, according to the equation 

R^Roll-aB+bP)- 1 ; 
calculate dR in terms of dd. What is the meaning of dR/dd? 

51. Van der Waal's equation giving the relation between the 
pressure and volume of a gas at constant temperature is 



(p +5) («-«-«. 



Draw the graph when a = .0087, b = .0023, c = 1.1. Express dv in 
terms of dp. What is the meaning of dv/dp? 

52. The crushing strength of a hollow cast iron column of length l f 
inner diameter d, and outer diameter D, is 



f- 46.65 ( gyg ) 



Calculate the rate of change of T with respect to D, d, and I, when 
each of these alone varies. 
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CHAPTER V 



TANGENTS — EXTREMES 

28. Tangents and Normals. We have seen in § 4, p. 4, that 
if the equation of a curve C is given in explicit form: 

(1) */=/(*), 

the derivative at any point P on C represents the rate of rise, 
or slope, of C at P: 

(2) LcfrJat P = ^ slope °f ^ at p= s ' op6 3^ r = tana = mp, 
where a is the angle XHT, counted from the positive direc- 
tion of the X-axis to the tangent PT, and where m P denotes 
the slope of C at P. 

Hence (§ 4, p. 5) the equation of 
the tangent is 

(3) (y-yp) = \^] p (x-xp), 

where the subscript P indicates that 
the quantity affected is taken with 
the value which it has at P. 

If the slope m P is positive, the curve is rising &t P; if m P is 
negative, the curve is falling; if m P is zero, the tangent is hori- 
zontal (§ 6, p. 6). Points where the slope has any desired 
value can be found by setting the derivative equal to the 
given number, and solving the resulting equation for x. 

Since, by analytic geometry, the slope n of the normal PN 
is the negative reciprocal of the slope of the tangent, we have, 

1 1 



Y 


\ 








i 


\ I 


sT 






J^r 






— 7 


*\ 


X 





<£f 


AN^ 





Fig. 9. 



(4) 



n P = slope of PN = = "~ f 



m P 



[dy/dxh 
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50 THE CALCULUS [V, § 28 

hence the eqttation of the normal is: 

(5) <*-«"> --[^£ <*-*">• 

29. Tangents and Normals for Curves not in Explicit Form. 
The equation of the curve may be given in the implicit 
form 

(1) F(x,y) = 0, 

as in §§24-25, pp. 39-41; or the equations in parameter 
form may be given: 

(2) x = f(t), y = 0(0, 

as in § 20, p. 32. In either of these cases, dy/dx can be 
found, and this value may be used in the formulas of § 28. 
No new formulas are necessary. 

30. Secondary Quantities. In Fig. 9, § 28, since 

tan a (= m P = [dy/dx] P ), and AP (= y P ), 
are supposed to be known, the right triangles H AP and PAN 
can both be solved by trigonometry, and the lengths HA, 
AN, HP, PN can be found in terms of m P and y P : 

[Subtangent]p = HA = AP -s- tan <x = y P + m P = [y/m] P . 
[Subnormal^ = AN = AP • tan a = [y • m] P , since a = Z APN. 

[Length of tangent] P = HP = ^AP 2 + HA 2 

= ^y 2 P+[y/m] P = [y Vl + (l/m) 2 ]p. 

[Length of normal] P = PN = ^ / AP 2 + AN 2 

= ^y 2 P+{ym) 2 P = [y VT+^ 2 ] P . 
It is usual to give these lengths the names indicated above; 
and to calculate the numerical magnitudes without regard to 
sigijs, unless the contrary is explicitly stated. 
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31. Illustrative Examples. In this article, a few typical 

examples are solved. 

Example 1. Given the curve y = x z — 12 x + 7 (Ex. 2, p. 21), we 
have m — dy/dx = 3x 2 - 12. 

(1) The tangent (T) and the normal (N) at a point where x — a are 

{T)y- (a3-12a + 7) = (3 a? - 12) (* - a), 

(J\T)y~(a3-12a + 7)= 3a ^ 1 12 (x-a); 

thus, at x = 3, the tangent and normal are 

(D y + 2-15(*-3), (N) y + 2 = -&(x-3). 

(2) The tangent has a given slope k at points where 

3*2-12 = M.e.x= ± V^T^ ; 

there are always two points where the slope is the same, if k > — 12; 
thus if k = 0, x = ± 2; if k = - 9, x = ± 1; if A; = - 12, x = 0; if 
k <— 12, no real value for x exists (see Fig. 15, p. 68). 

(3) The secondary quantities of § 30 may be calculated without 
using the formulas of § 30. Thus, at the point where x = 3, the 
tangent (T) cuts the x-axis where x = 47/15; the normal (iV) cuts the 
z-axis where x = — 27. If the student will draw a figure showing 
these points and lines, he will observe directly that t he subtange nt is 
2/15, the subnormal 30 , the len gth of the tangent V2 2 + (2/15) 2 , the 
length of the normal V30 2 -|- 2 2 . These values agree with those given 
by § 30. 

Example 2. Given the circle x 2 -f- V 2 = 1, we have m = dy/dx = 
-x/y [see §24]. 

(1) The tangent (T) and normal (N) at a point (x , y ) are 

(T)(y-vo) «-?(*-*>), (N)(y-y )=f(x-x ); 
or, since x 2 + y<? = 1, 

(T) xx + 2/2/o = 1, (-AT) 2/*o = 2/o^; 
thus, at the point (3/5, 4/5), which lies on the circle, we have 
(T) 3 x + 4 y = 5, (N) 3 2/ = 4 x. 

(2) The tangent has a given slope k at points where 

— — = k, i.e. x + ky Q = 0. 
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The coordinates (x , yo) can be found by solving this equation simul- 
taneously with the equation of the circle, or by actually drawing the line 
#o + %o = 0. Thus the points where the slope is -f* 1 lie on the straight 
line x + y = 0; hence, solving x +jy = and x 2 + y 2 = 1, the co- 
ordinates are found to hex = ± 1/^2, y = T 1/^2', but these points 
are most readily located in a figure by actually drawing the line 
x + y = 0. 

EXERCISES 

Find the equation of the tangent and that of the normal, and find 
the four quantities defined in § 30, for each of the following curves at 
the point indicated: 



1. y=x*-12x+7; (1, 


-4). 


5. 


2. v = l x x + l-A 1,8). 




6. 


3. 9z 2 + t/ 2 = 25; (1,4). 




7 



x=y*-3y 2 + 5; (3,1). 

r* = ( i-w. y 

fx-l» + 4<-ll 



4. X2/ + I/ 2 - 2x=5; (-4, 1). 

8. The curves of Exs. 1 and 3 pass through the point (1, — 4); 
at what angle do they cross? 

Determine the equation of the tangent and that of the normal to 
each of the following curves at any point (x , yo) on it. 

9. y = kx 2 . 13. &x 2 ± a 2 y 2 = a 2 b*. 

10. y 2 =2px. 14. ax 2 + 2bxy + cy 2 =f. 

11. x 2 + y 2 = a 2 . 15. ax 2 + 2 6x2/ + cy2 + 2 dx + 2 «/ +/ = 0. 

12. y = fcx*. 16. y = (ax + fc)/(cx + d). 

32. Extremes. In § 6, and in numerous examples, we have 
found points on a curve at which the tangent is horizontal, 
i.e. at which the slope is zero. If the slope of the curve 
V = / ( x ) is zero a ^ the point where x = a, the curve may go 
through the point in any one of the ways illustrated in 
Fig. 10. 

In case (a), /(a) is called a maximum of f(x). 
In case (b),f(a) is called a minimum off(x). 
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The value of / (x) at a point where x = a is a i .. i 

{minimum j 

value if it is |? .. 1 any other value of / (x) for values 

of x sufficiently near to x = a. 

A maximum or a minimum is called an extreme value, 
or an extreme of / (x) . 

A value of x for which the slope m is zero is called a 
critical value. The corresponding point on the curve is 



y< 



y 



7(a?) 



\f(a) 



^(x: 



(X) 



H 



\f(a) 



(a) 



a 

(6) 



2ft V/te) 



7W 



Ifto) 



j/<a> 



W 



H) 



Fig. 10. 

called a critical point. At such a point, /(x) may be a 
maximum or a minimum, but it is not necessarily either. 
Thus, in cases (c) and (d), Fig. 10, the value of / (a) is neither 
a maximum nor a minimum of / (x). 

On the other hand, extremes may also occur at points 
where the derivative has no meaning, or at points where the 
function becomes meaningless. 

Thus, the curve y = z 2 / 3 gives 
m = 2/(3 x 1 / 3 ) : hence m is meaning- 
less when x = 0; in fact, the curve 
has a vertical tangent at that point. 
It is easy to see that this is, however, 
the lowest point on the curve. 

Again, if a duplicating apparatus costs $150, and if the running 
expenses are lc. per sheet, the total costs of printing n sheets is / = 
150 -f- .01 n. This equation represents a straight line; geometrically 
there are no extreme values of t\ but practically t is a minimum when 
n = 0, since negative values of n are meaningless. Such cases are 
usually easy to observe. 
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33. Fundamental Theorem. We proceed to show that a 
function /(x) cannot have an extreme except at a critical 
point; that is, assuming that /(a;) and its derivative have 
definite meanings at x = a and everywhere near x = a, no 
extreme can occur if the derivative is not zero atx = a. 

We are supposing that all our functions are continuous; 
if, then, the derivative m is positive at x = a, it cannot sud- 
denly become negative or zero. Hence m is positive on both 
sides of x = a, and there can be no extreme there. 

Likewise if m is negative, the curve is falling near x = a 
on both sides of x = a; there can be no extreme. 

34. Final Tests. It is not certain that/ (x) has an extreme 
value at a critical point. To decide the matter, we proceed 
to determine whether the curve rises or falls to the left and to 
the right of the critical point: it rises if m > 0; it falls if 
m < 0. (See Fig. 10 in § 32.) 

Near a maximum, the curve rises on the left and falls on 
the right. 

Near a minimum, the curve falls on the left and rises on 
the right. 

If the curve rises on both sides, or falls on both sides, of the 
critical point, there is no extreme at that point. 

35. Illustrative Examples. 

Example 1. To find the extreme values of the function y = f(x) = 
& - 12 x + 7. (See Ex. 3, p. 8.) 

(A) To find the Critical Values. Set the derivative equal to zero and 
solve for x: 

m = d y = 3 X 2 - 12; 3 x2 - 12 = 0; x = 2 or x = - 2. 

dx 

(B) Precautions. Notice that fix) and its derivative each have a mean- 
ing for every value of x; hence x = + 2 and x = — 2 are the only critical 
values. 
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(C) Final Tests, m = 3 x 2 — 12 = 3 (x 2 — 4) is positive if x is greater 
than 2, negative if a; is slightly less than 2; 
hence the curve rises on the right and falls 
on the left of x = 2, therefore/ (2) = — 9 is a 
minimum of / (x). The student may show 
that /(— 2) = 23 is a maximum of /(x). 
(See Fig. 3, p. 8.) 

Example 2. To find the extremes of 
the function 

y=f(x) -3 s 4 -12*3 +50. 

(A) Critical Values. Setting dy/dx = 0, 
and solving, we find : 

m = ^ = 12 a? - 36 x 2 ; 12 a? - 36s 2 = 0; 

a; = 0, or x = 3. 

(B) Precautions, y and dy/dx have a 
meaning everywhere; the only critical 
values are and 3. 

(C) Final Tests. Near x = 0, m = 
12x 2 (x — 3) is negative on both sides; 
hence there is no extreme there, though 
the tangent is horizontal. * IG * *2. 

Near x = 3, m = 12 x 2 (x — 3) is positive on the right, negative on 
the left; hence /(3) = — 31 is a minimum. 
The information given above is of great assistance in accurate drawing. 

Example 3. Two railroad tracks cross at right angles; on one of 
them an eastbound train going 15 mi. per 
hour clears the crossing one minute before 
the engine of a southbound train running 
at 20 mi. per hour reaches the crossing. 
Find when the trains were closest together. 
Let x and y be the distance in miles of 
the rear end of the first train and the en- 
gine of the second one from the crossing, 
respectively, at a time t measured in min- 
utes beginning with the instant the first 
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Fig. 13. 



train clears the crossing; then 



15 , 



'-a* 1 -* 



1,^ + ^1-1,+gn 



where D is the distance between the trains in miles. 
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Since D is a positive quantity, it is a minimum whenever D 2 is a mini- 
mum; hence we write: 

».fS B JA J.25 . 16. 

when < <-16/25, m < 0; if t> 16/25, m> 0; hence D 2 is diminishing 
before J = 16/25 and increasing afterwards. It follows that D is a 
minimum when t = 16/25. Substituting this value for t, we find the 
values x = 4/25, y = 3/25, Z) 2 = 1/25; hence the minimum distance 
between the trains is 1/5 of a mile, and this occurs 16/25 of a minute 
after the first train clears the crossing. 

Example 4. To find the most economical shape for a pan with a 
square bottom and vertical sides, if it is to hold 4 cu. ft. 

Let x be the length of one side of the base, and let h be the height. 
Let V be the volume and A the total area. Then V = hx 2 = 4, whence 
h = 4/x 2 ; and 



A =x*+4hx=x* + — ; 



whence we find 



d A o 16 o 16 „ , ft 
m = ^ =2x "^ ; 2 *-j2= ' *-8, *-2. 

When a: < 2, m = 2(x 3 — 8)/x 2 is negative; when z>2, m is positive; 
hence A is decreasing when x is increasing toward 2, and A is increasing 
as x is increasing past 2; therefore x = 2 gives the minimum total area 
A = 12. Notice that the height is A=4/z 2 =l. The correct 
dimensions are x = 2, A = 1 (in feet). 

EXERCISES 

Determine the maximum and minimum values of the following 
functions and draw the graphs, choosing suitable scales. 

1. 2/=^-6x 2 + 2. 2. s=2*3-6*2-18* + 15. 

3. p = g3-6 3 2-i5 g . 4. 2/ = a: 3 + 2ax 2 + a 2 x. 

5. x = 2/4 - 4 y 2 -f 2. 6. t; = w 4 - 4 w3 + 4 w 2 + 3. 

7. w j=n 6 — 5n 4 + 5n 3 + l. 8. A ^r 6 — 6r 4 +4r 3 + 9r 2 — 12r+4. 

9. s = (2*-l)(l-0 2 . 10. V = h{h-1)\ 

11. r =(s 2 - 1) (s 2 - 4). 12. x = (y - 2)3 fo + 3)3. 
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15. y = * * • 16. K = 



x 2 - 2 x + 4 a/i 2 + 6fc + c 

17. 2/ = s4-~ 2 + r 18 - e = * + ^r=*. 

19. D = rVs^A 20. R = ^i~+6 - a:. 

21. What is the largest rectangular area that can be inclosed by a line 
80 feet long? 

22. What must be the ratio of the sides of a right triangle to make its 
area a maximum, if the hypothenuse is constant? 

23. Determine two possible numbers whose product is a maximum 
if the sum of their squares is 98. Is there any minimum? 

24. Determine two numbers whose product is 100 and such that the 
sum of their squares is a minimum. Is there any maximum? Did you 
account for negative possible values of the two numbers? 

25. What are the most economical proportions for a cylindrical can? 
Is there any most extravagant type? Mention other considerations 
which affect the actual design of a tomato can. Is an ordinary flour 
barrel this shape? What considerations enter in making a barrel? 

26. What are the most economical proportions for a cylindrical pint 
cup? (1 pint = 28 j cu. in.) Mention considerations of design. 

27. Determine the best proportions for a square tank with vertical 
sides, without a top. Is there any most extravagant shape? 

28. The strength of a rectangular beam varies as the product of the 
breadth by the square of the depth. What is the form of the strongest 
beam that can be cut from a given circular log? Mention some other 
practical considerations which affect actual sawing of timber. 

29. The stiffness of a rectangular beam varies as the product of the 
breadth by the cube of the depth. What are the dimensions of the 
stiffest beam that can be cut from a circular log? 

30. Is a beam of the commercial size 3" X 8" stronger (or stiffer) 
than the size 2" X 12* (1) when on edge, (2) when lying flat? 

[Commercial sizes of lumber are always a little short.] 

31. What line through the point (3, 4) will form the smallest triangle 
with the coordinate axes? Is there any other minimum? maximum? 
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32. Determine the shortest distance from the point (0, 3) to a point 
on the hyperbola x 2 — y 2 = 16. Show that it lies on the normal. 

[Hint. Use the square of the distance.] 

33. The distance D from the point (2, 0) to any point of the circle 
x 2 -f- y 2 = 1 is given by the equation D 2 = 5 — 4 x. Discover the 
maximum and minimum values of D 2 , and show why the rule fails. 

34. Show that the maximum and minimum on the cubic y = x 3 — ax 
-f b are at equal distances from the y-axis. Compute y at these points. 

35. Show that the cubic x 3 — ax + b = has £hree real roots if the 
extreme values of the left-hand side (Ex. 34) have different signs. 
Express this condition algebraically by an inequality which states that 
the product of the two extreme values is negative. 

[Any cubic can be reduced to this form by the substitution x = x' -\- k; 
hence this test may be applied to any cubic] 

36. Show that if the equation x 3 — ax -f b = has two real roots, the 
derivative of the left-hand side (i.e. 3 x 2 — a) must vanish somewhere 
between the two roots. Show that the converse is not true. 

37. The line y = mx passes through the origin for any value of m. 
The points (1, 2.4), (3, 7.6), (10, 25) do not lie on any one such line: 
the values of y found from the equation y — mx at x = 1, 3, 10 are m, 
3 m, 10 m; the differences between these and the given values of y are 
(m — 2.4), (3 m — 7.6), (10 m — 25). It is usual to assume that that 
line for which the sum of the squares of these differences 

S= (m - 2.4)2 _f_ (3 m _ 7 >6 )2 + (10 m - 25)2 

is least is the best compromise. Show that this would give m = 2.50 
(nearly). Draw the figure. 

38. In an experiment on an iron rod the amount of stretching s (in 
thousandths of an inch) and the pull p (in hundreds of pounds) were 
found to be (p = 5, s = 4), (p = 10, s = 8), (p = 20, s = 17). Find 
the best compromise value for m in the equation s = m-p, under the 
assumption of Ex. 37. Ans. About 5/6.- 

39. A city's bids for laying cement sidewalks of uniform width and 
specifications are as follows: Job No. 1: length = 250 ft., cost, $110; 
Job No. 2: length, 600 ft., cost, $250; Job No. 3: 1500 ft., cost, $630. 
Find the price per foot for such walks, under the assumption of Ex. 37. 
How much does this differ from the arithmetic average of the price per 
foot in the three separate jobs? 
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40. The amount of water in a standpipe reaches 2000 gal. in 250 sec, 
5000 gal. in 610 sec. From this information (which may be slightly 
faulty). find the rate at which water was flowing into the tank, under 
assumption of Ex. 37. 

41. The values 1 in. = 2.5 cm., 1 ft. = 30.5 cm. are frequently 
quoted, but they do not agree precisely. The number of centimeters 
c, and the number of inches z", in a given length are surely connected by 
an equation of the form c = hi. Show that the assumptions of Ex. 37 
give k = 2.541. Is this the same as the average of the values in the 
two cases? Which result is more accurate? 

42. In experiments on the velocity of sound, it was found that sound 
travels 1 mi. in 5 sec, 3 mi. in 14.5 sec These measurements do not 
agree precisely. Show that the compromise of Ex. 37 gives the velocity 
of sound 1088 ft. per second. How does this compare with the average 
of the two velocities found in the separate experiments? 

43. A quantity of water which at 0° C. occupies a volume t» , at 0° C. 
occupies a volume 

v = v (1 - 10- 4 X .57580 + 10~ 5 X .756 2 - 10~7 X .351 3 ). 
Show that the volume is least (density greatest), at 4° C. (nearly). 

44. Determine the rectangle of greatest perimeter that can be in- 
scribed in a given circle. Is there any minimum? 

45. What is the largest rectangle that can be inscribed in an isosceles 
triangle? Is there any minimum? 

46. Find the area of the largest rectangle that can be inscribed in a 
segment of the parabola y 2 = 4 ax cut off by the line x = h. 

47. Determine the cylinder of greatest volume that can be inscribed 
in a given sphere. Is there also a minimum? 

48. Determine the cylinder of greatest convex surface that can be 
inscribed in a sphere. Is there a minimum? 

49. Determine the cylinder of greatest total surface (including the 
area of the bases) that can be inscribed in a given sphere. 

60. What is the volume of the largest cone that can be inscribed in a 
given sphere? 

51. What is the area of the maximum rectangle that can be inscribed 
in the ellipse x 2 /a 2 + z/ 2 /6 2 = 1? 
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CHAPTER VI 
SUCCESSIVE DERIVATIVES 

36. Time-rates. In all the applications, derivatives are 
rates of increase (or decrease) of some quantity with respect 
to some other quantity which is taken as the standard of 
comparison, or independent variable. 

Among all rates, those which occur most frequently are 
time-rates, that is, rate of change of a quantity with respect 
to the time. 

37. Speed. Thus the speed of a moving bodv is the time- 
rate of increase of the distance it has traveled: 

(1) v = speed* = lim — = -r. , 

^ a*-*o A£ at 

as in § 7, p. 9, and in numerous examples. 

38. Tangential Acceleration. The speed itself may change; 
the time-rate of change of speed is called the acceleration along 
the path, or the tangential acceleration]. 

(2) jr = tangential acceleration f = lim — = -r. • 

At—>o At at 

* The speed v is distinguished from the velocity by the fact that the 
speed does not depend on the direction; when we speak of velocity we shall 
always denote it by o (in black-faced type) and we shall specify the direc- 
tion. 

t The general acceleration j is also a directed quantity; when we speak 
of the acceleration J (not tangential acceleration j T ) we shall denote it by/, 
and give its direction. As in the case of speed, the letter j, in italic type, 
denotes the value of / without its direction. 
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Thus for 


a body falling 


from rest, if g represents the gravitational 


constant, 




8= iff?; 


hence 




ds -. 
v = dt = gt > 


and 




dv 
3 T = dl = g > 



it follows that the tangential acceleration of a body falling from rest is 
constant; that constant is precisely the gravitational constant g.* 

In obtaining the tangential acceleration, we actually differ- 
entiate the distance s twice, once to get v, and again to get 
dv I dt or j T , hence the tangential acceleration is also said to be 
the second derivative of the distance s passed over. 

39. Second Derivatives, Flexion. It often happens, as in 
§ 38, that we wish to differentiate a function twice. In any 
case, given y =f(x), the slope of the graph is 

dy v Ay 
m = -y- = lim — - • 

CtX Ax-*0 Ax 

The slope itself may change (and it always does except on a 
straight line) ; the rate of change of the slope with respect to x 
will be called the flexion t of the curve: 

, n . dm ,. Am 

b = flexion = i— = lim -— > 
ax ax-»o Ax 

and will be denoted by 6, the initial letter of the word bend. 
Thus for y = x 2 , we find m = 2 x, b = 2; J 

♦The value of g is approximately 32.2 ft. per second per second = 981 
cm. per second per second. 

f The word curvature is used in a somewhat different sense. See § 86, 
p. 139. 

JThe flexion for this parabola is constant; note that this means the 
rate of change of m per unit increase in x, not per unit increase in length 
along the curve. 
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for y = x z , m = 3 x 2 , 6 = 6 x; 

for y = a?- 12 a; + 7, m = Sx 2 -12, 6 = 6x; 

for any straight line ?/ = fcx + c, m = fc, 6 = 0. 

The value of b is obtained by differentiating the given func- 
tion twice; the result is called a second derivative f and is 
represented by the symbol: 



eP|/ _ d^ /<ty\ _ dm _ , 



Likewise, the tangential acceleration in a motion is 
d?s _ d /ds\ _ dv _ . 

If the relation between s and t is represented graphically, 
the speed is represented by the slope, the tangential acceleration 
by the flexion, of the graph. Thus if s = gt 2 /2 be represented 
graphically, as in Fig. 4, p. 10, the slope of the (£, s) curve is 

m = sfope = ~ = gt = speed = t;, 

and the flexion of the (t, s) curve is 

6 = flexion = -rr = -^2 = ^ = Q— tangential acceleration =j T - 

40. Speed and Acceleration. Parameter Forms. Let the 

equations 

x=f(t), y = <t>(t) 

represent the position of a moving point P in terms of time 
t as variable. Then, as in § 8, 

dx 

(1) v x = -r = horizontal component of the speed of P; 

dv 

(2) v v = I f = vertical component of the speed of P; 
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(3) v = \/v 2 + v y 2 = total speed of P, 

in the direction tan -1 (v y /v x ). 
Further, 

cPx 

(4) j x = -j~2 = horizontal acceleration of P; 

(5) j y = -j% = vertical acceleration of P; 

(6) j = Vj x 2 +j y 2 = total acceleration of P, 

in the direction tan -1 (j v /j x ). 

Note that the direction of v is along the tangent to the 
path of P. since v v / x v is equal to dy/dx, or m. But the total 
acceleration j is not, in general, in the direction of the path 
of P, since j v /j x is ordinarily quite different from v v /v x . 
Hence j and jV are usually different.* To get j T , calculate 
dv/dt from (3). 

Example. Let the parametric equations of the path be 
x = fi, 2/ = l/«2(=H). 
To plot the path take a series of values 
of t: 

* = 0, J, 1, 3/2, 2, ...; 

s = 0, }, 1, 9/4,4, ...; 

y = oo, 4, 1, 4/9, }, .... 
fx = 2 J, jz = 2, 

tV = -2H, i*=6H, 

v = 2V* 2 + H. j = 2Vl +9K 



. = dy = 2<-6H 



([IV], §22.) 




Fig. 14. 



♦The reason for this difference is not difficult: / r is the acceleration in 
the path itself; j is the total acceleration, part of its effect being precisely 
to make the path curved; hence a part of j is expended not to increase the 
speed, but to change the direction of the speed, i.e. to bend the path. Notice 
that Ex. 33, p. 65, represents a straight line path ; on it j T = j; this holds 
only on straight line paths. In uniform motion on a circle, for example, 
; r =0. 
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EXERCISES 

[In addition to this list, the second derivatives of some of the functions 
in the preceding exercises may be calculated.] 

Calculate the first and second derivatives in the following exercises. 
Interpret these exercises geometrically, and also as problems in motion, 
with s and t in place of y and x. 

1. y = x 2 + 5 x - 4. 11. 2/ = VF+ V* 2 + 1. 

2. 2/ = -x 2 +4x-4. 12. 2/ = (2 - 3x) 2 (3 +x). 

3. y = 2 x 2 - x - 15. 13. y = (x + 2)3 (x 2 - 1-). 

4. y = - 5 x 2 - 3 - 15. ,14. y = Vl + x -*- Vl-x. 
^6. 2/ = x 2 — §x — 21. 15. 2/= <*£ + &• 

6. 2/ = - & + 3x 2 + 1. 16. y = c (a constant). 

7. 2/ = 2 x 3 + 3 x 2 - 36 x - 20. 17. y = ox 2 + bx + c. 

8. 2/ = - x 4 + 8 x 2 + 2. 18. ^ = c (x - a)». 

9. 2/ = «* - 2 x 3 + 5 x 2 + 2. 19. y = (x - a) m (x - &)*. 
10. 2/ = (1 + x) -h (1 - x). 20. y = Ax~*. 

21. Show that the flexion of a straight line is everywhere zero. 

22. Show that if the distance passed over by a body is proportional 
to the time the tangential acceleration is zero. What is the speed? 

23. Show that the flexion of the curve y — ax 2 + bx + c is every- 
where the same, and equal to twice the coefficient of x 2 . 

24. Show that if the space-time equation is s = afi + bt + c, the 
acceleration is always the same and equal to twice the coefficient of P. 
Is such a motion at all liable to occur in nature? 

25. Find the flexion of the curve y = 1/x. Show that it resembles y 
itself in some ways. Does the slope also resemble y? 

-^6. Can you interpret Ex. 25 as a motion problem? What is true 
at the beginning of the motion (t = 0)? Can a curve with a vertical 
asymptote represent a motion? Can a piece of such a curve? 

JL1. Find the flexion of the curve y = (x — 2) 3 (x + 3) 2 (x — 4). 
Show that the flexion has a factor (x — 2), while the slope has a factor 
(x-2) 2 (x+3). 
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28. Show that the flexion of the curve y = v (x+a) 3 (x 2 +3) has a 
factor (x + a). 

29. If the function y = / (x) , where / (x) is a polynomial, has a 
factor (x — a) 3 , show that' dy/dx has a factor (x — a) 2 , and cPy/dx 2 has 
a factor (x — a). 

30. If the equation x 5 + ax 4 + bx* + ex 2 -+- dx + e =0 has a triple 
root x = a, show that the equation 20 a: 3 + 12 ox 2 + 6 bx -f- 2 c = 
has a factor x — a. 

^-31. Show how to find the double and triple roots of any algebraic 
equation by the Highest Common Divisor process. 

C&2. If the equations of the curve in parameter form are x = fi, 
y = J 2 , find the slope m and the flexion b in terms of t. 



TX dy dy dx , dm 

Hint. w = ^=-^-^-jt, 6 = -i- 

dx dt dt dx 



_dm dx "I 



For each of the following curves, proceed as in Ex. 32. Calculate 
also the values, in terms of t, of each of the six quantities mentioned in 
§ 40, and the value of jr. Compare j and jr- 

33. x = a + bt y y = c + dt. % 34. x = t 2 , y = * 3 . 

36. x = t, y = *-*; * = 1 and 2. 36. x = 1 +/, y = y^- ; * = ± 2. 

37 - x "r+t' y " —;< = !• ^*8. x = nT 3, 2/ = rT ^^ = i. 

41. Concavity. Points of Inflexion. If the flexion b = 
dm/dx is positive, the slope is increasing, and the curve turns 
upwards, or is concave upwards; if the flexion is negative, the 
slope is decreasing, and the curve is concave downwards. 

Thus y — x 2 is concave upwards everywhere, since b = 2 is positive. 
For y = x 3 we find 6 = 6 x, which is positive when x is positive, and 
negative when x is negative; hence y = x 3 is concave upwards at the 
right, and concave downwards at the left of the origin. 

A point at which the curve changes from being concave up- 
wards to being concave downwards, or conversely, is called a 
point of inflexion. 

The value of the flexion b changes from positive to negative, 
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or conversely, in passing such a point; hence, the valine of b at 
a point of inflexion is zero, if it has any value there.* 

Thus the origin is a point of inflexion on the curve y =*= rr 3 , for the 
curve is concave downwards on the left, concave upwards on the right, 
of the origin. 

42. Second Test for Extremes. In seeking the extreme 
values of a function y =f(x), we find first the critical points, 
i.e. the points at which the tangent is horizontal. 

If, at a critical point, 6 = d 2 y/dx 2 > 0, the curve is also con- 
cave upwards, 1[ and the function has a minimum there; if 
6 < 0, the curve is concave downwards, and/ (x) has a maximum; 
that is, 

-* dy n jt d?y[>Q) . ,, v . [minimum 

ifm=~ = 0ando = -T^ 2 \ Aatx = a,f(a)isa\ 

J dx dx 2 [<0j [maximum 

Whenever the flexion is not zero at a critical point, this 
method usually furnishes an easy final test for extremes. If 
the flexion is zero, no conclusion can be drawn directly by this 
method. J (See, however, § 34.) 

43. Illustrative Examples. 

Example 1. Consider the function y = rr 3 — 12 x + 7. See Ex. 3, 
p. 8, and Ex. 1, p. 54. The slope and the flexion are, respectively, 

* Points where the tangent is vertical, for example, may be points of 
inflexion. 

t The curve is then also concave upwards on both sides of the point; if 
the curve is concave upwards on one side and downwards on the other, b 
must be zero if it exists at the point. 

% Even in this case one may decide by determining whether the curve is 
concave upwards or downwards on both sides of the point; but the method 
of § 34 is usually superior. 
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The critical points are x = ± 2. Since 6 a; is positive when x is 
positive, b is positive for x > 0; likewise b < when a; < 0. Hence 
the curve is concave upwards when x > 0, and concave downwards 
when x < 0. At a: = + 2, 6 > 0, hence by § 42, y has a minimum at 
x = + 2; at a; = — 2, 6 < 0, hence y has a maximum (compare p. 8 
and p. 54). 

To find a point of inflexion first set b = 0; 

, dm cPy. an- n 

Since dm/dx is negative for x < and positive for x > 0, the given 
curve is concave downwards on the left and concave upwards on the 
right of this point; hence x = 0, y = 7 is a point of inflexion. (See 
Fig. 15, and § 44, p. 68.) 

Example 2. Consider the function y = 3x*— 12x* + 50 (Ex. 2, 
p. 55). 

The slope and the flexion are, respectively, 

m = g =12*'-36s>; 6 = g=g =36*^-72*. 

The critical points are x = 0, x = 3. At x = 3, 6 = 108 > 0, hence 
y is a minimum there. At x = 0, 6 = 0, and no conclusion is reached 
by this method (compare, however, p. 55). To find points of inflexion, 
first set 6 = 0; 

6 = ^=0 =36x2-72s = 0,t.e.a; = 0ora; = 2. 

Near x = 0, at the left, dm/dx = 36 x(x — 2) is positive; at the right, 
negative; the given curve is concave upwards on the left, downwards 
on the right, and (x = 2, y = 2) is a point of inflexion. (See Fig. 13.) 

Example 3. For a body thrown vertically upwards, the distance s 
from the earth is: 

8 = —lgfi+ v t, 

where v is the speed with which it is thrown. 

The speed and the tangential acceleration are, respectively, 

ds . . cPs dv 

If we draw a graph of the values of s and t, the speed v (slope of the 
graph) is zero when 

v = — gt + v Q = 0, i.e. t = v Q /g t 
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that is, the point is a critical point on the graph. The tangential 
acceleration (flexion of the graph) is negative everywhere, hence the 
graph is concave downwards. 

In particular, at the critical point just found, b is negative; hence s 
has a maximum there: 

Fig. 17 is drawn for the special values v = 64 and g = 32. 

44. Derived Curves. It is very instructive to draw in the 

same figure graphs which give the 
values of the original function, its 
derivative, and its second deriva- 
tive. 

These graphs of the derivatives 
are called the derived curves; they 
represent the slope (or speed in 
case of a motion) and the flexion 
(or tangential acceleration). 

The figures for the curves of Exs. 1 
and 2 of § 43 are appended. The stu- 
dent should show that each statement 
made in § 43 and each statement made 
on p. 67, for each of the examples, is illustrated and verified in these 
figures. 

The similar curves for space, speed, and acceleration are drawn in 
Fig. 17, for the motion of a body thrown upwards: 

s = - i gfl + v t for g = 32, v = 64. 

Verify the statements made in Ex. 3, § 43. 
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Fig. 15. 



In drawing such curves, the second derivative should be 
drawn first of all; the information it gives should be used in 
drawing the graph of the first derivative, which in turn should 
be used in drawing the graph of the original function. 
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EXERCISES 

1. Draw, in the order just indicated, the first and second derived 
curves in Ex. 1, p. 56, and show that each step of your work in that 
example is exhibited by these figures. 

2. Draw the derived curves for Exs. 2, 4, 6, 14, p. 56; and show 
their connection with your previous work. 

3. Draw the original and the derived curves for the function 
y = x 3 — 6 x 2 — 15 x — 6. Find the extreme values of y, and explain 
the figures. For what value of a: is the flexion zero? Does this give a 
point of inflexion on the original curve? 

Find the extreme values of y and the points of inflexion on the fol- 
lowing curves; in each case draw complete figures: 

4. y = 2x 3 -3x 2 -72x. 9. y = Ax 2 + Bx + C. 
6. y = 4 x 3 + 6 x 2 — 24 x. 10. y = mx + n. 

6. y = x 3 + x 2 . 11. y = Vx. 

7. y = x 4 - 6 x 2 - 40. 12. y = x 3 - px + g. 

8. 2/ = x(x + 2) 3 . 13. 2/=x 2 -16/x. 

14. Show that the flexion of the hyperbola xy — a 2 varies inversely 
as the cube of the abscissa x. 

15. Show that the flexion of the conic Ax 2 + By 2 = 1 (ellipse or 
hyperbola) varies inversely as the cube of the ordinate y. 

16. What is the effect upon the flexion of changing the sign of a in 
the equation y = ox 2 + bx + c? 

17. A beam of uniform depth is said to be of "uniform strength' ' 
(in resisting a given load) if the actual shape of its upper surface under 
the load is of the form y - ax 2 +bx +c, where x and y represent 
horizontal and vertical distances measured from the middle point of 
the beam's surface in its original (unbent) position. Show that the 
flexion of such a beam is constant. 

18. Show that the addition of a constant to the value of y does not 
affect the slope or the flexion. 

19. Show that the addition of a term of the form kx + c to the 
value of y does not affect the flexion. What effect does it have upon 
the slope? 
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20. Show, by means of Exs. 18 and 19, that any beam in which the 
flexion is constant has the form specified in Ex. 17. 

21. Show, by a process precisely similar to that of Ex. 20 that a 
motion in which the tangential acceleration is constant is defined by an 
equation of the form s = at 2 + bt -\- c. 

22. Find, by the methods of Exs. 18-21, what the form of y must be 
if the slope is: 

23. What is the form of y if the flexion is 6? if the flexion is 2 x + 3? 
if the flexion js zero? 

24. If a beam of length I is supported only at both ends, and loaded 
by a weight at its middle point, its deflection y at a distance x from one 
end is y = k (3 Px — 4 a: 3 ), provided the cross-section of the beam is 
constant. Find the flexion and show that there are no points of in- 
flexion between the supports. 

25. If the beam of Ex. 24 is rigidly fixed at both ends, and loaded 
at its middle point, the deflection of each half of the beam is y — k 
(3 lx 2 — 4 x 3 ), where x is measured from either end. Show that there 
is a point of inflexion at a distance Z/4 from the end, and that the greatest 
deflection is at the middle point. 

Find the points of inflexion and the point of maximum deflection 
of a uniform beam of length I whose deflection is: 

26. y = k(3lx 2 -x 3 ). 

[Beam rigidly embedded at one end, loaded at other end. Origin at 
fixed end.] 

27. 2/ = fc(3x 2 J2-2x 4 ). 

[Beam freely supported at both ends, loaded uniformly. Origin at 
lowest point.] 

28. 2/ = fc(6Pz2-4fc3+x4). 

[Beam embedded at one end only; loaded uniformly. Origin at fixed 
end.] 

29. y = k(l*x-Slx*+2x*). 

[Beam embedded at one end, supported at the other end; loaded uni- 
formly. Origin at free end.] 
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45. Angular Speed. If a wheel turns, the angle which a 
given spoke makes with its original position changes with 
the time, i.e. is a function of the time: 

8= fit). 

The time-rate of change of the angle is called the angular 

speed; it is denoted by co: 

7 , d$ ,. A0 

(a = angular speed = -r. = lim — • 



46. Angular Acceleration. The angular speed may change; 
the time-rate of change of the angular speed is called the angular 

acceleration; it is denoted by a: 

7 7 .. ,. Aw do) cP$ 

a = angular acceleration = lim — - = — = — k . 

At-^oAt dt dr 

Example 1. A flywheel of an engine starts from rest, and moves 
for 30 seconds according to the law 

1800 + 30 ' 
where is measured in de- 
grees, after which it rotates 
uniformly. 
Then 
do 
" = di 
and 

_d<* 1_*2 _. 2 * 

a ~ dt" 150* + io'- 

This example furnishes 
an instance in which the de- 
rived curves, i.e. the graphs 
40 which show the values of w 
Fig. 18. and of a are more important 

than the original curve; for 
the total angle described is relatively unimportant. 
In the figure a scale is chosen which shows particularly well the 
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variation of w; is allowed to run off of the figure completely, since its 
values are uninteresting. 

The acceleration a is so arranged that it does not suddenly drop to 
zero when the flywheel is allowed to run uniformly; and the values of 
ol are never large. Something resembling this figure is what actually 
occurs in starting a large flywheel. 

In actual practice with various machines, curves of this type are 
often drawn experimentally. The equations serve only as approximations 
to the reality, but they are often indispensable in calculating other 
related quantities, such as the acceleration in this example. 

Curves which resemble the graph of w in this example occur fre- 
quently. (See §§ 87, 134.) 

EXERCISES 

1. A flywheel rotates so that = t z -f- 1000, where is the angle of 
rotation (in degrees) and t is the time (in seconds). Calculate the 
angular speed and acceleration, and draw a figure to represent each of 
them. 

2. Suppose that a wheel rotates so that = t z -f- 1000 where is 
measured in radians [1 radian = 180°/7r]. Is its speed greater than or 
less than that of the wheel in Ex. 1? What is the ratio of the speeds 
in the two cases? 

3. If a wheel moves so that = — t*/16 — t/32, where is measured 
in radians and t in minutes, find the angular speed and acceleration in 
terms of radians and minutes; in terms of revolutions and minutes; in 
terms of radians and seconds (of time). 

4. If a Ferris wheel turhs so that = 20 # while changing from rest 
to full speed, where is in degrees and t in minutes, when will the speed 
reach 20 revolutions per hour? 

6. If the angular speed is <*> = kt, as in Ex. 4, show that the accelera- 
tion a is constant. Conversely, show that if a = k, and if t is the time 
since starting, <*> = kt. 

6. Express the linear speed of a point on the rim of a wheel 10 ft. 
in diameter when the angular speed is 4 R. P. M. 

7. Find the linear speed and the tangential acceleration of a point 
on the rim of the wheel of Ex. 1, § 46, if the wheel is 5 ft. in diameter. 
What are they when t = 30 sec? 
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47. Related Rates. If a relation between two quantities is 
known, the time-rate of change of one of them can be ex- 
pressed in terms of the time-rate of change of the other. 

Thus, in a spreading circular wave caused by throwing a 
stone into a still pond, the circumference of the wave is 

(1) ' c = 2 Trr, 

where r is the radius of the circle. Hence 

< 2 > %-**%■■ 

or, the time-rate at which the circumference is increasing is 
2 t times the time-rate at which the radius is increasing. 
Dividing both sides by dr/dt, we find 

dc dr dc , , 

5 + dr 2ir = Tr =dc + dr; 

that is, the ratio of the time-rates is the derivative of c with re- 
spect to r; or, the ratio of the time-rates is equal to the ratio of 
the differentials. 

The fact just mentioned is true in general; if y and x are 
any two related variables which change with* the time, it is 
true (Rule [Vila], p. 32) that: 

dy dx dy , , 
dt dt dx u ' 

that is, the ratio of the time-rates of y and x is equal to the ratio 
of their differentials, i.e. to the derivative dy/dx. 

Example 1. Water is flowing into a cylindrical tank. Compare the 
rates of increase of the total volume and the increase in height of the 
water in the tank, if the radius of the base of the tank is 10 ft. Hence 
find the rate of inflow which causes a rise of 2 in. per second; and find 
\he increase in height due to an inflow of 10 cu. ft. per second. Consider 
the same problem for a corneal tank. 
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(A) TJhe volume V is given in terms of the height h by the formula: 
V = Trr*h=100irh, 



hence 



dV inn <**. 



or, the rate of increase in volume (in cubic feet per second) is 100 w times 
the rate of increase in height (in feet per second). 

If dh/dt = 1/6 (measured in feet per second), dV/dt = 100 tt/6 = 
(roughly) 52.3 (cubic feet per second). If dV/dt = 10, dh/dt = 10 -*- 
100 w = (roughly) .031 (in feet per second) = 22.3 (in inches per 
minute). 

(B) If the reservoir is conical, we have 

V = i Ttr^h = i 7rAHan2 «, 

where r is the radius of the water surface, h is the 
height of the water, and a is the half-angle of the 
cone; for r = h tan a. In this case 

dV J2 . 2 dA 
-37 = x/i 2 tan 2 a -77 , 
at at 

which varies with h. If a = 45° (tana = 1), at a 
height of 10 ft., a rise 1/6 (feet per second) would 
mean an inflow of irh? X (1/6) = 100 tt/6 = 52.3 
(cubic feet per second). At a height of 15 feet, a rise 
of 1/6 (feet per second) would mean an inflow of 
225 t/6 = (roughly) 117.8 (cubic feet per second). 
An inflow of 100 (cubic feet per second) means a rise 
in height of 100/7rA 2 , which varies with the height; at 
a height of 5 ft., the rate of rise is 4/w = 1.28 (feet/ 
second). 




Fig. 19. 



Example 2. A body thrown upward at an angle of 45°, with an 
initial speed of 100 ft. per second, neglecting the air resistance, etc., 
travels in the parabolic path 



y = 



gx' 



.2 



10000 



+ z, 



where x and y mean the horizontal and vertical distances from the start- 
ing point, respectively; g is the gravitational constant = 32.2 (about); 
and the horizontal speed has the constant value 100/ V2. Find the ver- 
tical speed at any time t, and find a point where it is zero. 
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The horizontal speed and the vertical speed, i.e. the time-rate of 
change of x and y, respectively, are connected by the relation (see 
§§8,20). 

ty _:_ ^e = ty = _ gg 4.1. 
dt ' dt dx 5000 "*" ' 

hence *f.(__£L + i)*!,_ _^_ + 122 

nenCe dl ( 5000 + 1 '<tt 50V2 + V2* 

This vertical speed is zero where 

gx ,100 n . 5000 1cco , , ^ 
— — H — -p = 0, i.e. x = = 155.3 (about), 



50>/2 ' V2 ' " ^ 

which corresponds to y = 2500/^ = 77.7 (about). At this point the 
vertical speed is zero; just before this it is positive, just afterwards it is 
negative. When x = the value of dy/dt is 100/ v^; when x = 
2500/0, dy/dt = 50/V2; when x = 7500/p, dy/dt = - 50/V2. 



EXERCISES 

/l. Water is flowing into a tank of cylindrical shape at the rate of 
100 gal. per minute. If the tank is 8 ft. in diameter, find the rate of in- 
crease in the height of the water in the tank. 

*"2. A funnel 12 in. across the top and 9 in. deep is being emptied at 
the rate of 2 cu. in. per minute. How fast does the surface of the liquid 
fall? 

3. If water flows from a hole in the bottom of a cylindrical can of 
radius r into another can of radius r', compare the vertical rates of rise 
and fall of the two water surfaces. 

—4. If a funnel is 12 in. wide and 9 in. deep and liquid flows from it at 
the rate of 5 cu. in. per minute, determine the time-rate of fall of the 
surface of the liquid. 

6. Compare the vertical rates of the two liquid surfaces when water 
drains from a conical funnel into a cylindrical bottle. Compare the 
time-rate of flow from the funnel with the time-rate of the decrease of 
the wet perimeter. 

6. If a wheel of radius R is turned by rolling contact with another 
wheel of radius R', compare their angular speeds and accelerations. 
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7. If the surface s of a cube increases at a given rate k (in square 
inches per second), what is the rate of increase of the volume? 

8. If a point moves on a circle so that the arc described in time t is 
8 =&— 1/J2 -j- .1, find the angular speed and acceleration of the radius 
drawn to the moving point. 

9. A point moves along the parabola y = 2 x 2 — x in such a manner 
that the speed of the abscissa x is 4 ft. /sec. Find the general expression 
for the speed of y; and find its value when x = 1; when x = 3. 

10. In Ex. 9, find the horizontal and vertical accelerations, the total 
speed, the tangential acceleration, and the total acceleration. 

11. A point moves on the cubical parabola y — x* in such a way that 
the horizontal speed is 10 ft. /sec. Find the vertical speed when x = 6. 

12. In Ex. 11, find the horizontal, vertical, tangential, and total 
accelerations. 

13. If a person walks' along a sidewalk at the rate of 4 ft. per sec. 
toward the gate of a yard, how fast is he approaching a house in the yard 
which is 50 ft. from the gate in a line perpendicular to the walk, when 
he is 100 ft. from the gate? When 10 ft. from the gate? 

14. Two ships start from the same point at the same time, one sailing 
due east at 10 knots an hour, the other due northwest at 12 knots an 
hour. How fast are they separating at any time? How fast, if the first 
ship starts an hour before the other? 

15. If a ladder 13 ft. long rests against the side of a room, and its foot 
moves along the floor at a uniform rate of 2 ft. /sec, how fast is the top 
descending when it is 5 ft. above the floor? When the top is 1 inch 
from the floor? 

16. If the radius of a sphere increases as the square root of the time, 
determine the time-rate of change of the surface and that of the volume; 
the acceleration of the surface and that of the volume. 

17. If a projectile is fired at an angle of elevation a and with muzzle 
velocity v , its path (neglecting the resistance of the air) is the parabola 

y = x tan a — ^ — f x— , 

2 Vq 2 cos 2 a 

x being the horizontal distance and y the vertical distance from the point 
of discharge. Draw the graph, taking # = 32, a = 20°, v = 2000 ft. /sec. 
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Calculate dy in terms of dx. In what direction is the projectile mov- 
ing when x = 5000 ft., 10,000 ft., 20,000 ft.? How high will it rise? 

18. If p ' v = k, compare dp/dt and dv/dt in general; compare 
<Pp/dP and d?v/dP. 

19. If p • v n = k, compare dp/dt and dv/dt. [For air, in rapid com- 
pression, n = 1.41, nearly.] 

20. If q is the quantity of one product formed in a certain chemical 
reaction in time t, it is known that q = ck 2 t/(l + ckt). The time-rate 
of change of q is called the speed v of the reaction. Show that 

" = (ri5^ =c( * -9)2 - 

Show also that the acceleration a of the reaction is 
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CHAPTER VII 

REVERSAL OF RATES — INTEGRATION 

48. Reversal of Rates. Up to this point, we have been 
engaged in finding rates of change of given functions. Often, 
the rate of change is known and the values of the quantity 
which changes are unknown; this leads to the problem of this 
chapter: to find the amount of a quantity whose rate of change is 
known. 

Simple instances of this occur in every one's daily experience. Thus, 
if the rate r (in cubic feet per second) at which water is flowing into a 
tank is known, the total amount A (in cubic feet) of water in the tank 
at any time can be computed readily, — at least if the amount originally 
in the tank is known: 

A = r . t + C, 

where t is the time (in seconds) the water has run, and C is the amount 
originally in the tank, i.e. C is the value of A at the time when t = 0. 
If a train runs at 30 miles per hour, its total distance d, from a given 
point on the track, is 

d = 30 • t + C, 

where t is the time (in hours) the train has run, and C is the original 
distance of the train from that point, i.e. C is the value of d when t = 0. 
(Notice that by regarding d as negative in one direction, this result is 
perfectly general; C may also be negative.) 

If a man is saving $100 a month, his total means is 100 • n -f C, where 
n is the number of months counted, and C is his means at the beginning; 
i.e. C is his means when n = 0. 

If the cost for operating a printing press is 0.01 ct. per sheet the total 
expense of printing is 

t = o.oi-n + c 

where n is the number of copies printed, and where C is the first cost of 
the machine; i.e. C is the value of T when n = 0. 

79 
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49. Principle Involved. Such simple examples require no 
new methods; they illustrate excellently the following fact: 

The total amount of a variable quantity y at any stage is 
determined when its rate of increase and its original value C 
are known. 

We shall see that this remains true even when the rate 
itself is variable. 

50. Illustrative Examples. The rate R(x) at which any 
variable y increases with respect to an independent variable 
x is the derivative dy/dx; hence the general problem of §§ 48- 
49 may be stated as follows: given the derivative dy/dx, to find 
y in terms of x. 

In many instances our familiarity with' the rules for obtain- 
ing rates of increase (differentiation) enables us to set down at 
once a function which has a given rate of increase. 

Example 1. Thus, in each of the examples given in § 48, the rate is 
constant; using the letters of this article: 

where k is a known fixed number; it is obvious that a function which 

has this derivative is 

(A) y = hx+C, 

where C is any constant chosen at pleasure. 

While the examples of § 48 can all be solved very easily without this 
new method, for those which follow it is at least very convenient. The 
value of C in any given example is found as in § 48; it represents the 
value of y when x — 0. 

Example 2. Given dy/dx = x 2 , to find y in terms of x. 

Since we know that d (x 3 )/dx = 3 x 2 , and since multiplying a function 
by a number multiplies its derivative by the same number, we should 
evidently take: 

x 3 x 3 r /x 3 \ n 

y = -^ , or else y = -g + C; I check: d I -^ + C \ = x 2 dx\ , 
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where C is some constant. As in § 48, some additional information 
must be given to determine C. In a practical problem, such as Ex. 3, 
below, information of this kind is usually known. 

Example 3. A body falls from a height 100 ft. above the earth's sur- 
face; given that the speed is v = — gt, find its distance from the earth 
in terms of the time t. 

Let s denote the distance (in feet) of the body from the earth; we are 
given that 

(1) v = -r = — gt, or ds = vdt = — gt dt, 

which is negative since s is decreasing. We know that d (jfi) = 2 1 dt; 
hence it is evident that we should take: 

(2) 8 = - | t 2 + C; [check: ds = - gt dt]. 

As the body starts to fall, t = and s = 100; substituting these 
values in (2) we find 100 = + C, or C = 100. Hence we have 

8 = - | £ _|_ 100# 

Example 4. Given dy/dx = x n , to find y in terms of x. 
Since we know that d{x n + l ) = (n -f l)a; n rfx, we should take 

(B) y = — — r x tl + 1 -f C; [check: dy = x n dx). 

n -f- 1 

Since the rule for differentiation of a power is valid (§21, p. 34) 
for all positive and negative values of n, the formula (B) holds for all 
these values of n except n — — 1 ; when n = — 1 the formula (B) can 
not be used because the denominator n + 1 becomes zero. 

Special cases: 

n = 1, j| = x, y = |a;» + C; check: rf Q s*) = xdx. 
n = 0, -p = 1, 2/ = s -f <?; check: d (z) = 1 -dx. 

^ 1 ^ = . 
2' (to 

n = - 2, ^ = ar-2, y = - x- 1 + C; check: d (-la;- 1 ) = *-2<fc. 

Notice that these include Vx ( = x 1 / 2 ), 1/x 2 ( = x~ 2 ), etc.; other special 
cases are left to the student. 



n = _, _^ = xi/2^ y = | x 3/ 2 + e; check: d (|s 3/2 ) = a^ds. 



Digitized by 



Google 



82 THE CALCULUS [VII, § 50 

Example 5. Given dy/dx = x 3 -f 2 x 2 , to find y in terms of x. 

Since d (x 4 )/ax — 4 x 3 and a* (x 3 )/a*x = 3 a; 2 , and since the derivative of 
a sum of two functions is equal to the sum of their derivatives, it is 
evident that we should write * 



The check is 



X 4 2 X 3 „ 

y= 4+-3-+ C - 



such a check on the answer should be made in every exercise. 

In general, as in this example, if the given rate of increase (derivative) 
is the sum of two parts, the answer is found by adding the answers 
which would arise from the parts taken separately, since the sum of the 
derivatives of two variables is always the derivative of their sum. 



EXERCISES 

Determine functions whose derivatives are given below; do not 
forget the additive constant; check each answer. 

1. $~4x. 2. f = - 5*. 3. f = 3*V 4. f = 2. 

dx dx dx dx 

6. p--6z*.i. f --I0.fi. 7. d /~-*. 8. ^-.01*». 

dx dx dx dx 

In the following exercises, remember that the derivative of a sum 
is the sum of the derivatives of the several terms; proceed as above. 

9. p = 4 + 5x2. 10 . ?M = 4x2 - 2x + 3. 11. % = fi - 4 t + 7. 
ax ax dt 

12. 1 = 3*5-8*4.13. g = «s+&. 14. f t =at*+bt+c. 

15. -^ == .006 x 2 - .004 x 3 + .015x 4 . 16. ^ = - ft + 5* 4 - 6* 2 + 2. 

17 -8 = *- 3 - »*-n + i/ii. 19. g = 3 r 2 +4r 3 . 

20. ^ = x 2 / 3 . 21. p = 2x*' 2 - 3x~i/ 2 . 22. ^ = Jfc»-«.4i. 

ax ax dv 

* In all the Examples of this paragraph, we have had an equation which 
involves dy/dx; such an equation is often called a differential equation, be- 
cause it contains differentials. See also Chapter XIX. 
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51. Integral Notation. If the rate of increase dy/dx = R (x) 
of one variable y with respect to another variable x is given, a 
function y=I(x) which has precisely this given rate of increase 
is called an indefinite integral * of the rate R (x), and is repre- 
sented by the symbol f 

(1) I(x)=fR(x)dx; 
that is, 

(2) if gj[/(*)]-*(x), thmI(x) = fR(x)dx, 

or, what amounts to the same thing, 

(3) if d[I(x)] = R(x)dx, then I (x) = f R (x) dx. 

The results of Examples 1, 2, 3, § 50, written with the new 
symbol, are, respectively, 

[A] fkdx = kx + C. 

fx 2 dx = r i /3 + C. 

s =fv dt + C =f- gtdt + C = - gt 2 /2 + C. 
The first equation of Example 3 holds in general: 

[I] s= Cvdt + C 9 since ^ = t>. 

J < dt 

* The common English meaning of the word integrate is "to make whole 
again," "to restore to its entirety," "to give the sum or total." See any 
dictionary, and compare §§ 48-49. 

To integrate a rate R(x) is to find its integral; the process is called inte- 
gration. Often the rate function R(x) which is integrated is called the in- 
tegrand; thus the first part of equation (2) may be read: "tfie derivative of 
the integral is the integrand." This is the property used in checking answers. 

The first equation in (2) and the first in (3) are differential equations. 

t Note that dx is part of the symbol. As a blank symbol, it is J* (blank) 
dx; the function R(x) to be integrated (i.e. the integrand) is inserted in 
place of the blank. The origin of this symbol is explained in $ 120. 
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The result obtained in (B), Example 4, § 50, gives 
in Cx*dx=*^\+C,n*-1, 

for all positive and negative integral and fractional values of 
n except n = — 1, for which see § 65. 

As examples of the many special cases, we write: 

n = 1, fx dx = 2+C. 

n = 0, fx°dx = fldx = fdx =x + C. 

n = i, fx^dx =/Vxefe = fx 3 / 2 + C = fV?+C. 

n=-2, fx~ 2 dx =f\dx=-x- l + C=-±+C. 

n=-\, fx-V 3 dx=f^dx = %x 2 '* + C = %\/x 2 + C. 
6 Vx 

From Example 5: 

f(x* + 2x 2 )dx=fx 3 dx+/2x 2 dx =^ + ^- + C. 

The general principle used in this example is that the inte- 
gral of a sum of two functions is the sum of their integrals: 

[C] f[R (x) + S (x)] dx =fR (x) dx +fs (x) dx, 

which is true because the derivative of the sum R (x) + S (x) 
is the sum of the derivatives: 

d [R + S]/dx = dR/dx + dS/dx. 

The rules (A), (B), (C) are sufficient to integrate a large 
number of functions, including certainly all polynomials in x. 
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EXERCISES 

1. Express the value of y if dy/dx — 4x 2 -f- 3x by means of the 
new sign f ( — ) dx. Then find y. Check the answer by differentiation. 

Proceed as in Ex. 1 if y dy/dx has one of the following values: 

2. x 3 . 4. x~ 4 . 6. x 3 - 2. 8. x 2 + 3x - 4. 10. mx - n. 

3. x" 3 . 6. 4 x + 5. 7. 9. 9. x 3 - x 4 . 11. x + Vx". 

In the following exercises express the given function as a sum of 
powers of x; then proceed as above. 

12. x 2 (1 + x). 16. (1 + * 3 ) (1 - x 3 ). 20. (1 - x 2 ) (1 + x~ 2 ). 

13. (x 3 + 5 x 2 ) -T- x 2 . 17. (3 - x) (5 + 2 x). 21. x 3 / 2 (x - x 2 ). 

14. 3(x-2) 2 . 18. xV 2 (2-x). 22. (x 3 - 2 x 2 + x)*/ 2 , 

15. 3x5(4 -3x). 19. (3-2x)Vx. 23. (1 + \5) 2 . 
Evaluate the following integrals: 

24. yV* dx. 29. f(jp+^) *>- 34. y 12 r?/ 2 dt K 

26. y^ 3 / 4 ^. 30. y(6w- 3 -7w- 4 )dw. 36. fzlly^dy. 

26. fbs-*d8. 31. f (*/* + **/*) d*. 36. f(5/Vtf)du. 

27. f(2yfH-u-^)du.32. f (y[y 2 - 4 y~*) dy. 37. f(y[u)*du. 

28. y*3 r" 2 / 3 dr. 33. y (yW 3 + 2 ^/ 3 ) dy. 

Integrate the following expressions, making use of the principle of 
Exs. 12-23. 

38. f{l - 2 <**. 44. /^ (a + to) dx. 

39. y*x (1 + Vx) dx. 46. y*x» (a + bx) dx. 

40. y* (1 - VJ)2(fo. 46. y"(a + bx) 2 dx. 

41. ^ (i _ fi) dt 47. y 2 -5 - 2) r* d*. 

42. f x~ 4 (1+ x + x 2 ) dx. 48. yV- 4 (1 + x 2 ) 2 dx. 

43. fx(a + bx)dx. 49. f Vt (1+2 fi) 2 dt. 
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62. Fundamental Theorem. If dy/dx = 2x, the answers 
y = x 2 , y = x 2 + 5, y = x 2 + C are all correct. . To decide which 
one is wanted, additional information is needed. However, 
except for the additive constant C, all answers coincide. 
For practical purposes, there is but one answer. Stated 
precisely, this is the fundamental theorem of integral calculus: 

If the rate of increase 

CD g=s(*) 

of a variable quantity y which depends on x is given, then y is 
determined as a function of x," I (x), except for a constant term: 

(2) y=/R(x)dx + C = I (x) + C. 

63. Calculation by Integrals. In applications, we often care 
little about the actual total; it is rather the difference 
between two values which is important. 

Thus, in a motion, we care little about the real total 
distance a body has traveled; it is rather the distance it has 
traveled between two given instants. 

If a body falls from any height, the distance it falls is (Ex. 3, p. 81) 

s = vdt + C =fgtdt + C = ^ + C, 

where s is counted downwards. 

The value of s when t = is s]t=o = C; the value of s when t = 1 is 
s]t = i = g/2 + C. The distance traversed in the first second is found by 
subtracting these values: 

s i:;= s Lr s i=o=(i +c )- c =i= i6ift ' 

where s]jl means the space passed over between the times t = and 
* = 1. 

In this calculation, we care little about where s is counted from; or 
its toted value. The result is the same for all bodies dropped from any 
height. 
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Likewise, the space passed over between the times t = 2 and t = 5 is 

■]::H.r«L=(^)-c-^) 

.tf-t*- ,.1-338 (ft). 
In general the distance traversed between the times t = a and £ = 6 is 

54. Definite Integrals. The advantage realized in the 
example of § 53 in eliminating C can be gained in all problems. 

The numerical value of the total change in a quantity between 
two values of x, x = a and x = 6, can be found if the rate of 
change dy/dx = R (x) is given. For, if 

y = I(x)=fR(x)dx + C, 

the value of y for x = a is 

and the value of y f or x = 6 is 

The total change in y between the values x = a and 3 = 6 is 

= [//2(x)dx] x=7 [/«(x)dx] i _ o . 

27iis difference, found by subtracting the values of the in- 
definite integral at x = a from its value at x = 6, is caJfed the 
definite integral of R (x) between x = a and x = 6; and is 
denoted by the symbol: 
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It should be noticed that, in subtracting, the unknown con- 
stant C has disappeared completely; this is the reason for 
calling this form definite. 

Example 1. Given dy/dx = x z , find the total change in y from 
x = 1 to x = 3. 
Since 

y =fx*dx=x*/4+C, 

it follows that 

,T-»-,-| -y] =f| -fl =20. 
J*»l J*-3 Ax=l 4J*-3 4J*.! 

Interpreted as a problem in motion, where x means time and y means 
distance, this would mean: the total distance traveled by a body be- 
tween the end of the first second and the end of the third second, if its 
speed is the cube of the time, is twenty units. 

Interpreted graphically, a curve whose slope m is given by the 
equation m = s 3 , rises 20 units between x = 1 and x = 3. The equa- 
tion of the curve is y = a^/4 + C. 

EXERCISES 

1. If water pours into a tank at the rate of 300 gal. per minute, how 
much enters in the first ten minutes? how much from the beginning of 
the fifth minute to the beginning of the tenth minute? 

2. If a train is moving at a speed of 30 mi. per hour, how far does it 
go in two hours? Does this necessarily mean the distance from its 
last stop? 

3. If a train leaves a station with a variable speed v = t/2 (ft./sec), 
find s in terms of t. How far does the train go in the first ten seconds? 
How far from the beginning of the fifth to the beginning of the tenth 
second? 

4. A falling body has a speed v = gt, where t is measured from the 
instant it starts. How far does it go in the first four seconds? How far 
between the times t = 3 and t = 9? 

6. A wheel rotates with a variable speed (radians/sec.) « = ^/100. 
How many revolutions does it make in the first fifteen seconds? How 
many between the times t — 1 and t = 10? 
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From the following rates of change determine the total change in 
the functions between the limits indicated for the independent variable. 
Interpret each result geometrically and as a problem in motion, and 
write your work in the notation used in the text. 

6. d l = x , x = 2 to x = 4. 11. ^ = t -^ f t = 1 to t = 3. 
ax at i* 

T.|-!^.-^.2, U .*-<S^, ! .4» 1 .». 

9. ^ = 2-&,x = Otoz = 10. 14. ^ = ViVtl t = 1 to t = 16. 

10- | = i« = lto< = 10. 16. g=£+J< = «to< = 2«. 

Determine the values of the following definite integrals. [In cases 
where no misunderstanding could possibly arise, only the numerical 
values of the limits are given. In every such case, the numbers stated as 
limits are values of the variable whose differential appears in the integral.] 

16. f X '%xdx. 21. f 27 x*/*dx. 26. f~%/* (s* - 2 a) ds. 

J x-0 •'O J\ 

Sxdx. 22. J (l + t)dt. 27. f ^. 

-2 



rX-2 /•!-(> ^ ~ 0-100 

18. / Sx*dx. 23. / 3 (J 2 - 1) d*. 28. / (.01 + .02 0)d0. 
19.£} a x*dx. M.f\l+s + s*)ds. **f*\Te + -^f)dB. 
20. f*y/xdx. 26. /^^t-^cfo. 30. ^'V 1 ' 41 rfv. 

•/O J\ S A J 2.3 

31. A stone falls with a speed t; = $tf + 10. Find 5 in terms of t and 
find the distance passed over between the times t = 2 and t = 7. 

32. A bullet is fired vertically with a speed t; = — gt + 1500. How 
far does it go in ten seconds? How high does it rise? How long is it in 
the air? Make rough estimates of the answers in advance. 
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33. For any falling body, j = acceleration = g = const. Find the 
increase in speed in ten seconds. Does it matter what particular ten 
seconds are chosen? 

34. If, in Ex. 33, the speed is 100 ft. /sec. when t = 5, what is the 
speed when t = 15? When will the speed be 250 ft. /sec? Express v 
in terms of t. 

66. Area under a Curve. We saw in § 54 that the value of 
any quantity could be computed if its rate of change could 
be found. We shall proceed to illustrate this principle by 
showing how to find the area bounded by any given curve, 
the x-axis, and any two ordinates of the curve. 

Let the equation of the given curve be 

(1) »-/(*), 

and let A denote the area FMQP between this curve, the 

x-axis, a fixed ordinate FP 
(Fig. 20), and a variable 
ordinate MQ. Since A will 
vary as the value of x at M 
changes, A is a function of x. 
If x changes by an amount 
Ax = MN, the area A will 
change by an amount MNRQ, 
which we shall call AA . Then 

it is evident from the figure that if the curve rises from Q 

to R we shall have 

(2) rectangle MNSQ <AA< rectangle MNRT. 

If the curve falls from Q to R, the inequalities would be 
reversed. From (2) we have 

(3) y • Ax <AA < (y + Ay) • Ax. 
Dividing by Ax, we find 

AA 

(4) y<^<y + Ay. 




a?=x+Ax 
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If the curve falls from Q to R y these inequalities would 
simply be reversed. If we now let Ax approach zero, Ay will 
also approach zero, and we shall have, in either case, 



(5) 



dA r AA tt N 

-j- = hm — = y = ]{x). 
dx ax— o Ax 



It follows, by § 54, that the area under the curve (1), between 
any two fixed ordinates x = a and x = 6, is given by the 

formula 

= ) ydx=) f(x)dx. 




Example 1. To find the area under the 
curve* y — x 2 between the points where 
x = and x — 2. 

We have, by (2) 

A =fydx+C=fx*dx + C = ^ + C, 

where A is counted from any fixed back 
boundary x — k we please to assume, up to 
a movable boundary x = x. 

The area between x = and x = 2 is 
given by subtracting the value of A for p- 91 

a; = from the value for A for x = 2: 

a?" 2 = a i - /i = r -2 x *dx = £i - *i = §. 

Jz-0 Jx-2 Jx-0 ^ z-0 3j x -2 3 Jx-O 3* 

Likewise the area under the curve between x = 1 and x = 3 is 

Jz-l •'z-l 3J X _3 3Jx-i 

a under the curve between any two 

A j-> = r*-> xidx = *n *n 

JZ-O ^ X-O «5 Jz«& «* J; 



and the area under the curve between any two vertical lines x = a and 
x =6is 

fc3_ a 3 



3 



♦The phrase "the area under the curve" is understood in the sense 
used in $ 55. When the curve is below the x-axis, this area is counted as 
negative. 
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If the equation of the curve is given in parameter form 

(7) \ X=f(t) > 

the equation (5) may be replaced by the equation 

fa\ 4A — ^A dx _ dx 

W dt " Ix ' dt ~ y ' dt ' 

or 

rt» dA iff! dm 

(9) '5'-* W (ft ' 

and the formula (6) takes the form 
or 

<•« 4::=//> d -f*. 

which gives the area above the x-axis, below the curve (7), 
and between the ordinates of the points at which t has the 
values h and t 2 , respectively. 

Example 2. To find the area under the curve whose equations are 
x =(*, 

1+t 

y = —> 

between the ordinates of the points where t = 2 and t = 3. 
By (11), the required area is 



Jl-2 J 1-2 t 

f (2 + 2<)ctt-7. 



[Caution. By calculating in a similar manner the area under the 
curve from t = to t = 1 we would find A]|"q = 3. But this result 
would require justification by the considerations of § 115, p. 188.] 
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EXERCISES 

Find the area under each of the following curves between the ordi- 
nates x =0 and x = 1; between x = 1 and x = 4. Draw the graph 
and estimate the answer in advance. 

1. y = x 2 . 4. y = x 2 / 3 . 7. 2/ = Vl+x. 

2. y = Vx~. 6. y = 1 - x 2 . 8. 2/ = x 2 (l - x). 

3. y = x 3 / 2 . 6. y = (1 - x) 2 . 9. 2/ = *(1 - * 2 )- 

Find the area under each of the following curves and check graphi- 
cally when possible. 

10. y = x 3 + 6 x 2 + 15 x, (x = to 2; x = - 2 to + 2). 

11. y = * 2 / 3 , (x = - 1 to + 1; x = - a to + a). 

12. y = x 2 + 1/x 2 , (x = 1 to 3; x = 2 to 5; x = a to 6). 

Find the area under each of the following curves between the ordi- 
nates determined by the indicated values of t t and check graphically. 

13. x = t + 1, y = * - 1; * = to 5. 

14. x = {t - 1) A, y = t z /8; t = 2 to 4. 
16. x = 2 *, y = 3vT; * = to 4. 

16. x = 1 + Vt f y =2 fi) t = to 9. 

17. x = (1 + 2 , V = (1 - 1 ; * = 1 to 2. 

18. x = 1 - t, y = Vf+1; * = - 1 to 3. 

19. x = vTnFl, 2/ = V0- 1; * = 1 to 5. 

20. Show the area A bounded by a curve x =4>(y), the 2/-axis, 
and the two lines y — a and 2/ = b is 






21. Calculate the area between the 2/-axis, the curve x = 2/ 2 > and the 
Jines 2/ = and y = 1. Compare this answer with that of Ex. 14. 

22. Find the area between the curve y = x 3 and each of the axes 
separately, from the origin to a point (&, A; 3 ). Show that their sum is A; 4 . 
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66. Volume of a Solid of Revolution. Let us next consider 
the volume of the solid of revolution which is described when 
the area MNLK (Fig. 22) under the curve* y = /(x) from 
x = a to x = b is revolved about the x-axis. Any section of 
this solid perpendicular to the x-axis will be a circle. 

Let us denote by V the volume from x = a to x = x y and 
by AV the increase in this volume as x increases to x + Ax. 
The radius of the circular section at any point is the ordinate 




Fig. 22. 

y of the curve. Hence the area of the section is wy 2 . If 
the curve is rising steadily from P to Q, it is evident that 

(1) 7rt/2 . Ax < AV < t (y + Ay)2 . Ax. 
Dividing by Ax, we have 

(2) --^ 



^/ 2 <^-<T(j/ + Ay) a 
Ax 



If the curve is falling, these inequalities are reversed. If we 
now let Ax approach zero, Ay will approach zero, and we 
shall have, in either case, 



(3) 



dV r AV 2 

-j- = lim — - = Try*, 
ax ax-»o Ax 
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It follows, by § 54, that the volume of the solid of revolution 
from x = a to x = 6, is given by the formula 

]X"b rx-b /»*«=& 

= | *y*dx= I 7r|/(x)}*dx. 
x~a J x=a J x- a 

Similarly, the volume 7 of a solid of revolution formed by 
revolving a curve x=<t>(y) around the y-axis satisfies the 
relations 



(5) f-rf, 



= J 



wx 2 dy. 



Example. Find the volume generated when the area under the 
curve y = 1 — re 2 from x = — ltox = +l revolves about the z-axis. 

From the symmetry of the figure, we see that the total volume re- 
quired is twice the volume generated by the area from x = to x = 1. 
Hence 



"I*" 1 r 1 

V\ = 2 / iry*dx 

= 2ir f\l-x*)*dx 

J 

= 2wf (1 - 2 z 2 + s 4 ) dx 

—(•-¥+?)I 



-l-s* 




67. Volume of a Frustum of a Solid. A frustum of a solid 
is the portion of that solid contained between two parallel 
planes. The solid itself, between the limiting parallel 
planes, may be thought of as generated by the motion of the 
cross-section parallel to these planes from one extremity to 
the. other, if the shape of the cross-section is supposed to 
vary in the correct manner during the motion. Thus, a 
frustum of a circular cone may be generated by the motion 
of a circle which remains parallel to its original position, if 
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the radius of the circle steadily increases (or diminishes) 

during the motion. 
In Fig. 24, let s denote the distance along a line AB 

perpendicular to the variable cross-section, measured from 

some fixed point A. 
Let V denote the 
volume of the solid 
from s = a to s = s, 
and let AV denote 
the increase in vol- 
ume as s changes to 
s + As. Let A 8 de- 
note the area of the 
cross-section at the 
position s = s, and 

let AA denote the increase in A s as s changes from s to 

s + As. Then, if A s increases as s increases, we shall have 

(1) A 8 • As < A7 < (A 8 + AA) • As. 

This inequality will be reversed if A s decreases. Dividing 
by As, and then allowing As to approach zero, AA will also 
approach zero, and we shall have 




8=0 



(2) 



dV r A7 A 
— = hm -^ = A sy 
as as-*o As 



whence, by § 54, the volume of the entire frustum from 
x = a to x = b is given by the formula 

(3) V\ = I %ds 



-J 

s=a •/ s = 



The formulas (2) and (3) show that the rate of change of 
the volume with respect to * the distance s is equal to the 
area of the variable cross-section, and that the volume of 
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the entire frustum is obtained by integrating the area of 
the cross-section with respect to s. The formulas of § 56 
are special cases of the formula (3). 

Example. A circle moves with its center on a given straight line, 
and its plane perpendicular to that line. Its radius is proportional to 
the square of the distances of its center from a fixed point of the line. 
Find the volume of the frustum of the solid generated as the circle 
moves from s = a to s — b. 

If 8 denotes the distance from the fixed point to the center of the 
circle, the radius of the circle, which is to vary as the square of s, must 
be r = A* 2 , where A; is a constant. Hence the area of the circle is 

Then the volume of the frustum from s = atos = 6is 
V\ = / dfcVds = irk 2 f s*ds 

EXERCISES 

Find the volumes formed by revolving each of the following curves 
about the x-axis, between x = to x = 2; between x — — 1 to x = + 1. 

1. y = x*. 3. y = x 3 — x. 6. y 2 = x -f- 2 y. 

2. y = x 2 - 1. 4. y = (1 + x) 2 6. vT+I + Vy = 4. 

Proceed similarly for each of the following curves, between x = 1 
and x — 3; between x — a and x = b. 

7. y = L±^!. 8 . xy = 1+ x*. 9. a* - x*y 2 = 1. 

Find the volumes formed by revolving each of the following curves 
about the y-axis, between y = and y = 2. 

10. x = y 8 . 12. x = 4 y 2 — #*. 14. x = y 2 — y. 

11. x 2 = y*. 13. x 2 + y4 = 81. 16. x - 2/V 2 + J/ 1 /*. 

16. Find by integration the volume of a frustum of a cone of height 
h, if the radii of the two bases are, respectively, r and R. 



Digitized by 



Google 



98 THE CALCULUS [VII, § 57 

17. Find the volume of the paraboloid of revolution formed by 
revolving y 2 = 4 x about the x-axis, between x = and x = 4; between 
x — \ and re = 5; between x = a and x = 6. 

18. Find the volume of a sphere by the formula of § 56. 

19. Find the volume of the ellipsoid of revolution formed by revolv- 
ing an ellipse (1) about its major axis; (2) about its minor axis. 

20. Find the volume of the portion of the hyperboloid of revolution 
formed by revolving about the #-axis the portion of the hyperbola 
x 2 _ y2 — i between y = and y = 2. 

21. Find the volume of the portion of the hyperboloid of revolution 
formed by revolving x 2 — y 2 = 1 about the x-axis, between x = 1 and 
x = 3. 

22. Find the volume generated by a square of variable size perpen- 
dicular to the x-axis, which moves from x = to x = 5, if the length of 
the side of the square is (1) proportional to x; (2) equal to x 2 . 

23. Find the volume generated by a variable equilateral triangle per- 
pendicular to the x-axis, which moves from x = to x = 2, ifa side of 
the triangle is (1) equal to x 2 ; (2) proportional to 2 — x. 

24. Find the volume generated by a variable circle which moves in a 
direction perpendicular to its own plane through a distance 10, if the 
radius varies as the cube of the distance from the original position. 

25. Find the mass of a right circular cylinder of variable density, if 
the density varies (1) directly as the distance from the base; (2) in- 
versely as the square root of the distance from the base. 
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CHAPTER yill 
LOGARITHMS — EXPONENTIAL FUNCTIONS 

68. Necessity of Operations on Logarithms. The necessity 
for the introduction of logarithms in the Calculus depends 
not only on their own general importance, but also upon the 
fact that integrals of algebraic functions may involve logarithms. 

Thus, in §51, in the case n = — 1 the integral fx n dx could 
not be found, although the integrand 1/x is comparatively 
simple. We shall see that this integral, fx~ x dx, results in a 
logarithm. We shall see also in § 68 that numerous cases 
arise in science in which the rate of variation of a function 
/ Or) is precisely 1/x. 

59. Properties of Logarithms. The logarithm L of a num- 
ber N to any base B is defined by the fact that the two 
equations 

(1) N = B L , log B N = L 

are equivalent. Thus if L = log B N and Z = logB ft, the 
identity B L B l = B L+l is equivalent to the rule 

(2) log B (N - n) = logs N + logs ft, 

where n and N are any two numbers. Likewise B L +B l = 
B L ~ l gives 

(3) log* (N + n) = logB N - logB ft; 
and (B L ) n = B Ln becomes 

(4) logBi\T n = ftlogB#, 
where n may have any value whatever. 

The relations (1), (2), (3), (4), are the fundamental rela- 
tions for logarithms. 

99 
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[VIII, § 60 



60. Computations. Graphs. To draw the graph of the 
equation 

(1) y,= log B x, 

for any fixed value of B, we may write the equation in the 
form 

(2) x = B v . 

To compute the value of x when y is given, we take the 
common logarithm of both sides of (2) : 

(3) logio x = logio W = y • logio B, 
by (4) § 59. But since y = log B x, we have 

(4) logio x = logs x • logio B 9 
or 

(5) 



logBX = logio x -f- logio B. 
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Fig. 25. 



The relations (4) and (5) enable us to compute logarithms 
to any base quickly by means of a table of common loga- 
rithms. The graphs of (1) for several values of B are shown 
in Fig. 25. 
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The relation (3) enables us to compute fractional powers 
of any base. For, if B and y are given, as in (2), x may be 
found from (3) by means of a table of common logarithms. 

Similarly, if we take the logarithms of both sides of (2) with 
respect to any other base 6, we find the corresponding rela- 
tions 

(4) ' log & x = log* x • log 6 B, 

(5) ' logs x = log 6 x + log 6 B. 

If we set x = b in (4)' and (5)', since log&6 = 1, we find 

(6) log*6-log & Z? = 1 and log* b =1-5- log 6 B. 

EXERCISES 

1. Find the value of 10* when x = 3; 0; 1.6; 2.7; - 1; - 1.9; 0.43. 

2. Plot the curve y — 10* carefully, using several fractional values 
of x. 

3. Plot the curve y = logi x by direct comparison with the figure of 
Ex. 2. Plot it again by use of a table of logarithms. 

Plot the graph of each of the following functions. 

4. Iog 10 x3. 6. log 10 \£. 6. log 10 (l/s*). 7. Iog 10 x4/ 3 
Do any relations exist between these graphs? 

Plot the graph of each of the following functions and explain its 
relation to graphs already drawn above. 
8. log 10 (1 + x)2. 9. log 10 \TT^. 10. log 10 (x ->fTTx~). 

Plot the graphs of each of the following functions and show the 
relations between them. 

11. logs 3. 12. log9 3. 13. log,* 2 . 14. 3*. 

Show how to calculate most readily the values of the following ex- 
pressions, and find the numerical value of each one. 

16. log u 7. 17. V(5.4)6-2. 19. 100-5 + 10-0-5. 21. logB 100. 

16. 2 4 -53. 18. log 16 8. 20. 2 log, 5. 22. 101og 10 9. 
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102 THE CALCULUS [VIII, § 61 

61. Napierian Logarithms. Base e. A careful examination 
of Fig. 25 will convince anyone that there must be a value of 
B for which the curve y = log^x has a slope equal to 1 at 
x = 1. Indeed, the equation (5), § 60, shows that the 
slope of the curve y = log B x can be found by dividing the 
slope of the curve y = logi x by logi £. Hence if logi B is 
equal to the slope of the curve y = logi x at the point (1, 0), 
the slope of the curve y = log B x will be 1 at (1, 0). 

Let this value of B be denoted by the letter e. Logarithms 
to the base e are called Napierian logarithms,* or natural 
logarithms, or hyperbolic logarithms. (See Table V, C.) 

62. Differentiation of log* x. To find the derivative of log c x, 

let us write 

(1) y = log e x. 

(2)y + Ay = log e (x + Ax). 
Hence 

Al/ = loge (X + Ax) - logeX 

Now let u = Ax/x, so that we may write 

Ay = 1 loge (1 + u) 
Ax x u • 

But the fraction {log e (l + w)}/w is simply the slope of 
the secant AP of the curve \og e u, and as Ax— >0, so also 

* Named for Lord Napier, the inventor of logarithms. The value of e is 
stated below. No assumption is made at this point except that the logarithm 
curve has a tangent at (1,0). 
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VIII, § 63] LOGARITHMS 103 

u->0; hence the secant AP becomes the tangent at A and 
its slope has the limit 1, by the definition of e. Hence 
lim log e (l + ^) = 1 

u-K) U 

Therefore lim ft = l-lim log ' (1 + u) = ±- 1, 
or 

[vni] *^* = *. 

On account of the simplicity of this formula the base e will be 
used henceforth in this book for all logarithms and exponentials 
unless the contrary is explicitly stated. 

63. Differentiation of log B x. Since we have, by (4)', § 60, 

(1) y = log* X = l0g e X • log* 6, 

the derivative of \ogBX is found by multiplying the derivative 

of log c zby log B e: 

[Villa] d J^l = Uog B e. 

dx x 

In particular, for common logarithms, since B = 10, we have 

(2) -^ = i- logioe - 

The constant factor logio e is the value of the slope of y = 
logiox at (1, 0). It is called the modulus of the system of 
common logarithms, and is denoted by the letter M y that is 
logio e = M. Hence the preceding equation becomes 
[VHIb] dlo gl ox = M 9 

dx x 

By means of formula VII, § 22, for change of variable, 
the formula VIII becomes 
(q\ dlogeU _ 1 du 

dx u dx 
The formulas Villa and VHIb may be rewritten in a similar 
manner. 
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64. Values of M and of e. To compute approximately the 
value of M, that is the slope of the curve y = logio x at (1, 0), 
let us draw the secant connecting the points P (1,0) and 
Q (1 + Ax, + Ay) on that curve* Let us denote the slope 
of this secant PQ by m PQ . Then 

Ay logio (1 + Ax) 
mpQ= Ax = Ax 

If we choose for Ax a succession of smaller and smaller 

values, 

Ax = 0.1, 0.01, 0.001, .., 

we find a corresponding succession of values of MpqI 

m PQ = 0.414, 0.432, 0.434, .... 

For the last of these values, a six or seven place logarithm 

table is required, while still higher place tables would be 

required to get a more accurate answer. Since the slope at 

(1, 0) is the limit of m PQ as Ax approaches zero, we have 

M = lim m P Q = 0.434 ••• (approximately).* 

From this value of M , we can compute e, since 

log 10 e = M = 0.434-... 

Hence, from a table of common logarithms, 

e = 2.72 •. (approximately). 

65. Illustrative Examples. 

Example 1. Given y = log 10 (2 x 2 + 3), to find dy/dx. 

Method 1. Derivative notation. Set u = 2 x 2 + 3, then 
dy_dydu = d\og 10 u ^ d (2 x 2 + 3) = M = 4 Ms ^ 

dx~du'dx du ' dx u' 2x 2 +3* 

* An independent method of calculating the values of M and of e will 
be given in §§ 147, 153. Logically, we might have waited until that time to 
state the value of M , but it is much more convenient, practically, to have 
an approximate value at once. To ten decimal places, the values are 
M = 0.4342944819, 1 /M =2.3025850930, e = 2.7182818285. 
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Method 2. Differential notation. 

M 4 Mr 

dy = d log^z* + 3) = ^-^d(2x* + 3) = ^f^dx. 

Example 2. Find the area under the curve y = l/x from x = 1 to 
x = 10, using formula [VIII] inversely: 

]Jt-10 /.ar-lOl -|x=«10 11 

= / -<&=logeZ = loge 10 = r— ^— = ^ = 2.3026.* 

*«i J x=\ x ** J x=1 ** log 10 e M 

Example 3. If the rate of increase dy/dx of a quantity y with 
respect to x is l/x, find t/ in terms of x. 
Since dy/<fo = l/x, 

2/ =f-dx =logeX + c, 

where c is a constant, — the value of y when x = 1. It should be noted 
that logarithms to the base e occur here in a perfectly natural manner; 
the same remark applies in Example 2. Note that 

logex = log l0 £ -*- M. 

This case arises constantly in science. Thus, if a volume v of gas ex- 
pands by an amount Av, and if the work done in the expansion is AW, 
the ratio AW/Av is approximately the pressure of the gas; and dW/dv 
= p exactly. If the temperature remains constant pv — a constant; 
hence dW/dv = k/v. The general expression for W is therefore 

W = / - dv = k loge v + c, 

and the work done in expanding from one volume v\ to another volume 

♦The number log* 10= 1-t-M = 2.302585 is important because common 
logarithms (base 10) are reduced to natural logarithms (base e) by multi- 
plying by this number, since log« JV=logio iVXlog c 10. Similarly, natural 
logarithms are reduced to common logarithms by multiplying by M — 
log io e; since log io N=M' loge N. It is easy to remember which of these two 
multipliers should be used in transferring from one of these bases to the 
other by remembering that logarithms of numbers above 1 are surely 
greater when e is used as base than when 10 is used. 
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EXERCISES 

Calculate the derivative of each of the following functions; when 
possible, simplify the given expression first. 

1. loguz 3 . 2. log 10 Vx. 3. log 10 (l+2a;). 

4. log 10 (1 + z 3 ). 5. loge (1 + x)\ 6. log* V3 + 5x. 

7. lo&Cl/x). 8. log 10 (ar 3 ). 9. zloge* 2 . 

10 - "•(fTi)- "• log '» ( 2 "rh> 12 - lo ^vh= fi - 

13. ^&- f . 14. log* {log. a; }. 15. (log.*) 4 - 



Evaluate each of the following integrals. 
6. f 5*. 17. f l -^ dx . 18. f 6 *-3*l+*\ 

J \ X J 3 X J 5 X 3 

" !+*».,- on /• I00 (2-0' , „, / - 6 t»-2<»-l 



(ft. 



». r ^ eb. 20. / W ( A=^«ft. 21. r «^ 
•J io x «/ io 3 1* J \ 3£ 3 

/.2 a-1/2 _ 1 ,4 o3/2 _ Q /-10 

, -^372-^- 23 //^7T^- *•/, (i-«- 1 )d+«- 2 )d«. 

25. Calculate the area between the hyperbola xy = 1 and the z-axis, 
from a; = 1 to 10, 10 to 100, 100 to 1000; from x = 1 to x = k. 

26. Show that the slope of the curve y - logio x is a constant times 
the slope of the curve y = log e x. Determine this constant factor. 

27. Find the flexion of the curve y = loge x, and show that there are 
no points of inflexion on the curve. 

28. Find the maxima and minima of the curve 

y = log e (x 2 -2a; + 3). 

Find the maxima and minima and the points of inflexion (if any 
exist), on each of the following curves: 

29. y = x - loge x. 30. y = x — log* (1 + x 2 ). 
31. y = x 2 - 4 logex 2 . 32. y = (2 x + logs) 2 . 

Find the areas under each of the following curves between x = 2 
and a; = 5: 

33. y = x + 1/*. 34. y = (a 2 + 1)M 35. y = (zV 2 - x)/x 2 . 
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36. Find the volume of the solid of revolution formed by revolving 
that portion of the curve xy 2 = 1 between x = 1 and x = 3 about the 
x-axis. 

37. If a body moves so that its speed v = t + l/t, calculate the dis- 
tance passed over between the times t = 2 and t = 4. 

38. Find the work done in compressing 10 cu. ft. of a gas to 5 cu. ft., 
if pv = .004. 

39. Find the areas under the hyperbola xy = & between x = 1 and 
x = c, c and c 2 , c 2 and c 3 , c 3 and c 4 . 

66. Differentiation of Exponential Functions. Let us con- 
sider first the function 

(1) y = B\ 

Taking the logarithms of both sides of this equation with 
respect to the base e, 

(2) log e y = x-log e B. 
Differentiating both sides with respect to x, we have, by VIII, 

Hence we have the formula 

|£b] d & = B*log e B. 

ax 

For the special cases B = e and B = 10, we have 

m £—. 

[1Kb] £jj£ = 10* log e 10 = ^ = 10 x (2.302585 . . .). 

If u denotes a function of x, we may combine any of these 
formulas with formula VII, § 22; thus the formula IX, 
which we shall use most often, becomes 
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67. Illustrative Examples. 

Example 1. Given y = c* 1 , to find dy/dx. 
Method 1. Set x 2 = u; then 

ax du dx du dx 



Method 2. dy = de* 1 = e* d(x 2 ) = 2 a**' da;. 

Example 2. Find the slope c 
(1) If-- 



Example 2. Find the slope of the curve 

ex + e -x 



2 

and determine its extreme values. 
Since de~~ x /dx = — e~ x y we have 

(2) ^^"^ 

w dx 2 

To determine the extreme values, first set dy/dx = 0: 

__ =0 , or e*=e * « -. 
Clearing of fractions, 

e 2 * = 1, whence x = 0. 

To determine whether y is really a maximum or a minimum at a: = 0, 

we find 

/on dty _ f+e-* . 

{6) dx 2 2 ' 

hence dPy/dx 2 = 1 when x = 0. Consequently y is a minimum 
(§ 42, p. 66) at x = 0. 

The curve (1) is called a catenary. This curve is very important 
because it is the form taken by a perfect inelastic cord hung between 
two points. The given function is often called the hyperbolic cosine 
of x, and is denoted by cosh x. The expression (e* — er x )/2 in (2) is 
called the hyperbolic sine of x, and is denoted by the symbol sinh x: 

(4) swhx = eX ~ e ~ X , coshs = e * + g ~* « 
v J 2 2 

The equations (2) and (3) show that 

(5 ) l£oshx = sinhx, ^iE*Jf = coshx. 
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Example 3. If a quantity y has a rate of change dy/dx with respect 
to x proportional to y itself, to find y in terms of x. Given 

dx *** 
we may write 

,dx 1 

dy y 
hence 



kx= f-dy = loge y + c, 



by } 65, Ex. 3. Transposing c, we have 

loge y =kx — c, or # = e**-* = e^e** = Ce**, 
where C(= e^is again an arbitrary constant. 

T he only quantity y whose rate of change is proportional to itself is 
Ce** where C and k are arbitrary, and k is the factor of proportionality. 
This principle is of the greatest importance in science; a detailed dis- 
cussion of concrete cases is taken up in § 68. 

EXERCISES 

Find the derivative of each of the following functions: 
1. e Zx . 2. e 2x + x \ 3. e^***. 4. e l0 « x . 

6. *2e*. 6. (l-x) 3 e*\ 7. 103*+*. 8. a«+ x K 

9. loge*. 10. log (1+e*). 11. loge"* 12.. (loge 2 *). 1 



e^ x + e~^ x 1K e Sx —e~ Sx 1ft e x — e 



— p-X 



13. (e* + l) 2 . 14. *— Xf — . 15. * « 16. 

v ' 2 2 e*+«r* 

17. Show that the slope of the curve y = e x is equal to its ordinate. 

18. Show that the area under the curve y = e* between the y-axis 
and any value of x is y — 1. 

19. Find the area under the catenary from x = to x = 3; from 
x = — 1 to a; = + 1; from x = to x = a. [See Ta&Jes, V, C.] 

20. Find the area under the curve # = sinh x from a; = to x = 3; 
from x = to x = cr. 

Find the maxima and minima and the points of inflexion (if any 
exist) on each of the following curves: 

21. y = xe x . 22. y = z 2 e*. 23. y = sinh x. 

24. y = e - **. 25. # = xe^ x . 26. y = sech a; = 1 -*■ cosh a\ 
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27. Show that the pair of parameter equations x = cosh t t y = sinh t 
represent the rectangular hyperbola x 2 — y 2 = 1. Hence show that the 
area under the hyperbola x 2 — y 2 = 1 from £ = lto£ = ais represented 
(see (9) § 55) by the integral 

f l "'sinh 2 1 dt = t f(cosh 2 1 - l)/2] dt, 
J t-o J 1=0 

whepe cosh c = o. Hence show that this area is (sinh 2 c)/4 — c/2. 

/2 /.l /.10 

e^da:. 31. J sinh2x<&. 34. J (<* + l) 2 dx. 

29. f <r*dx. 32. f coahSxdx. 35. ^ (^ + 3)^^. 

30. y* 2 * dx. 33. y* 5 sinh 2 a; t^. 36. ^ (c^+3 + 1) dx. 

68. Compound Interest Law. The fact proved in the Ex. 3 
of § 67 is of great importance in science: 
i/ a variable quantity y has a rate of increase 

« £-* 

m</i respect to an independent variable x proportional to y 

itself f then 

(2) y = Ce**, 

wAere C is an arbitrary constant. 

The equation (2) between two variables x and y was 
called by Lord Kelvin the "Compound Interest Law," 
on account of its crude analogy to compound interest on 
money. For the larger the amount y (of principal and in- 
terest) grows the faster the interest accumulates. 

In science instances of a rate of growth which grows as the 

total grows are frequent. 

Example 1. Work in Expanding Gas. The example used to illus- 
trate Ex. 3, § 67, can be put in this form. Since, in the work W done in 
the expansion at constant temperature of a gas of volume v, we found 
dW/dv = k/v, it follows that dv/dW = v/k; hence v = Ae W/ * y which 
agrees with the result of § 67. 
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Example 2. Cooling in a Moving Fluid. If a heated object is 
cooled in running water or moving air, and if is the varying difference, 
in temperature between the heated object and the fluid, the rate of 
change of (per second) is assumed to be proportional to 0: 

where t is the time and where the negative sign indicates that is de- 
creasing. It follows that = C-e-M. [Newton 's Law of Cooling.] 

Such an equation may also be thrown in the form of § 67; in this 
example, dt/dd = — l/(k$), whence t = — (\/k)>\o&e + c, and the 
time taken to cool from one temperature 0i to another temperature 02 is 

t\ = / - =- = - 7 loge = - t loge ^, 

where 6 is the temperature of the body above the temperature of the 
surrounding fluid. 

The law for the dying out of an electric current in a conductor when 
the power is cut off is very similar to the law for cooling in this example. 
See Ex. 19, p. 114. 

Example 3. Bacterial Growth. If bacteria grow freely in the pres- 
ence of unlimited food, the increase per second in the number in a cubic 
inch of culture is proportional to the number present. Hence 

^ = kN, N = Ce« t = ilogeiV + c, 

where N is the number of thousands per cubic inch, t is the time, and k 
is the rate of increase shown by a colony of one thousand per cubic inch. 
The time consumed in increase from one number iVi to another number 
#2 is 

Jnx J Nx k N k ** J Nl k 6e Ni 

If N 2 = 10 JVi, the time consumed is (I/A;) loge 10 = l/(kM). This 
fact is used to determine k, since the time consumed in increasing N ten- 
fold can be measured (approximately). If this time is T, then T = 
\/{kM), whence k = \/(TM), where T is known and M = 0.43 (nearly). 

Numerous instances similar to this occur in vegetable growth and in 
organic chemistry. For this reason the equation (2) on p. 110 is often 
called! the ' 'law of organic growth. ' ' (See Exs. 20, 21, p. 114.) 
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Example 4. Atmospheric Pressure. The air pressure near the sur- 
face of the earth is due to the weight of the air above. The pressure at 
the bottom of 1 cu. ft. of air exceeds that at the top by the weight of 
that cubic foot of air. If we assume the temperature constant, the 
volume of a given amount is inversely proportional to the pressure, 
hence the amount of air in 1 cu. ft. is directly proportional to the pres- 
sure, and therefore the weight of 1 cu. ft. is proportional to the pressure. 
It follows that the rate of decrease of the pressure as we leave the earth's 
surface is proportional to the pressure itself. 

^ = - kp, p = Cer*», h = - ^loge p + c, 

where h is the height above the earth, and, as in Exs. 2 and 3, the dif- 
ference in the height which would change the pressure from pi to pj is 

"i- -*■<»&■ 

Since h]*, and p% and p\ can be found by experiment, k is determined 
by the last equation. 

69. Percentage Rate of Increase. The principle stated in 
§ 68 may be restated as follows: In the case of bacterial 
growth, for example, while the total rate of increase is clearly 
proportional to the total number in thousands to the cubic 
inch of bacteria, the percentage rate of increase is constant. 

In any case the percentage rate of increase, r p , is obtained 
by dividing 100 times the total rate of increase by the total 
amount of the quantity, 100 • (dy/dx) + y; and since the equa- 
tion dy/dx = ky gives (dy/dx) -f- y = k, it is clear that the 
percentage rate of increase in any of these problems is a constant. 
The quotient (dy/dx) + y, that is, 1/100 of the percentage 
rate of increase, will be called the relative rate of increase, and 
will be denoted by r r . 

In some of the exercises which follow, the statements are 
phrased in terms of percentage rate of increase, r P) or the rela- 
tive rate of increase, r r = r p -r- 100. 
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EXERCISES 
Find dy/dx and (dy/dx) •$• y for each of the following functions: 

1. 7e3*. 4. &\ 7. (ax + b)e**. 

2. 4e- 2 -&*. 5. e**+ 5 . 8. (x 2 + ps + g)e*. 

3. xe*. 6. (a* +2)6*. 9. (3s + 2)e-*\ 

10. If a body cools in moving air, according to Newton's law, dd/dt 
= — kd, where t is the time (in seconds) and 6 is the difference in tem- 
perature between the body and the air, find k if falls from 40° C. to 
30° C. in 200 seconds. 

11. How soon will the difference in temperature in Ex. 10 fall to 
10° C? 

12. In measuring atmospheric pressure, it is usual to express the pres- 
sure in millimeters (or in inches) of mercury in a barometer. Find C in 
the formula of Ex. 4, § 68* if p = 762 mm. when h = (sea level). Find 
C if p = 30 in. when h = 0. 

13. Using the value of C found in Ex. 12, find k in the formula for at- 
mospheric pressure if p = 24 in. when h = 5830 ft. ; if p = 600 mm. 
when h = 1909 m. Hence find the barometric reading at a height of 
3000 ft. ; 1000 m. Find the height if the barometer reads 28 in. ; 650 mm. 

[Note. Pressure in pounds per square inch = 0.4908 X barometer 
reading in inches.] 

14. If a rotating wheel is stopped by water friction, the rate of de- 
crease of angular speed, d<a/dt, is proportional to the speed. Find w in 
terms of the time, and find the factor of proportionality if the speed of 
the wheel diminishes 50% in one minute. 

15. If a wheel stopped by water friction has its speed reduced at a 
constant rate of 2% (in revolutions per second and seconds), how long 
will it take to lose 50% of the speed? 

16. The length I of a rod when heated expands at a constant rate per 
cent ( = 100 &). Show that dl/dd = kl, where $ is the temperature; if the 
percentage rate of increase is .001% (in feet and degrees C), how much 
longer will it be when heated 200° C? At what temperature will the rod 
be 1% longer than it was originally? 

[Note. This value of A; is about correct for cast iron.] 
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17. The coefficient of expansion of a metal rod is the increase in 
length per degree rise in temperature of a rod of unit length. Show that 
the coefficient of expansion of any rod is the relative rate of increase in 
length with respect to the temperature. 

18. When a belt passes around a pulley, if T is the tension (in 
pounds) at a distance s (in feet) from the point where the belt leaves the 
pulley, r the radius of the pulley, and /* the coefficient of friction, then 
dt/ds = iiT/r. Express T in terms of s. If T = 30 lb. when s = 0, 
what is T when 5 = 5 ft., if r = 7 ft., and /* = 0.3? 

19. When an electric circuit is cut off, the rate of decrease of the cur- 
rent is proportional to the current C. Show that C = Co<r tt , where Co 
is the value of C when t = 0. 

[Note. The assumption made is that the electric pressure, or electro- 
motive force, suddenly becomes zero, the circuit remaining unbroken. 
This is approximately realized in one portion of a circuit which is 
short-circuited. The effect is due to self-induction: k — R/L, where R 
is the resistance and L the self-induction of tfie circuit.] 

20. Radium automatically decomposes at a constant (relative) rate. 
Show that the quantity remaining after a time t is q = go*"*', where 
qo is the original quantity. Find k from the fact that half the original 
quantity disappears in 1800 yrs. How much disappears in 100 yrs.? 
in one year? 

21. Many other chemical reactions — for example, the formation of 
invert sugar from sugar — proceed approximately in a manner similar 
to that described in Ex. 20. Show that the quantity which remains is 
q = qoerto an( j that the amount transformed is A = qo — q = qo(l — e - **). 
Show that the quantities which remain after a series of equal intervals 
of time are in geometric progression. 

22. The amount of light which passes through a given thickness of 
glass, or other absorbing material, is found from the fact that a fixed per 
cent of the total is absorbed by any absorbing material. Express the 
amount which will pass through a given thickness of glass. 

70. Logarithmic Differentiation. Relative Increase. In § 69 
we defined the relative rate of increase r r of a quantity y with 
respect to x as the total rate of increase (dy/dx) divided by y. 
If y is given as a function of x, 

(i) y =/(*), 



Digitized by 



Google 



VIII, §70] LOGARITHMS 115 

the relative rate of increase 

dy 

can be obtained by taking the logarithms of both sides 
of (1),* 

(2) lofty = log./(x) > 

and then differentiating both sides with respect to x: 

(3) r , - * dy - d loge y - dl °g^/ (x ) 
' y dx dx dx 

This process is often called logarithmic differentiation: the 
logarithmic derivative of a function is its relative rate of in- 
crease, r T , or 1/100 of its percentage rate of increase. 

Example 1. Given y = Cet*, to find r r = (dy/dx) •*- y. Taking log- 
arithms on both sides: 

loge V = loge C + kx) 
differentiating both sides with respect to x, 

Tr dx ' y dx *" 

The result of Ex. 3, § 68, may be restated as follows: the 
only function of x whose relative rate of change (logarithmic 
derivative) is constant is Ce tx . 

Example 2. Given y = x 2 + 3 x + 2, to find r r . 

* Since log N is defined only for positive values of N, all that follows holds 
only for positive values of the quantities whose logarithms are used. 

t Here and hereafter the symbol log will be used to mean a logarithm to 
the base e. 
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71. Logarithmic Methods. The process of logarithmic dif- 
ferentiation is often used apart from its meaning as a relative 
rate, simply as a device for obtaining the usual derivative. 
We shall first apply this method to prove the rule for dif- 
ferentiating any constant power of a variable. The equation 

y = x n 
gives 

log y = n log x. 

Differentiating with respect to x, we have 

Idy 1 

ydx x 



or 



ax x x 



In this proof, n may be any constant whatever. (See §§ 17, 
21.) 

The logarithmic method is useful also in such examples as 
those that follow. 

Example 1. Given y = (2 x* + 3)10 4 *~ 1 . 
Method 1. Ordinary Differentiation. 

J = (2*2 +3)^ (104*-i) + 10^-i^ (2x2+3) 
-» (2 a* + 3) • 4 • 2j 10**-i + 10 4 *-! . 4 x 

= 4 • 10^-i |"(2 x2 + 3)/Af + xV where M = logioe = 0.434. 

Method 2. Logarithmic Method. 

Since log y = log (2 z 2 + 3) + (4 s — 1) log 10, we have 
1 dy 4x 



y dx 2x 2 + 3 



+ 4 • log 10, 
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or * = 2/[2^3 + 4 lQ g 10] - 4 • 10^-i [* + (2 s 2 + 3 )log 10], 

which agrees with the preceding result, since log* 10 = 1/logioe = 1/Af . 

Example 2. Given y = (3 x 2 + l) 2 *" 1-4 , to find dy/dx. Since no rule 
has been given for a variable to a variable power, ordinary differentiation 
cannot be used advantageously. Taking logarithms, however, we find 
log 2/ = (2s + 4) log (3*2 + 1), 

whence 1 • g = 21og (3* 2 + 1) + 3^3 (2* + 4), 

or g=(3x 2 + l) 2 *+4J21og(3a: 2 + l)+3^ rT (2 i c+4)[. 

The use of the logarithmic method is the only expeditious way to find 
the derivative in this example. 

EXERCISES 

Find the logarithmic derivatives (relative rates of increase) of each 
of the following functions, by each of the two methods of § 71. 

1. <r**. 5. 0.1 el*-*. 9. (r 2 + 1) «r* 

2. 4e* 6. 10^+3. 10. (2 - 3 fi) 6»*-i. 

3. e»+2. 7. «r*V**\ 11. (l - «i + (4) lp'-fa 

4. <r*\ 8. 2^e-7i. 12. e? . 

Find the derivative of each of the following functions by the loga- 
rithmic method. 
13. (1 -f x)***. 15. x^. 17. (1 + *) (1 + 2 *) (1 + 3 x). 

i4. (« 2 + l) 2 *^. 16. t?. 18. ^r+1 2 + vT^l 2 . 

19. U y = uv, show that dy + y = du + u + dv + v. In general 
show that the relative rate of increase of a product is the sum of the 
relative rates of increase of the factors. 

20. If a rectangular sheet of metal is heated, show that the relative 
rate of increase in its area is twice the coefficient of expansion of the 
material [see Ex. 17, List XXXI]. 

21. Extend the rule of Ex. 19 to the case of any number of factors. 
Apply this to the expansion of a heated block of metal. 

22. Show directly, and also by use of Ex. 21, that the relative rate of 
increase of x n with respect to x, where n is an integer, is n/x. 
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23. Compare the functions e 2 * and e 2 *-*- 3 ; compare their relative 
rates of increase; compare their derivatives; compare their second 
derivatives. 

Compare the following pairs of functions, their logarithmic deriv- 
atives, their ordinary derivatives, and their second derivatives. 

24. e? and 10*. 27. e** and 6+°*. 

25. eP* and &*+*. 28. e~ xi and sech x. 

26. e™ and 10 6 *. 29. <r* and 1 -5- (a -f- bx 2 ). 

30. Can A; be found so that he™ and 10 6 * coincide? Prove this by 
comparing their logarithmic derivatives, and find b in terms of a. 

31. If the logarithmic derivative (dy/dx) -s- y is equal to 3 -f 4 x, 
show that log y = 3x+2x 2 + const., or y = fce 3 ** 2 * . 

32. If (<fy/<&) +y=f(x) show that y = hf m dx - 

Find y if the logarithmic derivative has any one of the following 
values: 

33. l — x. 35. n/x. 37. e*. 

34. ax + bx 2 . 36. a + n/x. 38. e? + n/x. 
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CHAPTER IX 

TRIGONOMETRIC FUNCTIONS 

72. Limit of (sin 0)/0 as approaches Zero. To find the de- 
rivatives of sin x and cos x, we shall make use of the limit 

sin 



lim 

0-»O 



e 



Let be the angle AOB, Fig. 27, and let us draw a circle 

about as center with a radius r = OA, 

cutting OB at P. Draw PP' and BE' 

perpendicular to OA and draw OP' B'. 

Then 

(1) PP' < arc PAP f <BB', 
or 

(2) 2rsin0<2r-0<2rtan0, Fig. 27. 
since arc PAP' = 2 r • if is measured in circular measure. 
Dividing by 2 r sin 0, we have 

1 




(3) 



1< 



< 



sin ^ cos 

But cos0 approaches 1 as approaches zero. Hence 
0/sin must also approach 1. It follows that 



(4) 



,. sin . 
hm — = 1, 

0-K) V 



provided, as above, that is measured in circular measure.* 

* On account of the simplicity of this formula and those that result 
from it, we shall assume henceforth that all angles are measured in circular 
measure. 

119 
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73. Derivatives of sin x and cos x. Given the equation 
(1) y = sin x, 

we proceed to find dy/dx by the fundamental process of § 17. 
We have, using the notation of § 17, 

(A) y + Ay = sin (x + Ax) 

(B) Ay = sin {x + Ax) — sin x 

( , Ax\ . Ax 
= 2 cos yx + y) sin y > 

by formula 13, Tables, II, G. Dividing both sides by Ax, 



or, if we put = 



. Ax 



/ Ax 
2 

Ax 

2 ' 

A# , . sin 

- = cos(x + 0) — . 



Hence, by § 72, 

< D > £-sS— • 

and we have the formula 

m d sin X ^e v 

[AJ — ^ = COS X, 

ax 

Similarly, starting with y = cos x, we obtain the formula 

rv T1 d cos x 

[XI] — - — = — sin x. 

ax 

By means of formula VII, § 22, these formulas may be 
rewritten in the form 

,~\ d sin 16 _ dsinu du _ du 

dx du dx dx' 

/ox dcosu dcosu du du 

ax du ax dx 
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Example 1. Differentiate y = sin Vl -f- x 2 . 

-r = ; — ■ — = cos vl -f- x 2 5 = —. cos vl + x 2 . 

ax dx dx Vl +x 2 

Example 2. Differentiate y = cos e* 1 . 

dy dcose* 2 . -ideP _, . _, 

-p- = ; = — sine^'-r- = — 2xe** sin e**. 

dx dx dx 

74. Derivatives of tan x, ctn x, sec x, esc x. Given y = tan x, 

we may write 

, sin x d sin x . d cos x 

, 1± d cosx — j sinx— j — i 

ay _ dtanx _ cosx ax ax _ 1 

dx ~ dx . "" dx cos 2 x cos 2 x 

\X1I] — j — = — =- = sec 2 x. 

1 J </x cos 2 x 

Similarly, 

,cosx 
dctax = _sinx = _l = _ csctx 
dx dx sin 2 x 

d- 1 



_.., dsecx cosx sinx . _ 

fflV] —j — = — : — = — s— = secxtanx. 

dx dx cos 2 x 



_ n </ esc x sin x — cos x . 

PV] — j — = — t — = — ^-5 — = - esc x ctn x. 

1 dx dx sin 2 x 

These may be combined with formula VII, § 22, as in § 73. 

Example 1. Differentiate y = cos 3 x. 

Setting u — cos x, we have y = u z , and 

dy du z o du , dcosi 9 

■y- = -3- =3m 2 t =3 cos 2 £ —3 — = — 3 cos 2 x sin x. 

dx ax dx dx 

Example 2. Differentiate y = cos 3 (2 x 2 -f- 1). 
Setting u = cos (2 x 2 -f- 1), we have y = u z , and 

# = ^=3^ = 30082(2x2 + 1).^. 
dx dx dx v dx 
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But 

^ = <*cos(2*» + l) d (2s» + l) 

dx dx v ' ' dx 

= - 4xsin(2s 2 + l). 
Hence 

^ = [3 cos 2 (2 x 2 + 1)] [- 4 x sin (2 s 2 4- 1)] 
= - 12 s cos 2 (2 x 2 + 1) sin (2 x 2 + 1). 

EXERCISES 

Find the derivatives of: 

1. sin 4 x. 6. sin x A . 9. s cos 3. 

2. cos (0/3). 6. tan (3 - 2t). 10. e* ctn 0. 

3. tan (-2 0). 7. cos (- 3 0). 11. log sec a;. 

4. sin 2 x. 8. sec(x/2). 12. cose"*. 

13. sin x - 4 cos 2 x. 17. e* cos 2 (3 t — 1). 

14. e*sin (tt/10 - 2 <). 18. c 1 * 2 ' sin (3 * - r/4). 

15. (H-x 2 )sin(3-2a;). 19. */"> (cos « - 4 sin 3 t). 

16. log sec e* inx . 20. cos log tan **. 

21. Find the area under the curve y = sin x from x = to x = x/2; 
test the correctness of your result by rough comparison with the cir- 
cumscribed rectangle. 

22. Find the area bounded by the two axes and the curve y = cos x, 
in the first quadrant. 

Find the maxima and minima, and the points of inflexion (if any 
exist) on each of the following curves. 

23. y = sin x. 26. y = x cos x. 29. y = e~* sin x. 

24. y — cos x. 27. y = 1 — sin 2 x. 30. y = e~ 2x sin x. 

25. y = tan x. 28. y = sin a; + cos x. 31. y = cos (2 a; -f ir/6). 

Find the derivative of each of the following pairs of functions, and 
draw conclusions concerning the functions. 

32. cos x and sin (*-/2 — x). 35. sin 2 a: and 2 sin a: cos x. 

33. cos 2 x and 1 — sin 2 a;. 36. cos 2 x and — 2 sin 2 x. 

34. sec x and sec (— x). 37. tan 2 x and sec 2 x. 
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Integrate the following expressions; in case the limits are stated, 
evaluate the integrals, and represent them graphically as areas. 

38. / sin x dx. 40. / sec 2 x dx. 42. / cos (3 t -f- ir/6) dt. 
cos x dx. 41. / sin 2 x dx. 43. / tan t sec * eft. 

ir/2 J J 



44. 



/* (1 + sin x) dx. 46. /cos 2 x dx. 



Hint. 2 cos 2 a; = 1 -f cos 2 x. 



45. J (cos x + 3 sin 2 x) dx. 

47. y*(cos 2 a; - 1) dx. 48. /"* sin 2 x dx. 



r T/2 

49. Find the derivative of sin x by showing that 

sin (x -f- Ax) — sin x = sin x (cos Ax — 1) -f- cos x • sin Ax 
and remarking that, as Ax-»0, 

lim[(cos Ax — 1) -f- Ax] = and hm[(sin Ax) -5- Ax] = 1. 

60. Find the derivative of cos x as in Ex. 49. 

51. Find the derivatives of the two functions 

(a) vers x = 1 — cos x. (6) exsec x = sec x — 1. 

52. Differentiate some of the answers in the list of formulas, Tables, 
IV, Ea, Eft. What should the result of your differentiation be? 

[The teacher will indicate which formulas should be thus tested.] 
Find the speed of a moving particle whose motion is given in terms 

of the time t by one of the pairs of parameter equations which follow; 

and find the path in each case. 



_ e (x = 3 cos 2*. __ (x = 

63 -i y = 3sin2 < . 65 -j,= 

(x = 2cos4*. 66 (x = 

\y = 3 sin 4*. (y = 



= sin t + cos t 
sin*. 



67. A flywheel 5 ft. in diameter makes 1 revolution per second. 
Find the horizontal and the vertical speed of a point on its rim 1 ft. 
above the center. 

68. A point on the rim of a flywheel of radius 5 ft. which is 3 ft. 
above the center has a horizontal speed of 20 ft. per second. Find the 
angular speed, and the total linear speed of a point on the rim. 
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75. Simple Harmonic Motion. If a point M moves with 
constant speed in a circular path, the projection P of that 
point on any straight line is said to be 
in simple harmonic motion. 

Let the circle have a radius a; let 
the constant speed be v; and let the 
straight line be taken as the x-axis. 
We may suppose the center of the 
circle lies on the straight line, since 
the projection of the moving point on 
either of two parallel straight lines 
Let the center of the circle be the 




Fig. 28. 



has the same motion, 
origin. Then we have 

(1) x = OP = a cos 0, or x = a cos (s/a), 

where s = arc AM, since = s/a. Moreover, since the 
speed v is constant, v = s/T, if T is the time since M was at 
A ; or v = s/(t — U) if t is measured from any instant what- 
ever, and to is the value of t when M is at A. We have 
therefore 

(2) x = a cos - = a cos|- (t — to) = a cos [kt + e]; 

where fc = v/a, and e = — fcfo = — vt /a. 
From (2), the speed dx/dt of P along BA is 

/o\ <k d[a cos(kt + e)] 7 . n . , N 

(3) v x = ^ = — -Tj = - ak sin (fa + e), 

and the acceleration of P is 

(4) jr = ~Tj2 = — afc 2 cos(fc£ + e) = — fc 2 - x, 
or, 
(5) 



Jt — X — "^2 ~ ^ ~" "" K > 
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that is, the acceleration of x divided by x, is a negative constant, 
— fc 2 . We shall see that much of the importance of simple 
harmonic motion arises from this fact. 

It is important to notice that (2) may be written in the 
form 

x = a cos (kt + e) = a [cos e cos kt — sin t sin kt], 
or 
(6) x = A sin kt + B cos kt, 

where A = — a sin € and i? = + a cos € are both constants. 
The form (6) may be used to derive (5) directly. 

The simplest forms of the equation (6) result when fc = 1 
and either A = and B = 1, or A = 1 and B = 0: 

fx = sin t; if fc = 1, A = 1, B = 0, i.e. a = 1, € = 3 tt/2. 



(7) . 

l^x = cos£; if fc = 1, A = 0, B = 1, i.6. a = 1, e = 0. 

The formulas (2) and (6) are general formulas for simple har- 
monic motion; (7) represent two specially simple cases. 

76. Vibration. The importance of simple harmonic mo- 
tion, based on its property (5) of § 75, is evident in vibrating 
bodies, such as vibrating cords or wires, the prongs of a tuning 
fork, the atoms of water in a wave, a weight suspended by a 
spring. 

In all such cases, it is natural to suppose that the force 
which tends to restore the vibrating particle to its central 
position increases with the distance from that central posi- 
tion, and is proportional to that distance. (Compare 
Hooke's law in Physics.) 

It is a standard law of physics, equivalent to Newton's 
second law of motion, that the acceleration of any particle 
is proportional to the force acting upon it. 
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In the case of vibration, therefore, the acceleration, being 
proportional to the force, is proportional to the distance, 
x, from the central position; it follows that, in ordinary 
vibrations, the relative acceleration is a negative constant, — 
negative, because the acceleration is opposite to the positive 
direction of motion. For this reason, each particle of a 
vibrating body is supposed to have a simple harmonic mo- 
tion, unless disturbing causes, such as air friction, enter to 
change the result. Neglecting such frictional effects tempo- 
rarily, the distance x from the central position is, as in § 75, 

x = a cos (kt + e) = A sin kt + B cos kt, 

where t denotes the time measured from a starting time t 
seconds before the particle is at x = a, and where e = — tjc. 
Moreover, from § 75 and also from what precedes, 

dx 2 19 

The quantity a is called the amplitude, 2w/k is called the 
period, and to = — e/k is called the phase, of the vibration. 

EXERCISES 

Find the speed and the acceleration of a particle whose displace- 
ment x has one of the following values: compare the acceleration with 
the original expression for the displacement. 

1. x = sin 2 1. 6. x = sin 2 t 4- 0.15 sin 6 t. 

2. x = sin (t/2 — tt/4). 6. x = sin t — \ sin 3 t + \ sin 5 t. 

3. x = sin t — i sin 2 t. 7. x = a sin (kt + e). 

4. x = cos J 4- J cos 3 t. S. x = A cos kt +B sin Atf. 

9. Determine the angular acceleration of a hair spring if it vibrates 
according to the law 6 = .2 sin 10 nt; what is the amplitude of one 
vibration, the period and the extreme value of the acceleration? { 

i 

/ 
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Show that each of the following functions satisfies an equation of 
the form cPu/dfi + k 2 u =f or cPu/dfi — k 2 u = 0; in each case determine 
the value of k. 

10. u = 10 sin 2 1. 16. u = 5 cos {t/3 - x/12). 

11. u = 0.7 cos 15 L 16. w = 12 cos 3 t - 5 sin 3 t. 

12. u = 3 e 4 *. 17. w = 3 sin 6 t + 4 cos 6 1 

13. u = 20e- 4t . 18. w = Ci sin 3 t 4- C 2 cos 3 «. 

14. u = sin (3 t + tt/3). 19. w = Cie™ + C 2 e- 7t . 

20. Show that the function u = A sin kt + B cos kt always satisfies 
the equation cPu/dt? -f- & 2 u = for any values of A and B. Check by 
substituting various positive and negative values for k, A, B. 

21. Show that u = A& 1 + Be- 11 always satisfies the equation 

22. When an electrical condenser discharges through a negligible re- 
sistance the current C follows the law cPC/dt 2 = — a 2 C, where a is a con- 
stant. Express the current in terms of the time. When a — 1000, what 
is the frequency (number of alternations) per second? 

23. Any ordinary alternating electric current varies in intensity ac- 
cording to the law C = a sin kt; find the maximum current and the 
time-rate of change of the current. 

24. When a pendulum of length I swings through a small angle 6, 
its motion is represented by the equation cPd/dt 2 = — g0/l, very nearly, 
I being in feet, 6 in radians, t in seconds. Show that 

= Ci sin kt -f- C2 cos kt } 

where k = ^g/l. Find C\ and C2 if 6 = a and the angular speed w 
= when t = 0; and find the time required for one full swing. 

25. A needle is suspended in a horizontal position by a torsion fila- 
ment. When the needle is turned through a small angle from its posi- 
tion of equilibrium, the torsional restoring force produces an angular 
acceleration nearly proportional to the angular displacement. Neglect- 
ing resistances, what will be the nature of the motion? 
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77. Inverse Trigonometric Functions. The equation 

(1) y = sin~ 1 x. 
is equivalent to the equation 

(2) sin y = x. 
Differentiating each side with respect to x, we find 

(1) *%!. = 1 *& = 1 = 1 

dx ' dx cosy y/\ _ x 2 

Hence we have the formula 

[XVI] dsin ' lx * 



It is evident that the radical in these expressions should 
have the same sign as cos y, i.e. plus when y is in the first or 
in the fourth quadrant, minus when y is in the second or in 
the third quadrant. 

Combining XVI with VII, § 22, we may write 

d sin -1 u __ 1 du 
*>' dx ~ Vl -u 2 d* 

In a similar manner, we find from formulas XI, XII, 
XIII, XIV, XV, the formulas 
d cos _1 x - 1 



[XVII] 



dx vT=x* 

(radical + in 1st and 2d quadrants). 



[XVIII] dt ^ c ~ 1 * = YTTj? ( aI1 quadrants). 
1X1X1 d °Tx X = TTx* (al1 q uadrants )- 



[XX] 



d sec -1 * 1 



dx xV&^i 

(radical + in 1st and 3d quadrants). 
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d csc _1 x - 1 



[XXI] 
[XXII] 



dx xy/x*-l 

(radical + in 1st and 3d quadrants), 
d vers-*x __ 1 
d* ~~ V2x-x* 

(radical + in 1st or 2d quadrants). 



Each of these formulas may be combined with VII, § 22, 
as in equation (4) above. 

78. Illustrative Examples. 

Example 1. ^— ^ - 



Example 2. 



dx Vl — (x 2 ) 2 <& Vl — x 4 

d tan"* ^ ^ 1 de* = e* 
dx l + (**) 2 dx 1+e 2 *' 



~ d (sec * x) 3 , _, N9 d sec * a? 

Example 3. v , = 3 (sec * x) 2 — 3 

dx dx 

=3(sec-ix) 2 l 



xVx 2 - 1 



-, . d log (cos l x) 1 d cos * a; 

Example 4. — ^ i = — -, -3 . 

dx cos * a: ax 



- 1 



cos -1 x Vl — X 2 



79. Integrals of Irrational Functions. By reversal of the 
formulas for the derivatives of the inverse trigonometric 
functions, XVT-XXII, we obtain the integrals of certain 
important irrational functions. 

mm C d A . -i , n • dsin- 1 ^ 1 

[XTO],/^ =tan-^ + C, since dtan_lx J 



ix 1 + x 



,2> 
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r,™,, r dx , , ~ . dsec _1 x 1 

[XX] ' J*v^ =sec x+c ' ance ~^ = ^vF^r 

r dx , , ~ . d vers -1 a; 1 

[XXII], j - ,— — = = vers -1 x + C, since 



where C in each case denotes an arbitrary constant. Since 
sin -1 x + cos -1 x = tt/2, the student may show that [XVII] 
leads to the same result as [XVI]. 

Example. To find the area under the curve y = 1/(1 + x*) from 
the point where x = to the point where x = 1. 
Since A =fydx,we have 

nz-i = ^r-i l_ dx = tan -! X T =1 = x/4 _ = ^4. 

Tte fact that we are using radian measure for angles appears very 
prominently here. Draw the curve (by first drawing j/ = l+a; 2 )ona 
large scale on millimeter paper and actually count the small squares as a 
check on this result. 

EXERCISES 
Differentiate each of the following functions. 



1. sin" 1 x 4 . 5. sin" 1 Vl - x 2 . 9. log tan" 1 x. 

2. cos" 1 (1 - x). 6. x sin-ix. 10. cos" 1 (xe*). 

3. sin-i(l/z). 7. tan-i (1/x 2 ). H. x * tan~i 2 Vi- 

4. tan" 1 (3 x). 8. e* cos" 1 x. 12. sec" 1 ^ 2 + 1). 

13. esc" 1 VI + x 2 . 17. cos" 1 Vl - x 2 . 21. (log tan" 1 x)3. 

14. ctn-i(y±Jl)-18. sec-i(logtanx). 22. ^^ 



l s 



16. cos" 1 (e* inx ). 19. e 8ln **. 23. ^^ 

16. tan" 1 (log e^). 20. 10 1"" 1 * 
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Integrate the following functions; in case limits are stated, evaluate 
the integral. 

■K. f«* 27. (*.». 

JO 1 +X 2 J\ Oy/fl— 1 

26. f 1 — i=. 28. /"f-nr [Sett* = 2*.] 

26 . / ,+1 r ^. 29. f-pM=- [Set*=2s.] 

./-1 1 + x 2 J Vl - 4 X 2 

Integrate after making the change of letters w = 1 — x. 

dx M r dx M r dx 



30. 



•/ Vl - (l - x) 2 ' * 1b ./ 1 + (1 - *)*' J V2x-x'' 



Find the areas between the x-axis and each of the following curves, 
between the limits stated. 

33. y 2 = 1 + xfy 2 ; x = to x = 1/2; a; = - 1/2 to x = + 1/2. 

34. y-f-x 2 y = l;x=0tox = l;x=0tox = a. 

35. y2 = 1 4. 4 X 2 y 2; £ = Q to X = l/4j X = - 1/4 to X = + 1/4. 

36. 4x 2 y + 2/ + l=0;x = ltox=2;x = -ltox = +l. 

37. Show that the derivative of tan-i[(e* - «~*)/2] is 2/(e* -he-*). 
[Note. The function tan~ 1 [(e z — e~*)/2], or tan -1 (sinh x), is called 

the Gtidermannian of x and is denoted by gd x: gd x = tan -1 (sinh x). 
It follows from this exercise that d gd x/dx = sech x.] 

38. From the fact that d (sinh x) = cosh x dx, show that the deriv- 
ative of the inverse hyperbolic sine (x = sinh" 1 u if u = sinh x) is 
given by the equation d (sinh" 1 u) = ± du/ Vl -j- w 2 . [See foot of 
p. 108.] 

39. Show that d cosh -1 u = ± dw/ Vw 2 — 1. 

40. Show that d tanh" 1 u = A*/(l - u 2 ). 
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80. Collection of Formulas for Differentiation. For convenience 
in reference we shall restate all of the formulas for differen- 
tiation, combining each of them with [VII] when it is de- 
sirable to do so. 



L £ = 0. 
dx 


_. dc*u du 
dx dx 




T „ d(u + v) du , dv 
m - dx -dx + d~x' 


rrr du n .du 
dx dx 




./N\ n dN „dD 


Trr dui; dv , du 

71 *r = u 5i +,; dx- 




V - dx ~ D* 




Vii d M = d l. d }L. 
' dx du dx 


vm ' dx <« * dt 




™- '-*-"-!—■£• 


vnia dlogu = ld U . 
dx udx 




b. £->■■«•■& 


T _ d e« du 
IXa. -=— = e*-r • 
dx dx 




_ d sin u du 
* dx =cosu dx- 


_ dcosu du 
XI. — -= — = -sinu T -- 
dx dx 




xn. dt ? u = <**«%• 

dx dx 


__ dctnu 2 du 
Xm. — -= — = — esc 2 u -j- • 
dx dx 




__. dsecu x du 
XIV. — 3 — = sec u tan u -j- • 
dx dx 


-_. d esc u ,_ 
XV. — -= — = — cscuctnu 
dx 


du 
l di 


_~ ^^ d (sin- ! u) 
XVI. XVII. dx J C08 - lu i = v 


±1 du 




/I _ u *tfx 




d { tan -1 u ) + 1 du 
WX'^dxG-iul-l + u'dx- 




xx, xn. ij sec -; u [=- 

' ^^ dx / esc- 1 u ) u 


±1 du 

Vu 2 - 1« 




d 
xxiT — vers" 1 u = — 


1 du 




AAll. <f X VCrb " V2li-li 2 ^ 
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CHAPTER X 

APPLICATIONS TO CURVES 
LENGTH — CURVATURE 

81. Introduction. The formulas obtained in Chapters VIII 
and IX make possible many new applications to curves. 
We shall treat some of these in this Chapter. 

82. Length of an Arc of a Curve. Let s (x) denote the length 
of the arc of a given curve y = f(x), from a fixed point F 
to a variable point P. 
When x increases by 
an amount Ax, let 
As = arc PQ be the 
corresponding increase 
in s, and let Ac = chord 
PQ. Then 



(1) 


Ac 2 = 


= Ax 2 + Ay 2 , 


whei 


ace 

Ac 
Ax 






(2) 


4+(if) ! . 


and 








(3) 






— -< 




Ax \ "^VAx/ Ac 



We now require the following fundamental axiom, which 
forms the basis of the mensuration of curved lines. 

As the chord and its arc approach zero, their ratio approaches 
1, i.e. 

(4) lim ~ = 1. 

133 
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Combining (3) and (4), and passing to the limit as Ax 
approaches zero, we have 

where m = dy/dx is the slope of the curve. 

It follows that the total change in s between any two 
fixed points x = a and x = 6, is 

(6) Total length = s] * = = f* = Vl + m 2 <fx. 

i 83. Parameter Forms. When the equation of a curve is 
given in parameter form 

(i) * = /(*), y = *(0, 

we may square both sides of (5), § 82, and multiply by dx 2 . 

This gives the formula 

(2) ds* = dx* + dy*, 

which is called the Pythagorean differential formula. It is 

readily remembered by reference to the triangle PQR, 

Fig. 29. If we divide both sides of (2) by dt 2 , we find * 

©'= (!)'+ © ! 

From (3) we have 

whence _^ 

whicn gives the length of the curve (1) between any two of 
its points. 

* This expresses the fact that the square of the total speed ds/dt is the 
sum of the squares of the horizontal speed dx/dt and the vertical speed dy/dt. 
This fact, proved in § 40, might have been used as the point of departure, 
and all of the formulas of %% 82-83 might have been deduced from it. 
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84. Illustrative Examples. While the square root which 
occurs in the formulas of §§ 82-83 renders the integrations 
rather difficult in general, the work is quite easy in some 
examples, as illustrated below. 

Example 1. Find the length of the curve y 2 = x z from the origin 
to the point where x = 5. 

From y 2 = x 3 we find y = x* n , whence 



and 



j-S^*-.j. + (2)'*-.j. + ¥* 

■]:::-x\P?-=i( i+ B'i:::-f- 



hence 



form 

. V2 e»+< 

4 ) 2 



Example 2. Find the length of the catenary (§ 67) 

from the origin to the point where x = 1. 
We find immediately 

dy ^ eP — er* ds 

dx~ 2 ' dx 

which reduces algebraically to the form 

ds /^x + 2+e- 2a? \ 1 /2_ e x +e-x 

dx \ 

-is-i riex+e-x «* - <r*-| i 1 / 1\ 1 , t 1N 

t J,.o-'Jo-2- |fc --^-Jo"2('-;)-2 (1 - 1) 

= (2.718- 0.368) =1175(nearly) 

Compare § 67, and Tables III, E, and V, C. 

Example 3. Find the length of one arch of the cycloid (Tables 
III, G). 

x = a (t — sin t), y = a (1 — cos t). 
We find 

dx = (a — a cos <ft, dy =*a sin t dt, 

ds = Vdx 2 +dy 2 = a V2 - 2 cos * dt = 2 a sin^d*, 

whence 

]<-2» /»2t j j-|2ir 

= 1 2 a sin 7. d* = — 4 a cos ~ =-4a [cos *■ — cos 0] 
to Jo 2 2Jo 

= -4a[-l-l] =8 a. 
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EXERCISES 

Determine by integration the lengths of the following curves, each 
between the limits s = ltoz = 2, s=2toz=4, a; = o to a; = 6. 
Check the first three geometrically. 

1. y = 3 x - 1. 3. y = mx + c. 5. y = J (2 a; - l) 3 /2. 

2. y = 3 +2x. 4. 2/ = f (x - 1)3/2. 6. y = § (4s - 1)3/2. 

Find ck, the speed v, and the length s of the path of each of the follow- 
ing motions, between the given limits. 

7. * = l+(,y = l-<;<-0tol»2. 

8. x = (1 + *) 3 /2, 2/ = (1 - 3 /2; * » to * - 1. 

9. x = (1 - 2 , 2/ = 8 ^/2/3; * = o to t = 9. 

10. x = 1+ <2, 2/ = t - *3/3; * = to t = 5. 

11. x = 2/2, y = t + 1/(3 i 3 ); * = a to * = 6. 

12. Find the length of the cycloid (Ex. 3, § 84) for half of one arch, 
i.e., from t = to t = tt; for the portion from * = to t = t/2; from 
* = to t = ir/3. 

13. Show that the element of length for the cardioid (Tables III, G4) 

x = 2 a cos — a cos 2 0, y = 2 a sin — a sin 2 0, 
is 

ds = 2a[2 — 2(cos2 0cos0 + sin2 0sin0)] 1 / 2 d0 = 2 a (2— 2 cos 6)^dB. 
Hence show that the entire length of the cardioid, from 6 = to 
= 2 t is 16 a. Show that thejength of the part of the cardioid from 
B = to = ir/2 is 4 a (2 - V2). 

14. The equation of a circle about the origin may be replaced by 
the parameter equations 

x = a cos 0, t/ = a sin 0, 

where a is the radius. Hence find by integration the length of the entire 
circumference. 

16. Show that the element of length of the four-cusped hypocycloid 
(Tables III, G 6 ) 

x = a cos 3 0, y = a sin 3 0, 

is ds = 3 a sin cos d0 = f a sin 2 d0. 

Hence show that the length of one quarter of this curve is 3 a/2. 
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16. Show that the length of the general catenary 

gax + e -ax 

V 2Z- 

from the origin to any point x = x is (e * — e" 1035 )^ a. 

17. Writing the equation of the simple catenary in the form used 
in § 67, y = cosh x, show that its length between the origin and any 

point x = x, is sinh x. 

85. Areas of Surfaces of Revolution. Consider the surface 
generated when the arc 
KL of the curve ^S^T^ 7 TV""/®) 

(i) y=f(x) 

(Fig. 30) revolves about 

the x-axis. Let us denote 

by S(x) the area of the 

surface generated by the 

arc KP, and by AS the area 

of the surface generated by the arc PQ = As. If the curve 

rises from P to Q we may write, with entire accuracy, 

(2) 2 t y As < AS i 2 t (y + Ay) As. 

Hence, dividing by Ax and passing to the limit, we may write 




x=k 



x=x x=x*Ax x=b x 
Fig. 30. 



(3) 



dS 
dx 



-«*£— 4+©.' 



whence the area of the surface of revolution from x = a to 
x = 6is 



(4) 



•i:;-.C"'£*-J>^RSV 



Similarly, if the curve is revolved about the y-axis, the 
area between t/ = c and ?/ = d is 

(5 > C!- £"*%* - f 2 "^ + (IT* 
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Finally, if the equation of the curve is written in parameter 
form 

*=/(*), V = *(*), 
we divide (2) by At, and let At approach zero, obtaining 



(3-, %-**4-*«&y+®t- «■« 

Hence the area of the surface of revolution formed by 
revolving the curve about the z-axis, between points at 
which t = ti, and t = t 2 , is 

A similar formula can be written if the revolution is about 
the i/-axis. 

Example 1. Find the surface of the cone generated when the seg- 
ment of the straight line y = x — 2 from 
x — 2 to x = 5 revolves about the x-axis. 




Fig. 31. 



= f 5 2 t (x - 2) VT+Tdx 
= 2 irV2 f 5 (x-2)dx 

= 2 ;v2g- 2a: )] 2 6 =9x^: 



Check this solution by finding the area of this cone by elementary 
geometry. 

Example 2. Find the area of the surface generated when the seg- 
ment of the curve whose parameter equations are 

1 



s = g(4* + l) 3 /2, 



2/ = 0+5 
between t = 1 and t = 2 is rotated about the x-axis. 
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d& = dx* + dy* = (4 t + 1 + 4 0) dP = (2 * + 1)2 dfi 
S = r*" 2 2 w y ds = 2 it f (0 + 5) (2 * + 1) <ft 

= 2 tt [^ + - +5/2 +5 «J- 2 x[40f - 10J] = 59| t. 

EXERCISES 

Find the area of the surface generated by each of the following 
lines when revolved about the x-axis, from x = 1 to x = 2; from 
x = 2 to £ = 4; from x = a to x = 6. 

1. y = 2x-l. 2. y = 3 + 4x. 3. 2/ = 3x+2. 

Find the area of the surface generated by each of the following 
curves when revolved about the x-axis, between the limits indicated. 



4. y = Vl — x 2 ; x = to x = 1; x = J to x = 1. 



5. 2/ = V4 x — x 2 ; x = to x = 4; x = 1 to x = 3. 

6. y = V7 +6x — x 2 ; x = — 1 to x = 7; x = 2 to x = 5. 

7. Find the area of the surface generated by rotating the arc of the 

catenary 

e* +e~ x 

y =—2~ 
about the x-axis, between the points where x = and x = 1. 

8. Find the area of the surface generated by rotating the arc of the 
curve whose parameter equations are x = 8 2 3 / 2 /3, y = (1 — t) 2 about 
the x-axis, between the points where t = and t — 1. 

9. Find the area of the surface generated by the arc of the curve 

2 
whose parameter equations are x = - , y = t -f- 1/(3 2 3 ) about the 

x-axis between the points where t = 1 and t — 2. 

86. Curvature. A very important concept for any plane 
curve is its rate of bending, or curvature. 

The^exion(§39,p. 61), 

dm _<Py 
(1) 6= d*-<P' 
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is not a satisfactory measure of the bending; since it evidently 
depends upon the choice of axes, and changes when the axes 
are rotated, for example. 

If we consider the rate of 
change of the inclination of the 
tangent,** = tan^m, with respect 
to the length of arc s, that is, 

Aa da 




(2) 



lim . 

a«->oAs 



Fig. 32. 



it is evident that we have a 
measure of bending which does 
not depend on the choice of axes, since Aa and As are the 
same, even though the axes are moved about arbitrarily, or, 
indeed, before any axes are drawn. The quantity da/ds is 
called the curvature of the curve at the point P, and is de- 
noted by the letter K: the curvature is the instantaneous rate 
of change of a per unit length of arc. 

Since a = tan" 1 m, and since ds 2 = dx 2 + dy 2 (§ 83, p. 134), 
we have, 

da = d tan" 1 m = r— ; — , dm, ds = Vl + m 2 dx, 

1 + m 2 ' 

where m = dy/dx; hence the curvature K is 

1 , dm 

dx 
(1 + m 2 ) 3/2 



(3) 



da 1 + rri 



ds 



b 



(l + m a ) 8/a ' 



Vl + m 2 dx 

where b = d?y/dx 2 (= flexion), and m = dy/dx (= slope). It 
appears therefore that the flexion b when multiplied by the 
corrective factor 1/(1 + m 2 ) 3/2 gives a satisfactory measure 
of the bending, since K is independent of the choice of 



axes. 
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The reciprocal of K grows larger as the curve becomes 
flatter; it is called the radius of curvature, and is denoted 
by the letter R: 



(4) 



r = i = ^ 



ds 
da 



(1 + m») 8/2 



K da~ b 

It should be noticed that this concept agrees with the ele- 
mentary concept of radius 
in the case of a circle* 
since As = r Aa in any 
circle of radius r. Hence 
ds/da = r. 

Substituting the values 
of 6 and ra, formulas (3) 
and (4) may be written in 

the forms 

d?y 
dx* 



(5) tf = 



(6) 



['+(g)T 




Fig. 33. 



R = 



d?y 
dx 2 



It is preferable, however, to calculate m and b first, and 
then substitute these values in (3) and (4). 

Since Vl + m 2 = sec a the formulas may also be written 
in the form K = \/R = b cos 3 a. 

It is usual to consider only the numerical values of K, that 
is | K | , without regard to sign. Since K and b have the 
same sign, the value of K given by (3) will be negative when 
6 is negative, i.e. when the curve is concave downwards 
(§ 41, p. 65). The same remarks apply to R, since R = l/K. 
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87. Center of Curvature. 



Evolute of a Curve. The center of 
curvature Q of a curve, corre- 
sponding to a point P on that 
curve, is obtained by drawing 
the normal to the curve at P 
and laying off the distance R 
(the radius of curvature) along 
this normal from P toward the 
concave side of the curve. Thus, 
in Fig. 34, denoting the co- 
ordinates of P by (x, y), and 
those of Q by (a, 0), we have 

(1) a = OB = OA - BA = x - R sin 0, 

(2) = BQ = AP + CQ = y + i2cos«, 

where <t> is the angle which the tangent PT makes with the 




a>axis, 

(3) 

whence 

(4) 



tan <t> = m = 



dy 
dx' 



sin<£ = 



m 



Vl + m2 ' 
It follows that we may write 
(5) a = x _ m(l + m») 

where 



cos<£ = 



Vl + m? 



= y + 



1 + m 2 



m = dy/dx, 6 = d?y/dx 2 . 
As the point P moves along the given curve, the point Q 
also describes a curve, which is called the evolute of the 
given curve. The parameter equations of the evolute are 
precisely the equations (5), in which (a, 0) are the variable 
coordinates of the point on the evolute, a: is a parameter, and 
y is to be replaced by its value in terms of x from the equa- 
tion of the given curve. 
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In particular examples, it is possible to eliminate the 
parameter x between the 
two equations (5) after 
having substituted for y, 
m y and b their values 
found from the equation 
of the given curve. This 
gives the equation of the 
evolute as a single equa- 
tion between the variables 
a and 0. 

Example 1. Find the values of K f R, a, ft and find the equation 
of the evolute for the curve y = x 2 /4. 
Here m = x/2, b = 1/2. Hence 

1/2 4 




K = 



(l+x2/4) 3 /2 (4 +a .2)3/2> 



p 1 (4+*2)3/2 

x 1 4- * 2 /4 



: X ~ 



1/2 



4 ' 



^- 2/ + -I72 _ "4 +2 + 2 --T+ 2 ' 
Eliminating a; between the last two equations, we find the equation 
of the evolute in the variables a and ft 

27 a* = 4 (0-2) 3 . 
Example 2. Find the values of K, R, ' a> ft and the parameter 
equations of the evolute for the cycloid 

x = a (0 — sin 0), y = a (1 — cos 0). 
a sin 



_ <fy = dy/d_$ 
dx dx/d 



b = 



f ^ 
a(l-cos0) ~ 2' 



-1 



dm _ rfro/d _ 

dx ~" dx/d ~~ a (1 — cos 0) 2 



-1 



1*1 = 



[ a sm 4 s 



0\ 3 / 2 
l+ctn 2 |j 



4 a sin 4 

1 



e' 



4 a sin 



6' 
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Z? 1 A ' * 



,l+cta«- 2 



a = a (0 - sin 0) + ctn ^ j = a (0 + sin 0), 



= a (1 — cos 0) — 




Fig. 36. 

These equations for a and £ are the parameter equations of the 
evolute; they represent a new cycloid, similar to the given one, but 
situated as shown in Fig. 36. 

EXERCISES 

Calculate K, R, a, for each of the following curves; sketch the curve 
and its evolute: 
. 1. V = * 2 . 2. y = z 3 . 3. 2/2=4 as. 

4. xy = a 2 . 5. 2/ = sin x. 6. y = e*. 

7. 2/ = (e* + e-*)/2 = cosh x. 8. t/ = (e* - e"*)/2 = sinh x. 
9. xVa 2 + 2/V& 2 = 1. 10. x*/cfl - ^/fc 2 = 1. 

11. VJ + V^" = Va. 12. XV3 + t/2/3 = a 2/3 # 

(x = acos0, (x = sin0, (z = acos 3 0, 

ly = asin0. ' (y=2cos0. ' (y = asin z d. 

i x = *' 17 J* = l/t > 1ft J* = sec *. 

(x=2 + 3 2, (a; = cos J + J sin J, 

f2/ = *2-4. • J y =sin*-*«os<. 



13. 



16. 



19. 



tan t 



Digitized by 



Google 



X, § 89] APPLICATIONS TO CURVES 145 

88. Properties of the Evolute. If the point P (x, y) lies 
on a curve y = / (x), and the point Q (a, $) is the correspond- 
ing point of the evolute, we have 

m + ra 3 . . 1 + rrfi 

Let ra' be the slope of the evolute at Q; then 
/== d^ = d/3/(fc 
da da/dx 
But we have 

d/3 , 6-2 ra6- (l + m 2 )db/dx 

fc = ™ + p 

_ 3 mft 2 - (1 + ra 2 ) db/dx 
62 
da 6 (1 + 3 m*) b - (ra + ra 3 ) rf6/(fo 

(& X 62 

- 3 ra 2 6 2 + (ra + ra 3 ) rf6/<fa 
62 
It follows that 

, d£ 1 

ra = -7 1 = 

aa ra 

Hence the normal to the curve at P is the tangent to its 

evolute at Q. Hence the radius of curvature of the curve 

at C is tangent to the evolute at Q. (See Fig. 35.) 

89. Length of the Evolute. As Q moves along on the evo- 
lute, the rate of change of R is the rate of change of the arc 
of the evolute. For, since we have, in Fig. 34, 

(1) jp-j^.fc-^J+fo-fl', 
it follows that 

(2) R dR = (x - a) (dx - da) + (y - 0) (dy - d$). 
But we have 

ra = ~ = - ^TZTa > or (x-a)dx+(y- P)dy = 0. 
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Hence (2) may be wr 
(3) dR = 



Hence (2) may be written in the form 

(x -a)da+(y- 0) dp 



y/{x-a)*+(y-fi)* 
By § 88, we have 

d § = _ 1 = v-P . 

da m x — a 

Substituting this in (3), we find 

This result, however, is precisely ds, where s is the length of 
the arc of the e volute. Hence we have 

J % r = fa /•*=«» 

dR = I ds, or R 2 — Ri = s 2 — *i; 
R = Rl J 8 "8l 

that is: the rate of growth of the radius of curvature is equal 
to the rate of growth of the arc of the evolute; and the 
difference between two radii of curvature is the same as the 
length of the arc of the evolute which separates them. 

This fact gives rise to an interesting method of drawing 
the original curve (the involute) from the evolute: Imagine 
a string wound along the convex portion of the evolute, 
fastened at some point (say Q, Fig. 35, p. 143) and then 
stretched taut. If a pencil is inserted at any point (say P, 
Fig. 35) in the string, the pencil will traverse the involute as 
the string, still held taut, is unwound from the evolute. 

As exercises, the lengths of the portions of the evolutes 
of curves given in the preceding list of exercises may be 
found. 
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CHAPTER XI 



POLAR COORDINATES 

90. Introduction. Since the equations of curves in polar 
coordinates often involve trigonometric functions, the equa- 
tions of curves have been written in rectangular coordinates 
throughout the earlier part of this book. We shall now 
show how to extend many of the results already found for 
curves whose equations are written in rectangular coordinates 
to curves whose equations are written in polar coordinates. 

91. Angle between Radius Vector and Tangent Let C 
(Fig. 37) be a curve whose equation in polar coordinates is 

(1) P =/(*). 
Consider the angle 4* 
between the radius 
vector OPR and the 
tangent PT to C at 
P. Let Q be a 
second point on C, 
with coordinates 
P + Ap, 6 + AS, and 
let 4> be the angle 
between the radius vector OQD and the secant PQS. As Ad 
approaches zero, i.e. as Q approaches P along C, we shall 
have 

(2) ^ = lim </>, and tan ^ = lim tan <f>. 

A0-»O A0->O 

147 




Fig. 37. 
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Draw AP perpendicular to OQ; then we shall have 

p sin A0 



AP 



AP 
iS)ian4> = AQ = OQ-OA 
and 

p sin A0 



p + Ap — p cos A0 



k = lim 



p sin Ad 



(4) tan f = lim . A An — ,*^ /t . .. , . 

A0-»o p + Ap — pcosA0 A0->o p (1 — cos A 0) + Ap 

To evaluate this limit, divide both numerator and de- 
nominator by A0 and note that 



(5) 
and 

(6) 



.. sin A0 H 

A0-»O &" 



2 sin 2 — 

,. 1 - cos A0 r 2 

lim — = lim — T7 — 

A0— >0 Au A0->O **U 







= lim 

A0-+O 


r~ . A0~~ 

. A0 Sm 2 
sm 2* AS 

__ 2 __ 


It follows that 






(7) tan $ 


= lim — 

A0-»O 

p 


sin A0 

1 — cos Ap dp 

Ad ~ l ~ Ad dd 


and therefore 






(8) 


tanty = 


_ P _ 
'dp 


P *7 



= 01 = 0. 



The angle a between the a>axis and the tangent PT can 
be found, after 4> has been found, by means of the relation 



(9) 



a=0 + \l>. 
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Example 1. Given the curve p = e*, to find tan ^, and \p itself. 

Since p = e*, dp/d = eP, and tan ^ = p -5- (dp/d 0) = 1. Hence 
\p = tan -1 1 = x/4 = 45°. It follows that this curve cuts every radius 
vector at the fixed angle of 45°. 

Example 2. Given the curve p = sin 2 0, find \p at the point where 

6 - x/8. 

tan ^ = p -h (rfp/d 0) = sin 2 -?- 2 cos 2 = (1/2) tan 2 0. 
When = x/8, tan ^ = 1/2, and ^ = 26° 34', approximately. 

EXERCISES 

Plot each of the following curves in polar coordinates; find the value 
of tan \p in general, and the value of yp in degrees when = 0, x/6, 
x/4, x/2, x. 

11. p = sin 3 0. 

12. p = 2 cos 3 0. 

13. p = 3sin(3 + 2x/3). 

14. p = 3 cos + 4 sin 0. 
16. p = 2/(1 - cos 0). 

16. Show that tan \p is constant for the curve p = kef*. 
Find tan \p for each of the following curves: 

17. p = p/(l — e cos 0) (conic). 19. p = a (1 + cos 0) (cardioid). 

18. p = a sec ± 6 (conchoid). 20. p 2 = 2 a 2 cos 2 (lemniscate). 

92. Areas in Polar Coordinates. Let KL be an arc of a 
curve whose equation in polar coordinates is 

(1) P=/(0). 

Consider first the area of the sector OKP bounded by the 
radius vector OK, for which = 0i, any other radius vector 
OP for which = 0, and the intercepted arc KP of the 
curve. The area is a function of the angle 0; let us denote 
itbyA(0). 



1. 


p = 4 sin 0. 


e. 


P = 0. 


2. 


p = 6 cos — 5. 


7. 


p = 2 . 


3. 


p =3 +4 cos 0. 


8. 


P = V* 


4. 


p = tan 0. 


9. 


p = e 2 *. 


6. 


p = 2 + tan 2 0. 


10. 


P = e-*>. 
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Now let 6 increase by an amount A0 = /.POQ, and let 
PS and TQ be circular arcs whose radii are p(= OP) and 
p + Ap (= OQ), respectively. Then we shall have 

(2) sector POS < sector POQ < sector TOQ, 

if p increases with 0. If p 
decreases when increases, 
the inequality signs must 
be reversed in (2) and in 
what follows. 

The area of any circular 
sector is equal to half the 
product of the angle (in 
circular measure) and the 
square of the radius. The 
sector POQ is the amount 
of increase in the area A; 
let us call it A A (0). Then 




Fig. 38. 



(2) becomes 
(3) 



t?A6 



<AA(0)< 



(p + Ap)2A0 
2 



Dividing through by Ad, we have 
(4) 



whence 
(5) 



P 2 A A (6) (p + Ap)2 
2 ^ Ad ^ 2 



lim 

A0->O 



AA(d) P 2 



= 7T, or 



dA 
dS 



Ad 2 ' d$ 2 

It follows that the area of the sector bounded by the 
curve and the radii vectores for which 6 = Si, and 6 = 6 2i 
respectively, is given by the formula 



(6) 



Jo, 2A 



P 2 </0. 
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Example 1. Find the area of the sector bounded by the curve 
p = 1/0 and by the radii corresponding to = x/3 and = x/2. 

The curve may be plotted readily by taking corresponding values of 
p and 0, as in the following table. 









x/6 


x/3 


x/2 


2 t/3 


5 x/6 


X 


etc. 


p 


00 


1.91 


0.95 


0.64 


0.47 


0.38 


0.32 


etc. 



p-Ve 




Fig. 39. 



The required area is 

J0-W3 2 A/a 02 

-car-®"'] 

-J--o.i<». 

Example 2. Find the area 
of the sector bounded by the 
curve p = tan 0, and by the 
radii corresponding to = 45° 
and - 60°. 

aT=1 r**d$-\ r*to*ed*-\ r /3 (sec**-i)c** 

J45° 2Jt/4 2 Jt/4 2 Jt/4 

=i (tan - 0) |*£ =i [<V3 - x/3) - (1 - x/4)] 
= i ( V3 - 1 - x/12) = .2351 + 

EXERCISES 

Calculate the area formed by each of the following curves and the 
indicated radii, and check graphically. 
1. p = 0; $ = o to x. 2. p = 6/02; = T /3 to x/2. 

3. p = a/0; = x to 2 x. 4. p = H 0; = to 2 x. 

6. p = 4/^0; = x/8 to x. 6. p = 1 + V0; = x/4 to x. 

7. p = VFT0; = 1 to 3. 8. p = VI + 02; = to 3. 
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9. p = (0- 1)2;0 = 1 to 6. 10. p = (1 + $)/#; B = 180°to360° 

11. p = sin 0; B = to tt/2. 12. p = cos B; B = a- to 2 tt. 

13. p = sec 0; = tt/4 to tt/3. 14. p = 1 + sin 0; B = to x/2. 
Find the area bounded by each of the following curves: 
15. p = 4 cos B. 16. p = 4 cos 2 B. 

17. p 2 = 4 cos 2B. 18. p = 1 - sin B. 

93. Lengths of Curves in Polar Coordinates. Let the equa- 
tion of a curve in polar coordinates be 

(1) P=/(0), 

and let s denote the length of arc from a fixed point K to a 
variable point P. Then s is a function of 0. We shall show 

first how to obtain ds/dO, 
whence we may proceed to 
find s itself by an integration. 
Let the coordinates of P be 
(p, 0), and those of a second 
point Q be (p + Ap, + A0). 
Denote the arc PQ by As, and 
the chord PQ by Ac. Then 
from the identity 

Ac 
'A0 




Fig. 40. 



As 

as 



As 
Ac 



(2) 

we find 

/0 . ds v As r As 

(3) -jT, = lim — = hm — 

dd m->oA6 A0->oAc 

From the law of cosines, 



Ac ,. Ac 

— - = lim — . 
AS A*-oA0 



See(4),§82. 



Ac = Vp 2 + (p + Ap) 2 - 2p (p + Ap) cos A0 



= v / 2 (p 2 + pAp)(l 
It follows that 

(4) f 9 =yj( P >+ P A P ) 



cos Ad) + Ap 2 . 



2(1 - cos Ad) 



A(P 



f<^> 



\*0j 
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But we have * 

/CN ,. 2(1 — cos A0) . , .. Ap dp 

(5) lim-^ — =- = 1 and hm-r^ = -f a . 

m->o A0 2 a-oA0 dd 

Hence, by (3) and (4), 

Integrating both sides of equation (6) with respect to 0, 
we find the important formula 

Equation (6) may be supplied 
by squaring both sides and then 
multiplying both sides by (dti) 2 . 
The resulting formula 
(8) ds 2 = p 2 d$ + dp 2 
is the Pythagorean differential 
formula in polar coordinates. 
(See § 83.) Fig. 41 

Example. Find the length of the curve p = 1 — cos 0. 
dp = sin Odd. 
ds/dd = V(dp/dd) 2 + P 2 . 

= Vsin 2 + (1 -cosfl) 2 . 
= V2(l -cos0) = 2 sin (0/2). 
The complete curve is traced when varies from to 2 ir. 
Hence 

«T* = C 27C 2 sin (0/2) d = - 4 cos |T* = 8. 
Jo ./o * Jo 

* See and compare (6), p. 148. In this case we have 

A . Ad / . Ad\ 2 
2 (1 - cos Ag) ^ 4 sin' -^ / 8m 2" 1 # 

^ 3 A0*~~ I it y 
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EXERCISES 

Find the length of each of the following curves, or of the portion 
specified. 

1. p = 5 sin 0. 6. p = a esc 0; = 45° to 90°. 

2. p = 3 cos 0. 7. p = sin + cos 0; = to x. 

3. p = efi\ = to t/2. 8. log p - 0; « 2 to 3. 

4. p = ** ; - to x. 9. log p = 3 + 2 0; = to 1. 
6. p = sec 0; = J to 1. 10. p = 1 -f sin 0. 

94. Curvature in Polar Coordinates. By the definition of 
the curvature K of any curve (§86), we have 

W ds " ds/d^ ' 

Since a = + yp (§ 91), we have da/dB = 1 + #/d0. De- 
noting dp/dd by p' and cPp/dS 2 by p", we have 

(2) ^ = tan-i -^ , 

P 

/q\ d±_d_ , ± __ 1 _d /p\ 

w d* ~ da p' " l + (p/pO 2 " de \p7 

_1 p' 2 - pp" = p /2 - pp" 

i + (p/p0 2 ' p' 2 p 2 +p' 2 ' 

It follows that 

u\ da i i d * 11 P' 2 - pp" p 2 + 2p' 2 - PP" 
W ^~ li "d0" 1+ p 2 + P ' 2 ~~ p 2 +p' 2 

Also, from (6), § 93, 



(5) i=^ + ^ 

Hence we have 

f*\ K _da/dd_ P * + 2p'*-pp" 

w ds/d^" [p 2 + p' 2 ] 8/a 

Example 1. Find the curvature for any point on the curve p = e 2 *. 

Since p' = dp/d0 = 2 e™, and p" = dVd* = 4 e 2 «, we have 
<fl* + 8 e 4 * - 4 e 4 ' 1 



K = 



(e 4 * + 4 e 4 *) 3 / 2 V5~6 2 * 
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Example 2. Find the curvature at any point of the circle p = a sin 0. 
Here we find p' = a cos 0, and p" = — a sin 0. Therefore 
_ = cfi sin 2 + 2 a 2 cos 2 + a 2 sin 2 
(a 2 sin 2 + a 2 cos 2 0) 3 / 2 
= 2q 2 (sin 2 + cos 2 0) = 2 
a 3 (sin 2 + cos 2 0) 3 / 2 a* 

This is the reciprocal of the radius. (§ 86.) 

EXERCISES 
Find the radius of curvature of each of the following curves: 

1. p = 6?. 4. p = cos 0. 7. p = a(l + cos 0). 

2. p = cfi. 5. p - sin 3 0. 8. p = 2/(1 + cos 0). 

3. p0 = a. 6. p = a sec 2 0. 9. p = a + b cos 0. 
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CHAPTER XII 
TECHNIQUE OF INTEGRATION 

95. Question of Technique. Collection of Formulas. The 
discovery of indefinite integrals as reversed differentials was 
treated briefly, for certain algebraic functions, in Chap- 
ter VII. We proceed to show how to integrate a variety of 
functions, but the majority are referred to tables of integrals, 
since no list can be exhaustive. See Tables, IV, A-H. 

To every differential formula (pp. 44, 132) there corre- 
sponds a formula of integration: 

if d<t> (x) =/ (x) dx, then ff(x) dx = <t> (x) + C. 

The numbers assigned to the following formulas corre- 
spond to the number of the differential formula from which 
they come. Certain omitted numbers correspond to rela- 
tively unimportant formulas. 

FUNDAMENTAL INTEGRALS 

[I]i If j- = 0, then y = constant. [See § 52, p. 86.] 

[The arbitrary constant C in each of the other rules results from this rule.] 
[II], fkf(x) dx = kff(x) dx. 

[III]i /{/ (x) +<t>{x)]dx=ff (x) dx +f<t> (x) dx. 

[IV]i Cx» dx = ^L_ + c 9 w hen n 5* - 1. (See VIII.) 
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[VI]i uv = Cd(uv)= Cudv+Cv du. ["Parts"] 

[The corresponding formula [V]i for quotients is seldom used. See § 103.] 

[VII]i J/(u) du] B = M = J)[« (x)] d4> (x) 

[Substitution] = CfW.x)]$&& dx. 
[Vm]i f — = log x + C. [IX)i Ce* dx = e* + C. 

\X\i fcosxdx = sinx + C. [XI]i fsin x dx = - cos x + C. 

[XII]i Jsec* x dx = tan x + C. 

[XHI]i Jcsc* x dx = - ctn x + C. 

[XTV]i J sec x tan x dx = sec x + C. 

[XV]i J esc x ctn x <fx = - csc x + C. 

[XVI]i f-7== = sin-i x + C= -cos-ix + C. [xvn]i 

[XVin]i JY^ = tan-ix + C=-ctn-ix + C. [XK]i 

[XX]i J"— 7=== = sec-ix + C=-csc-ix+C. [XXI]i 

™ l Jvfe =vers_lx+C 

The remaining differential formulas referred to on p. 132 
give rise to other integral formulas; these will be found in 
the short table of integrals, Tables, IV, A-H. 
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96. Polynomials. Other Simple Forms. The rules [II], 
[III], [IV] are evidently sufficient without further explana- 
tion to integrate any polynomials and indeed many simple 
radical expressions. This work has been practiced in 
Chapter VII extensively. 

Attention is called especially to the fact that the rules [II] 
and [III] show that integration of a sum is in general simpler 
than integration of a<product or a quotient. If it is possible, 
a product or a quotient should be replaced by a sum unless 
the integration can be performed easily otherwise. Thus 
the integrand (1 + x 2 )/x should be written 1/x + x\ (1 + x 2 ) 2 
should be written 1 + 2 x 2 + x*; and so on. This principle 
appears frequently in what follows. 

97. Substitution. Use of [VII]. As we have already done 
in simple cases in Chapters VII and VIII, substitution of a 
new letter may be used extensively, based on Rule [VII]. 

Example 1. To find / ■ , — 
J Va 2 — x 2 

Set u = x/a, then du — dx/a, or dx = a du, and 

/dx r adu r du . . . .x , ~ 

. = / ; = / ; = sin -1 u + C = sin -1 - + C. 

Va 2 — x 2 J Va 2 - a 2 u 2 J Vl — u 2 a 

^ , . . x 1 , /x\ dx/a dx 

Check. d sin * - = — . d [ - * — — 



<* L i2 w W T, x 2 
\ 1 "a 2 \ 1 ~a 2 



Va 2 -'. 



Example 2. To find f sin 2 x dx. 
Method 1. Direct Substitution. 

y*sin 2x dx = §y*sin (2x) d (2x) = - J [cos 2 x + C] 

= — i cos 2 x + C". 
Check, d (— } cos 2 x) = — J d cos (2 x) 

= -f j sin (2 x) d (2 x) = sin 2 x dx. 
Method 2. Trigonometric Transformation and Substitution. 
/"sin 2 a; ckr =f 2 sin x cos x cte = — 2 j cos x d (cos x) 
= - (cos x) 2 + K = - cos 2 x+K. 
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Notice that cos 2 x ■+■ K = (1/2) cos 2 x + C since cos 2 x = 2 cos 2 x 
— 1. Do not be discouraged if an answer obtained seems different 
from an answer given in some table or book ; two apparently quite 
different answers both may be correct, as in this example, for they may 
differ only by some constant.* 

Whenever a prominent part of an integral is accompanied 
by its derivative as a coefficient of dx, there is a strong indication 
of a desirable substitution; thus if sin x occurs prominently 
and is accompanied by cos x dx, substitute u = sinrc; if log 
x is prominent and is accompanied by (\/x)dx, set u = log x; 
if any function / (x) occurs prominently and is accompanied 
by df (x), set u = f (x) . This is further illustrated in exercises 
below. 

98. Substitutions in Definite Integrals. In evaluating defi- 
nite integrals, the new letter introduced by a substitution may 
either be replaced by the original one after integration, or the 
values of the new letter which correspond to the given limits 
of integration may be substituted directly without returning 
to the original letter. 

^X-ir/2 

Example 1. Compute / sin x cos x dx. 

Method 1. Let u = sin x. 

y f ,x-"r/2 # -x-ir/2 

sin x cos x dx = I u t 

x-o Jx=o 

= v?Y' r/2 _ sjn2_af|*-*/ 2 _ 1 

~ 2j 2 -o ~ ~2~J*-o "2* 
Method 2. 

^x-t/2 . M -i w 2-i*-i i 

/ sin x cos x dx = / u du = -^ \ = r , 

•/x-o Ju=*o *Ju-o ^ 

since w (= sin a;) =0 when x = 0, and w = 1 when x = ?r/2. 

Care must be exercised to avoid errors when double-valued functions 
occur. The best precaution is to sketch a figure showing the relation 
between the old letter and the new one. In case there seems to be any 
doubt, it is safer to return to the original letter. 

* Occasionally it is really difficult to show that two answers do actually 
differ by a constant in any other way than to show that the work in each case 
is correct and then appeal to the fundamental theorem (§ 52) . 
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EXERCISES 

Integrate each of the following expressions: 

1. f(l-x)(l+x*)dx. 5. f(<?-e-*)*dx. 

2 rl+2x + Zx*^ [*»-**» ^ 

J x* J X 

3. f(a + bx)*dx. 7. f(l-2x)*Vidx. 

4. f &X ~ 2) - dx. 8. /(a* - 2) (a*/ 2 + ^2/3) <&. 

In the following integrals, cany out the indicated substitution; in 
answers, the arbitrary constant is here omitted for convenience in 
printing. 

9. fVZx + 2dx;8etu = 3x+2. Ans. J 11M = f (3 a; + 2)3/2. 
10. /3^2=ilog(3a: + 2)=log^3^T2; 

12. fx vT+s 2 dx; set u = 4 + a*. Ans. u 3 / 2 /3 = (4 + x 2 ) 3 /2/3. 

13 - /rpii = * log (4 +* 2) = log v *+* 2 - 

14. ysin x Vcosx <fo; set w = cos x. Ana. — 2 t* 3 / 2 /3 = — 2(cos 3 / 2 a0 /3. 
16. /cos x VsinJ dc = 2 (sin 3 / 2 a;)/3. 

16. /cos a; (1 + 4 sin 3 + 9 sin 2 x) dx = sin a; + 2 sin 2 a; + 3 sin 3 x. 

17. ysin 3 a? dx =Jsin x(l — cos 2 x)rfa; = — cos a; + (cos 3 a;)/3. 

18. /cos (3 x - 2) sin (3 a; - 2) <&= $ sin 2 (3 x - 2). 

19. /sin (1 - 3 a;) cos 5 / 2 (1 - 3 a;) dx = ^ cos?' 2 (1-3 a;). 
20 - /^^ ; art u = |. Ana. J 1 tan-i u - ± tan-i ?. 
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In the following integrals, find a substitution by inspection and 
complete the integration. 

21 /4^3=ilog(4^ + 3)=log(4x + 3)i/4. 

22. fVs-4x dx = - (3 - 4 x) 3 ' 2 /6. 

23. y*sin (4 x — 3) dx = — J cos (4 x — 3). 

26. y*cos 3 x dx = sin x — (sin* x)/3. (See Ex. 17.) 

26. /cos x sin 4 x dx = (sin 6 x)/5. 

27. f2xcos(l+x*)dx=am(l+x*). 

28. /tan 3 a; sec 2 xdx = (tan 4 x)/4. (t* = tan x.) 

29. /ctn 3 a; esc 2 3 dx = — (ctn 4 x)/4. (w = ctn x.) 

30. fcoa* x dx =f[(l + cos 2 x)/2] (to = x/2 + (sin 2 x)/4. 

31. ysin 2 a; dx =f [(1 - cos 2 x)/2] dx = x/2 - (sin 2 x)/4. 

32. y cos 5 a; dx = sin x — 2 (sin 3 x)/3 + (sin 5 x)/5. 

33. J ctn a; da; =y (cos x/sin a;) da; = log sin x. (Put t* = sin a;). 

34. /tan a; dx = — log cos x = log sec x. 

36 /e + 3 a; 2 = 3/2+^ = Vl^'VVl)' 

«7 /* dx _ 1 /* dx , _1 . _ t / X \ 

y Vl2 - 4 x 2 "" 2 ^ V3-X 2 ~~ 2 Sm \V3/ 
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Compute the values of each of the following definite integrals. 

38 ' /,.o 3T^ = Vl tan V3l-o = ^^ Vl = 6V5" 
39. ^^"_^ ==8 in-i(^)T^=sin-il^. 

40 r" 3 ^j = h log, (3 + x*)T" 3 = J (log, 12 - log, 3) = log.2. 

41. /* X=1 ^^ = -.V2^^T"' = -(VT-V2)=.4142+. 
Jx=o v2 — x 2 J*-o 

y„x-ir/2 T HX-ir/2 

sin 3 a; <to = - cos a; + (cos 3 s)/3 = 2/3. 

x«o L Jx-o 

43. f X ' l x e*dx = e*/2~\' 1 = e/2 - 1/2 = .8591 +. 

Jx=0 Jx-0 

/•S™ 2 y*X— 1 (fa 



46. f*~ 2 e^'dx. 49. f" 21 ^^ dx. 

J x=\ J x-i x -r x £ 

y~x=r/3 -x-t/4 

sin 4 a; cos a; (to. 60. / cos 2 a; dx. 

x-0 «/x-0 

sin 3 a; cto. 61. / cos 3 a; cto. 

x=o «/x-0 

62. Find the area under the witch y = l/(o + for 2 ) for 0=9, 
6 = 1, from x = to x = 1; for a = 8, 6 = 2, from a; = 1 to a; = 10. 
See IFabZes, III, J. 

63. Find the volume of the solid of revolution formed by revolving 
one arch of the curve y = sin x about the s-axis. 

64. Find the area under the general catenary 

y = a cosh (x/a) = a(e*/°-fe-*/°)/2 
from x = to x = a. 

66. Find the area of one arch of the cycloid 

x = a (0 — sin 0), y = o (1 — cos 5). 

66. Find the volume of the solid of revolution formed by revolving 
one arch of the cycloid about the x-axis. 

67. Compare the area of one arch of the curve y = sin x with that of 
one arch of the curve y — sin 2 x; with that of one arch of y = sin 2 x. 
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68. Show how any odd power of sin x or of cos x can be integrated by 
the device used in Ex. 17. 

69. Show how any power of sin x multiplied by an odd power of cos x 
can be integrated. 

99. Integration by Parts. Use of Rule [VII. — One of the 
most useful formulas in the reduction of an integral to a 
known form is [VI], which we here rewrite in the form 

[VT] fu dv = uv —fv du 

called the formula for integration by parts. Its use is illus- 
trated sufficiently by the following examples: 

Example 1. fx sin zete. Put u — x, dv = sin x dx; then du = dx 
and v =/ % sin x dx = — cos x\ hence, 

Jxsmxdx = — x cos x + /cos xdx = — x cos x + sin x; (check). 

Example 2. ylog x dx. Put log x — u> dx = dv; then du — (l/x) dx, 
v = x, and 

jlogxdx = a; log a; — fx---dx = slogs ~Jdx 

= x log x — x + C; (check). 



Example 3. f Va 2 - x 2 dx. Put u = Va 2 —x 2 , dv=dx; then v = x, 

du = ~ X <&> and fVa 2 - x 2 dx = xVa 2 -x 2 + f f ?<fa ; 
Va 2 — x 2 J J Va 2 — x 2 

but, by Algebra, f f = = - fVa 2 -x 2 dx + f a2dx ; 
./ Vo 2 - x 2 J J Va 2 - x 2 

hence 

= X V fl 2 - *2 + fl2 sin -l f?\ _|_ C. 

This important' integral gives, for example, the area of the circle 
* 2 + y 2 = a 2 , since one fourth of that area is 



f X=a Va 2 -x 2 dx =i 
J x~0 * 



Va 2 -x 2 + a 2 sin-i (j)]*"" 

V^l = ™ 2 . 
. 2J 4 
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EXERCISES 

Carry out each of the following integrations: 

1. Jx cos x dx — x sin x + cos x + C 

2. fx& dx = e* (x — 1) + C. [Hint, u = x, do = e* dr.] 

3. fxlogxdx =- x 2 /4 + (x 2 log x)/2 + C. 

4. fx z log x dx = - xY16 + (x* log x)/4 + C. 

6. yW dx = e* (x 2 - 2 a; + 2) + C. [Hint. Use [VI] twice.] 

6. /sin" 1 a; dx = x sin -1 a? + Vl — x 2 + C. [Hint, w = sin" 1 a;.] 

7. ytan-i a; dx = x tan" 1 x - log (1 + x 2 ) 1 ^ + C. 

8. fx* tan- 1 x dx = (x 3 tan" 1 x)/3 - x 2 /6 + log (1 + x 2 )V6 + C. 

9. Jx (e* — e~*)/2 dx = Jx sinh x dx = x cosh x — sinh x + C. 

10. /x 2 e 3 * dx = e 3 * (9 x 2 - 6 x + 2)/27 + C. 

11. /V* sin x dx = 6* (sin x — cos x)/2. [Set u = e*; use [VI] twice.] 

12. y^ 2 * cos 3 x dx = e 2 * (3 sin 3 x + 2 cos 3 x)/13. 

13. fe~* sin 3 x dx = — e-* (3 cos 3 x -f sin 3 x)/10. 

14. /e°* cos wx dx = 6°* (n sin wx + a cos nx)/(a 2 + n 2 ). 

16. Show that y*P (x) tan' 1 x dx, where P (x) is any polynomial, re- 
duces to an algebraic integral by means of [VI]. Show how to integrate 
the remaining integral. 

16. Show that fP (x) log x dx, where P (x) is any polynomial, re- 
duces to an algebraic integral by means of [VI]. Show how to integrate 
the remaining integral. 

17. Express fx n e** dx in terms of fx n ~ l e°* dx. Hence show that 
fP (x)e°* dx can be integrated, where P (x) is any polynomial. 
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Carry out each of the following integrations: 

18. f(2 - 4 x + 3 z 2 ) log x dx. 20. f(x 2 - x)e^* dx. 

19. f(S x* + 4 x + 1) tan" 1 g dx. 21. yV - 5)^* dx. 

22. From the rule for the derivative of a quotient, derive the formula 
J*(l/v)du = u/v +f(u/ifl) dv. Show that this rule is equivalent to [VI] 
if u and v in [VI] are replaced by 1/v and u, respectively. 

23. Integrate yV sin x dx by applying [VI] once with u = e*, then 
with w = sin oj, and adding. 

24. Integrate ye * sin nx dx by the scheme of Ex. 23. 
Find the values of each of the following definite integrals: 

26. f X ' e \ogxdx. 28. f*~ (1 + 3 x 2 ) tan" 1 x dx. 

xe~*dx. 29. / e~2* cos 3 x dx. 

/^c-1/2 ^-2 

27. / sin" 1 3 efo. 30. / (e* — e"*) (to. 

31. Find the area under the curve y = c~» sin x from a; = to x = x. 
Find the area under each of the following curves, from x = to x = 1. 

32. y = xer*. 33. y = x 2 £T*. 34. y = s 3 ^*. 

36. Compare the area beneath the curve y — log x from x — 1 to 
re = e with the area between this curve and the t/-axis, and the lines 
y = and y = 1. 

36. Show that the sum of the area beneath the curve y = sin x from 
x = to x = & and that beneath the curve t/ = sin -1 x from 3 = 
to x — sin A; is the area of a rectangle whose diagonal joins (0,0) and 
(&, sin k). 

100. Rational Fractions. Method of Partial Fractions. A frac- 
tion N/D, whose numerator and denominator are poly- 
nomials, is called a rational fraction. If such a rational 
fraction is to be integrated, we first note whether or not the 
degree of N is less than the degree of D. If not, we divide 
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N by D, to obtain a quotient Q and a remainder R whose 
degree is less than that of D. 

Example, yr = —r-r = 2 x + 



Z) a? + x , x z + x 

The integration of Q can be carried out at once. It 
remains only to consider the integration of rational fractions 
of the form R/D, where the degree of R is less than that of 
D. We shall proceed to discuss the integration of such 
forms, and we shall divide the discussion into several cases. 

101. Case I. Denominator Linear or a Power of a Linear Form. 
If the denominator of the fraction R/D (§ 100) is linear, or 
is a power of a linear form, i.e. if 

D = ax + 6, or D = (ax + &)», 
the substitution u = ax + b transforms the integral of R/D 
into a new form which is readily integrated. For this reason, 
we shall reduce other cases to this case whenever possible. 

102. Case n. Denominator the Product of Several Linear 
Factors. If the denominator of the fraction R/D (§ 100) 
is the product of several linear factors, the fractions R/D 
may be replaced by a sum of simpler fractions. The 
simpler fractions which compose this sum are called partial 
fractions. Each linear factor ax + b of D gives rise to one 
such partial fraction, whose denominator is ax + b and 
whose numerator is a constant. Each of these partial 
fractions can be integrated as in § 101. The process is 
illustrated by the following example. 

Example. Evaluate the integral / -, -r^-, — nrr? — r-sr <&• 

J (x- l)(x + l)(x + 2) 

The numerator of the integrand is already of less degree than the 

denominator. We first set down the partial fraction sum just described : 

6 x 2 -f 3 x - 15 = A B C 

(x - l)(x + l)(x + 2) x - 1 + x 4- 1 x + 2 ' 
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where the constants A, B, C are as yet unknown. To find them, we 

clear of fractions, obtaining the equation 

6x2 + 3x - 15 = A{x + i)( x + 2) + B(z-l)(x+2) + C(x-l)(x +1), 

which must hold for every value of x. If any three values of x are sub- 
stituted for x in turn, we obtain three equations that may be solved for 
A, B, and C. Values that are particularly simple are x = 1, x = — 1, 
and x — — 2. Substituting each of these in turn, we get A = — 1, 
B — 6, C = 1. It follows that we may write 

6x2+3z-15 1 6 1 



(x- l)(s + l)(s+2) *-l l o? + l*+2" 

Each of the fractions on the right may be integrated readily as in 
§ 101. Hence 

6x2+3x-15 ,/•-!.,/• 6 , , /• vl 



2 <fe 



/(* - lx* + «(* +2)^ = fx~=i dx + /m dx + yv+ 

= -log(a:-l)+61og(x + l)+log(a: + 2) 

. (X + 1)6 (3 + 2) 



= log- 



x- 1 



103. Case m. Repeated Linear Factors. If one of the linear 
factors of the denominator D (§ 100) is repeated, i.e., if there 
is a factor of D of the form (ax + b) n , that factor gives rise 
to several partial fractions of the form 

ax + b ^ (ax + b) 2 ^ (ax + 6) 3 ^ ^ (ox + b) n ' 

Otherwise the process remains as in § 102. This case is 
illustrated by the following example. 

Example. Evaluate the integral J . i 2 u — 2^3 dx ' 
According to the processes described in §§ 102-103, we first write 
3 x* - x + 1 _ A B C _,_ D 



(s + 2)(*-3)» x+2 r z-3 ' (x-3)2 ' (x-3)3* 

To find A, B,C, and D, we clear of fractions 

3 a* - x + 1 = A(z - 3)3 + £(z + 2)(* - 3)2 + C(x + 2)(s - 3) 

+ D{x + 2) 
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and then substitute for x, in turn, any four values of x. If we take 
x = - 2, 0, 1, and 3, in turn, we find A = - 3/25, B = 3/25, C = 
12/5, D = 5. Hence 

r 3 s 2 -3 + 1 , 
./ (x + 2)(x-3)3* c 

/ — 3<fa r Sdx r \2dx r 5dx 

25(x + 2) + ./ 25(z - 3) + J 5(x - 3) 2 + ^ (s - 3)3 

= "|:l0g(s+2)+|;l0g(z-3)- U ^ 



25 6 v ' ' ^ 25 6 v ' 5(s -3) 2(x - 3) 2 

= Ai *~" 3 24s -47 
25 g x+2 10(z-3) 2 ' 

104. Case IV. Quadratic Factors. If the denominator D 
(§ 100) contains a quadratic factor ax 2 + bx + c which can- 
not be factored into real linear factors, we insert in the sum 
of partial fractions one fraction whose denominator is that 
quadratic factor and whose numerator is a linear expression 
Ax + B. The resulting fraction 

Ax + B 

ax? + bx + c 

can always be integrated. The process is illustrated in the 
example which follows, and in exercises in the following list. 
The general case is treated in the Tables, IV, B, No. 21, 
p. 38. 



10s -5 

(x-l)(x 2 +4) 1 
We first write 



/1Q /g C 
7 IN/O , A\ dX. 
[x — l)\x z +4) 



10x-5 _ A Bx + C 



(x- l)(z 2 +4) x- 1 ' z 2 +4 ' 
Clearing of fractions, we have 

10 x - 5 = A(x 2 + 4) + (x - 1) (J5x + C). 
Settings = 1, 0, — 1, in turn, we find A = 1, B = — 1, C = 9. Hence 
10 x — 5 , /• cte /•! — 9 



/ 10 s — 5 , = r ax r s — 1 

(x- l)(z 2 + 4) ^x-1 ^x 2 + 



4 <fe. 
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The first integral on the right is easily evaluated by § 101. The second 
integral on the right may be broken up into two parts which can be 
integrated separately: 

/FTi ** = I log (z2 + 4) (See **' 13 ' p ' 160) 

fj^Tt dx= l t* 11 " 1 \ <*e Ex. 20, p. 160.) 

Collecting all these partial results, we have 

/ ^wrg ^-^^-^-j^^+^-l*" 1 - 1 !} 

. x — 1 . 9 , . s 

= lo «vifr4 + 2 tan, 2- 

105. Case V. Repeated Quadratic Factors. If the denominator 
D (§ 100) contains a quadratic factor to a power, i.e., if D has 
a factor of the form (ax 2 + 6x + c) n , we insert among the par- 
tial fractions a set of fractions analogous to those of § 103, 
but with numerators that are linear, and with denominators 
that are successive powers of the quadratic: 

Ax + B Bx + D Lx + M 



ax 2 + bx + c T (ax 2 + bx + c) 2 T ^ (ax 2 + bx +c) n ' 
The determination of the unknown constants A, B, C, etc., 
is performed as before. In general, the resulting partial 
fractions can always be integrated, but the problems become 
more and more difficult as the exponent n increases. The 
method of integration essentially depends on the process of 
§ 99 (integration by parts). Difficult examples should not 
be attempted without the assistance of the Tables, where 
the results of integration by parts are given in the general 
formulas 23 and 25, p. 38.* These, together with formulas 

* Even when it is desired to proceed without the use of tables, it is best, 
for difficult examples, to derive such formulas as 23 and 25, p. 38 (Tables), 
once for all, by integration by parts, and then to use these formulas instead 
of repeating the work in each example. 
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21, 22, and 24, p. 38, are sufficient to integrate any such 
expression. The process is illustrated by the following 
example. 

/10 x 3 + 7 x 4- 4 
(x — 2) {x z + o) 2 
As indicated above, we first set 

10 x* + 7 x -f 4 = _^1_ fix + C Dx + E 
(x-2)(x 2 +3) 2 x-2 + x 2 +3 + (x 2 + 3) 2 

Clearing of fractions and determining the constants as before, we find 
A = 2, £ = - 2, C = 6, D = 6, and # = - 11. It follows that 

/■ 10x 3 +7 x-f4 _ r 2 r-2^+6 /» 6x- 11 ^ 

./ (x-2)(x 2 + 3) 2dX ~^ x-2 Cte_h ^ ~x 2 + 3 ^"^ (x 2 +3)2 to - 

The first integral on the right can be evaluated by § 101. The 
second one can be evaluated as shown in the example of § 104. The last 
integral may be evaluated either by an integration by parts, or by use 
of the formulas 22 and 23 on p. 38 of the Tables. 



EXERCISES 

Carry out each of the following integrations. 

L AiT* = log ***+*■ 

„ r dx 1 r( 1 1 \, 1, x-1 

n r dx 1 , x -f a 

f dx _ f dx _ 1 , _, x + 1 

*• J x2 + 2z + 10~ J (x + l)2+9 3 tan 3 

6 - A> + el + 10 -*"•*<* + 8) - 

/» c?x _ f___jte___ _Ii 3?~" I 

7 * ./ x 2 + 2 x - 3 ~ ./ (* + l) 2 - 4 4 10g x + 3* 

rfx 1 , 2 x - 2 1 , x - 1 



8 * ./ 4x 2 + 4x-8~12 10g 2x-r-4 12 10g x + 2 
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In each of the following integrals, first prepare the integrand for in- 
tegration as in §§ 101-105 ; then complete the integrations. 

9. f x2 S J~ x 7 +e dz=log(x-2)+21og(x-3)=log [(x-2) (x-3)2J. 
10. ff x ^ 2 dx^Slo gX ^llo g (Sx + 5l 

I*" J 2 .I. 1 ^ ~ X "+" tan_1 x - 

12 - / x 2 + ^ 1 +2 dc=logV:c2+2:C + 2 ^ 2tan " 1(1+a;) * 

13. / , ; ■ , ., = — -p. tan * —p. — x tan * 7:- 
J x* + 7 x 2 + 12 V3 V3 2 2 

r xdx 17 r_tfdx 

10 ./x2-5x + 6 ;x J -4 

la r <** . 19 r_^_. 

20 f ** 21 f dx 

"*' J x3 + 2 x2 ^ 2 x3 + 7 x 2 + 6 x 

^ ^ (x - 1)2 (x - 2) ** •/ (x - 1) (x2 + 1) 

**' 7(x + 2)(x+3)2 Z0 - ^ s+a***' 

26 f x2-5x + 3 /» * 2 d* 

26 ' ^ (x + l)(x-2)2 «• 27 ' J X 4 _ 16 

/» X2(fo r * 2 ~*+ 2 ffa 

»• J( X 2_9)2- 29 7x 4 -5x2-|-4 (to - 

Derive each of the following formulas. 

30 f dx = -1 log mx + n . 
' J (ax + 6) (rax + n) an — bm ax +6 

/» xrix _ 1 b (* + q)« 

31 ./(x + a)(x + &) a-6 10g (x+&)> 

00 r xdx _ b , Vx 2 + a , Va x 

32 ' 7(x2 + a)(x + 6)"a + fe2 10 g x + 6 a + &2 tan V*" 
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33. Derive each of the formulas Nos. 18-24, Tables, IV, A. 

Evaluate each of the following definite integrals. 

** r x ' 2 S-3x-x2 J oe /•*- 4 15-7a;-f 3x 2 -3x3 , 

*■ yr.i *(s+2)2 ^ 35 - X-2 — *+*# — <**• 

Jx-3 (x — 2) 3 
[Note. Further practice in definite integration may be had by insert- 
ing various limits in the previous exercises.] 

Carry out each of the following integrations after reducing them to 
algebraic form by a proper substitution. 

tur r sin x , M r cosa; , on r e* dx 

37. / =—; 7r-dx. 38. I - A r-z-dx. 39. / -. «-• 

J 1 -f cos 2 x J 4 — sm 2 x J 1 — e 2 * 

M* C j r cosx , 1, 1+sini . . /t.x\ 

40. y sec x dx =J 1 _ aiQix dx = ^fTT^ = log *"» U + 2j ' 

41. Jcscxdx. 42. Jsechxdx. 43. Jcschxdx. 

A . r sec 2 a; , ._ re* — e - * , 

44. It i — o-^- 46. /— -j dx. 

J tan a; — tan 2 x J e* + e~ s 

106. Rationalization of Linear Radicals. If the integrand 
is rational except for a radical of the form Vox + 6, the sub- 
stitution of a new letter for the radical 



r = Vox + b 
renders the new integrand rational. 



>x + Vx~+2 



/X ~T~ Vj 
— IT 



X 



dx. 



Setting r = Vx + 2, we have x = r 2 — 2 and <fo = 2 r dr; hence 



/ i - i ifP'*-/^ 2 '''" 2 /;-Ti 



r dr 



= 2/(r + l- r -^ 1 )dr=r 2 + 2r-21og(r + D+C 
= * + 2 + 2 V*7+2 - 2 log (VF+2 + 1) +C. 
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The same plan — substitution of a new letter for the essential 
radical — is successful in a large number of cases, including 
all those in which the radical is of one of the forms: 

where n is an integer. Integral powers of the essential radical 
may also occur in the integrand. 



107. Quadratic Irrationals: Va + bx dz x 2 . If the integral 
involves a quadratic irrational, either of several methods 
may be successful, and at least one of the following always 
succeeds: 

(A) If the quadratic Q = a + bx ± x 2 can be factored 
into real factors, we have 

VQ=V(a + x) (0±x) = (a + x)J^; 

and the method of § 106 can be used. The resulting expres- 
sions are sometimes not so simple, however, as those found by 
one of the following processes. 

(B) If the term in x 2 is positive, either of the substitutions 

VQ = t + x, VQ = t-x, 

will be found advantageous. One of these substitutions may 
lead to simpler forms than the other in a given example. 

(C) Completing the square under the radical sign throws 
the radical in the form 

VQ = V±k±(x±c) 2 ; 

the substitution x d= c = y certainly simplifies the integral, 
and may throw it in a form which can be recognized instantly. 
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(D) After completing the square under the radical sign, 
the radical will take one of the forms Vk 2 — x 2 , Vic 2 + x 2 , 
Vx 2 — k 2 . Then a trigonometric substitution often leads 
to a simple form. Thus: 

if x ~ k sin 0, Vk 2 — x 2 becomes k cos 0; 

if x = k tan 0, Vk 2 + x 2 becomes k sec 0; 

if x = k sec 0, V# 2 — A; 2 becomes fc tan 0. 

Example. Let Vq = Vx 2 ± a 2 ; show the effect of substituting 
VQ = t-x. 

If Vx 2 ± a 2 = t-x,we find 

and the transformed integrand is surely rational. Carrying out these 
transformations in the simple examples which follow, we find 

«> /vsfb-J"(^*'-*r)-.f?- h " +,J 

= log (x + Vip) + C, where Q = x 2 ± a 2 . 

These integrals are important and are repeated in the Table of In- 
tegrals, Tables, IV, C, 33, 45a. Many other integrals can be reduced 
to these two or to that of Ex. 3, p. 163, or to Rules [XVI] or [XX] by 
process (C) above. 

EXERCISES 

1. fx VJ^l dx = (1/15) (6 x + 4) (x - 1)3/2. 



_ fVX + 1, / — j— 7 , , vx + l— 1 

2. / ! — dx = 2Vx + 1 +log . 

J x *Vx -j-1 + 1 

3> r — ^ == =2tan-iV^^l. 



'^\r+i 



rfx = Vl — z 2 + sin-i x. 
a; 
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./ (ox + 2 6) Vox + 6 oVft \ 6 

fi f ** ^ v5~+i i. Vx+l + i 

"•/^vin * +2 log Vx-+i~i' 

7. /(a + &x)3/2<*r = ^ (a + 6x)*/2. 

'./(a + &*)«/* &V^+fo* 

Carry out each of the following integrations. 

9. fxVTT^dx. 10. /" — y 

J J (x - 1) vT=^ 

U./ !**_ !2. fJ{±*dx. 

17. /x ^TTxrfx. 18. fx y/S x + 7 dx. 

w - ./ ^fTTJ ^ •/ (x + 1)2/3 

J l + Vi J * 1/2 + * 1/6 ' 



^ (1 -j- x) 3 /2 Jo 1 — 



vr 



25. /*I±^b. 2 6. r 3 ** 

•^4 i - Vx ^oi + vTTx 

Carry out each of the following integrations by first making an ap- 
propriate substitution. 

27. f cos * rfx. W.Y-25. 

^ 3- Vsinx ^ 1 - 



x Vcosx 



2 Vcosx 



dx. 



/ e'dx <t r 1 + Vsin x 

sec 2 x dx ne% r sin x dx 



cos x dx. 



29 f 8ec - da; <*2 /* - 

' J V2 + 3tanx* ^ (2 + 3 cos *)«*" 
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Substitution of a new letter for the essential radical is immediately 
successful in the following integrals. 

33. fxVT+tfdx. 36. f P +«><** = . 39. f#VZ+b*dx. 
X* dx ol _ r xdx An r x* 



M f x*dx r xdx f x* 

°** J VT+& J (a + 6x2)3/2* w * J V^+te3 

36. JxiX +x 2 W 2 dx. 38. / **. 41. f J^t=, 

«/ ^ (a + 6x2)p/« J Va + bz» 

Carry out each of the following integrations. 
^ x v x 2 — a 2 a a 



44. 



dx 1 \ a — x 

(x 4. a ) V a 2 — x 2 ~~ a \« + *" 



46./ ** = tan-i 



(1+2 x2) vTT^ V^qri 

._ z-2 x 2 - a 2 , , 

J VxTZTtf**-*^ 2 -" 2 - 

dx At\ f dx m* P dx 



48. / yg 49. f—£=. 60. f—=— 

J V4 z* + 1 ^ x V4 12 + 1 «' a;" V4a;2 + 1 

»._/— j— dr. S2.J^—dx. 63. 7 ^==<fo. 

The following integrations may be performed by the methods of 
§ 107; note especially method (C), which consists in completing the 
square under the radical. 

w - fv&^hri = lo s( 2 *- * + 2 ^^=^+1). 

66. / . = = sin 1 t=— 

66. /" - = sin" 1 — s— = vers" 1 ^ [+ const.]. 
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67./- 

68. f- 7 ___ „- . 

•^ x V7 x2 + 6 x - 1 4 * 

69. f , dx _ ■ 60. f^=M=. 9Lf— = M == . 
J V2 x* + a; + 1 • / Vl+x-2x2- ./Vl-23-3* 

62. [ , ** =. 66. fVT+T+&dx. 

63. /* - *** 66. /VjTx^+Tor+9dx. 

^ x V«2 + 2 * + 3 ^ 

64. /" , ** 67. fxVT+~x~+tfdx. 

J (x+4) Vx2 + 3x-4 ^ 

Integrate by parts, [VI], each of the following integrals. 

68. ^x sin-i a; dx. 71. f(?x-2) sin"* x (to. 
-. /•sin- 1 x, _ r2-fx 2 

69. ^y — 2~ <**• 72 - J — 2~ cos * < * c * 

70. /*x cos -1 x dx. 73. y (sin -1 x + 2 x cos" 1 x) dx. 

108. Trigonometric Integrals. A number of trigonometric 
integrals have been evaluated in the preceding lists of exer- 
cises. The processes explained in Exs. 14, 15, 17, 25, 26, 
28, 29, 30, 31, pp. 160-61, may be generalized and stated in 
the form of standard processes. They depend chiefly upon 
the use of well known relations between the trigonometric 
functions. (See Tables, pp. 12-13.) 

Since it is desirable to avoid the introduction of radicals 
that were not present in the original example, we do not 
ordinarily use the trigonometric formulas that involve a 
square root. But* it is desirable to notice that 

(a) Any even power of sin x can be changed into a sum of 
powers of cos x by the relation sin 2 # + cos 2 # = 1. 

(6) Any even power of cos x can be changed into a sum of 
powers of sin x by the same relation. 
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(c) Similarly, sums of even powers of tan x may be changed 
into sums of even powers of sec x, and conversely, by the 
relation sec 2 x = 1 + tan 2 z. 

(d) All the trigonometric functions may be changed into 
forms in sin a; and cosx without introducing any new 
radicals. 

(e) The square of sin x and the square of cos x may be 
expressed in terms of the first power of cos 2 a: by means of 
the formula cos 2 x = cos 2 x — sin 2 x. 

(/) All the trigonometric functions can be expressed 
rationally in terms of tan (x/2). 

109. Integration of Odd Powers of sin x or of cos x. Any 

odd power of sin x may be integrated, as in Ex. 17, p. 160, 
by the substitution u = cos x. 

Likewise, any odd power of cos a; may be integrated by 
means of the substitution u = sin x. (See Ex. 25, p. 161.) 

More generally any integral of the form 



i 



sin w x cos m x dx 



can be integrated if either m or n is an odd integer. If n is 
odd, set u = cos x; if m is odd, set u = sin x. This process 
is illustrated by Exs. 14, 15, 16, 18, 19, p. 160; and by the 
following example. 

Example. Evaluate the integral f sin 3 / 2 x cos 3 x dx. 
Set u = sin x; then 

/ sin 3 / 2 x cos 3 xdx = J sin 3 / 2 #(l — sin 2 x) cos x dx 
= J uM (1 - w 2 ) du 

= \ uW - I uW = \ sin5/ 2 x - I sinV2 Xm 
o y o y 
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110. Reduction Formulas. If the integrand is an even 
power of sin x (or of cos x) we may use § 108 {e), as in Exs. 
30, 31, p. 161, or we may proceed by integration by parts, 
as follows. Let us first write 

I sin n x dx = I sin 11-1 x sin x dx 

and then integrate by parts (§ 99) by taking 

u = sin w-1 x, dv = sin x dx, 

du = (n — 1) sin n_2 x cos x dx, v = — cos x. 

Then we obtain 

f sin n x dx = — cos x sin n_1 x + (n — 1) Jsin n - 2 x cos 2 x dx. 

Replacing cos 2 £ by 1 — sin 2 a; in the last integral and breaking 
it up into two integrals, we have, 

f$m n x dx = — cos x sin n-1 x + (n — 1) Jsin n ^ 2 xdx 

— (n—l)f sin n x dx. 

Transposing the last integral and dividing by n, we find the 
formula {Tables, IV, E, 57) 

m C • n j cosrr sin n-1 £ , n — 1 C . n _ 2 , 

(1) I sin w xdx = — 1 I sin n £ x dx. 

J n n J 

Repeated applications of this formula reduce the left-hand 
side to integrals that involve sin n_4 x, sin n ~ 6 £,'•••, down to 
sins if n is odd, or to sin°x (= 1) if n is even. In either 
case, the integration can be completed by the use of a stand- 
ard formula. 

In a similar manner, we obtain the formula {Tables, IV, E, 
60) 

/o\ C n j sinz cos n-1 :r , n— 1 C „_ 2 ■, 

(2) I cos a; dx = I cos n xdx. 

J n n J 
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By solving these formulas for the integral on the right-hand 
side, we obtain 

(3) fnn-'xdx = cos * ^'^ + -»- fsufx dx; 
J n — 1 n — U 

and 

(4) f cos*" 2 * dx = - ™ gC0B ^ Ig + _!?_ fcos-x cfa. 

These formulas raise the exponent in the integrand. Hence 
they are useful in integrating negative powers of sin x and 
cos x y i.e. positive powers of esc x and of sec x. 

An analogous integration by parts leads to the formula 
(Tables, IV, E, 64) 



(5) /, 



sin* a; cos m xdx 

+ m ~~ f sin*a;cos ro - 2 :rcte 
m + nJ 



sin n+1 x cos m * * . m — 



m + n m + n, 

_ _ sin-'xeos^x n^ f s i n »-^ cos >» x <fo, 
m + n m + nJ 

The proof of this formula is left as an exercise for the student. 
If either m or n in (5) is an odd integer, the process of § 109 
is usually quicker. But if both m and n are even integers, 
the formula (5) is very useful. 

Example 1. Evaluate J* cos 4 x dx. 



/. , cos* x sin x ,6 r 
cos *xdx = j— + Z J 



cos 2 x dx 



cos 3 x sin x 



, 3 |~cos x sin x . 1 /• , 1 
+ l|_ 2— +2^^] 



cos 3 x sin x . 3 . .3 

h 5 cos ismx + ^a;. 

4 o o 
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If, in this example, we should follow the method suggested under 
(«) of § 108, we would write 

CO S 4^(cOs2x)2=( 1+ 7 2g ) 2 

= 2 (1+2 cos 2 x + cos 2 2 x) 

1 A i o o . 1 + cos 4 x\ 
= I [ 1 + 2 cos 2 x H - \ • 

Then 

/, , 3 x . sin 2 x . sin 4 x 

Example 2. Evaluate y sec 3 x dx. 
By (4), with n = — 1, we find 

/, , r . _ sinxcos^x , — 1 /• , , 
sec 3 xdx — J cos 3 ici = — = h — s / cos" 1 x ax 

sin x sec 2 x . 1 r 
= ^ r g y sec x ax. 

The integration may now be completed by means of Ex. 40, p. 172, 
which is essentially an application of § 109. 

Example 3. Evaluate y*sin 2 x cos 4 x ox. 
By the second part of (5), we have 

/• o a i sm x cosB x I 1 C A J 
sin 2 x cos 4 x ox = ^ f- -I cos 4 x ax. 

The example may now be completed by following Example 1. 

111. Powers of tan x and of sec x. Any even power of tan x 
may be reduced to a sum of even powers of sec x (§ 108 
(c) ). This may be integrated by the method mentioned in 
§110. 

Another method of integrating any even power of sec x 
consists in making the substitution u = tan x. Since 
du = sec 2 x dx, and since even powers of sec x may be 
reduced to a sum of even powers of tan x (§ 108 (c) ), the 
integration becomes very simple, as is illustrated by Exam- 
ple 1 below. 
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Odd powers of sec x can be most readily integrated by the 
method of § 110, as shown in Example 2, § 110. 

Any positive integral power of tan x may be integrated by 
reducing it to one of the two integrals: 

(l)ft&nxdx= — log cos x = log sec a:. (SeeExs.33, 34, p. 161.) 
(2)ftsin 2 xdx = % / % (sec 2 x — 1) dx = tan x — x, 
by means of the reduction formula (see Tables IV, E, 70) : 
(3) f tan" x dx = ^^-p - f tan*" 2 x dx. 

This reduction formula is obtained as follows: 

Jtan n x dx = Jtsni n ~ 2 x tan 2 xdx= y*tan n ~ 2 x (sec 2 x — 1) dx 

= y*tan n ~ 2 x sec 2 xdx — y*tan n " 2 x dx. 

If we set u = tan x in the first integral on the right-hand 
side, we obtain the formula (3). 

Example 1. Evaluate the integral y*sec 4 x dx. 

Put u =s tan x; then dw = sec 2 x dx, and we may write 

/ sec 4 x dx = /sec 2 x sec 2 x dx = /(l + tan 2 x) sec 2 x dx 

/z$ tan 3 x 
(1 + it?) du = u + -x- = tan x H ~ — 

Example 2. Evaluate ytan 4 x dx. 
As indicated above, we may write 

/tan 4 x dx = /(sec 2 a; — l) 2 dx = /(sec 4 x — 2 sec 2 x + 1) dx 

= / sec 4 £ dx — 2 tan x -\-x. 

The remaining integral may be integrated as in Example 1. The stu- 
dent should also apply the reduction formula (3) to this integral. 

Example 3. Evaluate ytan 3 x dx. 
Applying (3) we have 

/ x , , tan 2 x r, , tan 2 x . , 
tan 3 x dx = — / tan xdx = r + log cos x. 
n — 1 •/ n — 1 ° 
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EXERCISES 

Evaluate the following integrals. 

1. /sin 4 x dx. 2. /sin 2 x cos 2 xdx. 3. / tan 6 x dx. 

4. /tan 5 x dx. 5. /sec 2 x tan 4 x dx. 6. / esc 3 x <&. 

7. /tan x sec 4 x dx. 8. /csc 4 x dx. 9. / esc 6 x cJx. 

10. J cot* x dx. 11. /cot 5 x dx. 12. /tan 2 x csc 2 x dx. 

13. fese x cot 2 xdx. 14. /"-^^ 15. /\ — ^-. 

•/ •/ sin x cos x J sin x cos 3 x 

16. f *> w /^injx+o)^ 18 r dx 

•/ sin 2 x cos 2 x •/ sin x J vsin x cos 3 x 

//* /"COS 3 X 

sin 2 x cos 3 x dx. 20. / sin 3 x cos 2 x dx. 21. / . 2 dx. 

22. f^^dx. 23. fain* x cos* xdx. 24. f-—-^——. 

J sin 2 x •/ «/ sin 2 x cos 4 x 

ft _ /•sin 3 x dx _„ /•sin 3 x , ft _ rcos 2 x , 

26. / 26. / — irdx. 27. / -r-^— dx. 

./ cos x •/ cos 2 x «/ sin 3 x 

28. fain* x cos 3 x dx. 29. /sin 4x cos 3xdx. 30. /sin 3x cos 4xdx. 

31. Verify formula 111 of Table IV, E. 

32. Verify formula 112 of Table IV, E. 

112. Elliptic and Other Integrals. If the only irrationality 
is Vq, where Q is a polynomial of the third or fourth de- 
gree, the integral is called an elliptic integral. While no 
treatment of these integrals is given here, they are treated 
briefly in tables of integrals, and their values have been com- 
puted in the form of tables.* See Tables, V, D, E. 

* Some idea of these quantities may be obtained by imagining some per- 
son ignorant of logarithms. Then J* (1/x) dx would be beyond his powers, 
and we should tell him "values of the integral J* (l/x) dk can be found tabu- 
lated" which is precisely what is done in tables of Napierian logarithms. 
Of course as little as possible is tabulated; other allied forms are reduced 
to those tabulated by means of special formulas, given in the tables. 
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The discussion of such integrals, as well as of those in 
which Q is of degree higher than four, is beyond the scope 
of this book. 

113. Binomial Differentials. Among the forms which are 
shown in tables of integrals to be reducible to simpler ones are 
the so-called binomial differentials: 

f(ax n + b) p x m dx. 

It is shown by integration by parts that such forms can be 
replaced by any one of the following combinations, where u 
stands for (ax n + b) : 

(1) /*V dx = (A x ) u p xT +1 + (#0 fu p ~ l x n dx, 

(2) fu p x m dx = (A 2 ) u p+1 ar +1 + (B 2 ) fu p+1 x m dx, 

(3) fu p x m dx = (A 3 ) u p+1 x m+1 + (B z ) fu p x m + n dx, 

(4) fu p x n dx = (A 4 ) w*+ V- n+1 + (£ 4 ) fu p ^- n dx, 

where A\, A 2y A 3 , A±, B u B 2) B z , B^, are certain constants. 

These rules may be used either by direct substitution from 
a table of integrals in which the values of the constants are 
given in general * (see Tables, IV, D, 51-54), or we may 
denote the unknown constants by letters and find their 
values by differentiating both sides and comparing coeffi- 
cients. 

* Such formulas are called reduction formulas; many other such for- 
mulas — notably for trigonometric functions — are given in tables of inte- 
grals. (See Tables, IV, E a , 57, 60, 64, etc.) It is strongly advised that no 
effort be made to memorize any of these forms, — not even the skeleton 
forms given above. A far more profitable effort is to grasp the essential 
notion of the types of changes which can be made in these and other in- 
tegrals, so that good judgment is formed concerning the possibility of 
integrating given expressions. Then the actual integration is usually per- 
formed by means of a table. See also Tables, IV, Eo, 78, 82 (6) ; Eft, 85, 
86; E c , 92-94; Ed, 98, 106; B, 17 (b), 25; etc. 
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/dx x /* dx 

(ol 2 + b) vt = V 2 + 6)1/2 + Bf {axi + h)UV by (2). 

Differentiating and comparing coefficients of x 2 and x°, we find B = 
and A = 1/6; hence 

fl^TW^WW+T) ; (ch£ck) ' 

/x^dx Ax 2 i* xdx 

(ax2-i-6)3/2 = (ox2+6)i/2 + B J (ax*+b)M > hy (4) ' 
Here A = l/o, B = -2 b/a, 

, /• x 3 dx _ ox 2 + 26 



(ox 2 + 6)3/2 fl2 V(ax2-f6) ' 



114. General Remarks. The student will see that integra- 
tion is largely a trial process, the success of which is dependent 
upon a ready knowledge of algebraic and trigonometric trans- 
formations. Skill will come only from constant practice. 
A very considerable help in this practice is a table of integrals 
(see Tables, IV, A-H). The student should apply his intelli- 
gence in the use of such tables, testing the results there 
given, endeavoring to see how they are obtained, studying 
the classification of the table; in brief, mastering the table, 
not becoming a slave to it. 

In the list which follows, many examples can be done by 
the processes mentioned above. The exercises 43-97 may 
be reserved for practice in using a table of integrals. 

REVIEW EXERCISES 

1 + 4 x , /-2 x 2 + 6 x + 15 



r dx f x ^±±dx 



* + l . a f X2+X-1 



••/<K^ «•/ 



(x + 1) (x - 1)2 
r s» + l , a /-XH-2X2-J. 

Vx2-3x + 2 * J * 3 -* 2 



dx. 



dx. 
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9 f <** in f ** 11 f dx 

J (1 - x 2 ) 2 J 4 x* + 5 x 2 + 1 •/ 16 - x< 

/• x3 + 3x j 19 /» x<(fa t . /• 6x 5 cfa 

12 - 7 x 2 + 3x+4 dX - 13 - ^ x<-2x 2 + l' "• ./ (5 - 7 *»)»' 

r xdx 1R /• x 2 dx „ /• <fa 

16 -yxf^l' ^x 2 + 2x+5* -/x 2 +4x + 2' 

18. fxVi-+2dx. 19. /"—£=• 20. /V^=- 

•^ •' x Vx - 1 ^ Vox + 6 

21 /• jg 22 /• g<fa: ■ 23 /• ( a; - 2 ) <fa 

•/ V(^+teT3 ^- •/ Vfo+i)* ""J <?- I)'/ 2 

/» (2+x)(fa „ /• * 2 <fa o B /- (1 + Vx") 2 

"•/irffe*- 28 -/s^+% */-«^* 

30-/^^- 31./^^. 32./^-^^. 

qq r dx 34 r <** 

33 7i3 ( i- X 2 } 3/2 *»• ^ vr+^+ ^r+* 

p_yfcdx_ , R r x*dx s f_ x ^_. 

38. f-^J^Ldx. 39. /*x ^3x + 7dx. 40. fx ^a + 6x2 dr. 
J y/3-x J J 

41. f x 3 (a + x 2 ) 1 / 3 dx 42. ^ x* (1 + x 3 ) 1 / 3 dx. 

In the following integrations, use Table IV freely. 



dx. 



AQ f dX AA C dx AK f 3X+2 

43 J (a;2 + l)2- **' 7 ( X 2 + 5)3* *°' 7 (*2 + 3 )3 

>ic /* 5x-3 , .„ f_____dx____ aq f xdx 

**'J (2x2- i)2 <**- **' J {x 2 + 2x + 5)*' *°* •/ (x+l)2(x+2)2' 

m* f dx mfi f x2 dx _., /• x*d x 

49 -7 a ,Vx 2 -4" 5a ^VxT^' 61 - 7 (7 + 4x3)2/3- 

62. f {<* - xW dx. 63. /(x2-o 2 )3/ 2 dx. 54./ (9a f_f g 3)3/4 - 

^ (a + 6x 2 )3/2- OD - y (1 - x 2 )3/ 2 ' ' ./ (o + 6x 2 )5/2" 
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68. f c -^-^dx. 69. f°-^4^dx. 60. fam*xcos4xdx. 
•/ sin x J cos 2 x J 

m f de fio r de ao r de 

J 2 + sin a ^ 2 - 3 cos 0*' J 2 + b sin 

64. y cos« a da. 65. y ctn2 s x dx. 66. f sin*/* B cos* d0. 

-i 2 x + 3 , fta r 2 x* + 2 i «* r 1 3 x - 2 



67 . r±*±*dx 68. r*L£*dx. 69. f ^^dx. 
Jo (x — 2) 2 Ji (2x— l) 3 Jo 2s 2 + 3 

'2 W2I+3 ' ^2 Vx2-3" 



70. / f—z — 5 (to. 71. / — . 72. / dx. 

Jo 2x 2 — 3 J2 xV2i + 3 ^2 



Jo V4 — z 2 Ji Vx 2 -|- 1 ^1 vx 2 — 1 

7B / ,2 __^___ 77 Z*" 1 dx 

t0 'Jo (2x + l)(xH2)' "' J-2 Vx*-8x 

Find the values of the following definite integrals by using the tabu- 
lated numerical values: Tables, V, A-H: 

y„x= 1.5 ,,£=» 1.4 f*z _|_ p—x ~l— 1.4 

e* (to. 84. / Y dx= I cosh x (to. 

x*0 «/x=0 ^ Jx— 

r«2.5 ^=2.3 

e2»(to. 86. / sinhx(to. 

_ .1.2 «/x=o 

y„X-1.4 ^=2 <£r nx-2 

c-* (to. 86. f x = cosh-i x 

x=0 J x=\ Vx 2 — 1 J*=i 

y„x=2.3 1 -x=l /7 T "lx=l 

-(to. 87. f , =sinh-ia; . 

x»l X Jx=0Vx 2 -\-l Jx-0 

^-4.1 1 ~x=3.6 * fo J.-IX-3.6 

82. r — - dx. 88. f y _ =cosh-ig 

Jx-3.5 x — 2 J^.2 Vx 2 — 4 2Jx-2 

y,x-3.2 1 -x-14.4 fjjr --lx-14.4 

-^i— (to. 89. f , =sinh-i| 

x=2.i £ z — 1 Jx=0 Vx 2 +9 ojx-o 

a — 30° An 

90. f = = F (i, 30°), TabZes, V, D. 
^0=0- Vl- (1/4) sin 2 8 

91. /*" VI- (l/4)sin 2 0rf0 = E (i, 45°), Tables, V, E. 
•/ 0=0° 

— _ • 93. f Vl-.25sin2 0d0. 

0=15° Vl — .04 sin 2 $ J e-30° 

r x =V 2 dx ' /^= 30 ° d0 



* Jx-o Vl — x 2 Vl — ,25 a: 2 ^0-0° 



Vl-.25sin 2 0' 

if 3 = sin 0, 
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95. f*' 1 J 1 "" m f fa = f 6 ' 900 Vl-.36sin2a do, if x = sin 0. 



96 



. r 1 -= 

Jx=V2 Vl — 



(^ 



2 ./S-V2/2 \ 1 — X 2 



^Vl — .49 X 2 ^ *- V2/2 

[Note. Many of the exercises in preceding lists may be used for 
additional practice in use of the tables.] 

115. Limits Infinite. Horizontal Asymptote. If a curve 
approaches the x-axis as an asymptote, it is conceivable that 
the total area between the x-axis, the curve, and a left-hand 
vertical boundary may exist; by this total area we mean the 

limit of the area from the left-hand 
boundary out to any vertical line 
x=m,asm becomes infinite. 

Example 1. The area under the 
curve y = e~* from the y-axis to the 
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Fig. 42. 

Jz-0 «/x-( 



ordinate x = m is 

$~* dx = 1 — e~ m . 
•o 

As m becomes infinite e - ** approaches 

zero; hence 



-|x=m n x 
Jx-0 Jx- 



e~~* dx = lim (1 — e - * 1 ) = 1 

... . .. z=0 — — 



er* dx ■ 
-0 m— >oo»/a;=0 m— *» 

and we say that the total area under the curve y = e~* from x = 

to x = H-oo is 1. 

Example 2. The area under the hyperbola y = 1/a; from x = 1 to 
a; = m is 

4 = / — = log x \ = log m. 

Jz-l ^z-1 X Jz-1 

As m becomes infinite, log m becomes infinite, and 

lim < A \ [ = lim log m 

does not exist; hence we say that the total area between the s-axis and 
the hyperbola from x = 1 to x = oo does not exist* 

"This is the standard short expression to denote what is quite obvious, — 
that the area up to x —m becomes infinite as m becomes infinite. This result 
makes any consideration of the area up to x = 00 perfectly useless; hence the 
expression "fails to exist," which is slightly more general. 
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116. Integrand Infinite. Vertical Asymptotes. If the func- 
tion to be integrated becomes infinite, the situation is pre- 
cisely similar to that of § 115; graphically, the curve whose 
area is represented by the integral has in this case a vertical 
asymptote. 

If f(x) becomes infinite at one of the limits of integration, 
x = b y we define the integral, as in § 115, by a limit process: 



J^x^b rb-c 

f (x) dx = lim I / (x) dx. 
x=a c— >0 J a 



A similar definition applies if / (x) becomes infinite at the 
lower limit, as in the following example. 

Example 1. The area between the curve y = 1/Vx and the two 
axes, from x = to x = 1, is 

A \ = I —p- dx — lim / — — dx 

Ji=o J *-o Vx moL^i-c Vx J 

=» lim |~2 Vi] X " = lim f2 - 2Vf\ = 2. 
c— >0 L J x=c c— >0 L J 



Example 2. The area between the 
hyperbola y = 1/x, the vertical line 
x = 1, and the two axes, does not 
exist. For, 



- dx = log x \ — — log c, 

z=c £ J x=c 

but lim (— log c) as c -* does not 
exist, for — log c becomes infinite as 
c-0. 



Example 3. The ar ea between 
the curve y = 1/ Vx — 1, its asymp- 
tote x = 1, and the line x = 2 is 
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Fig. 43. 



y* 2 ^ = ]un f 
l -y^-- 1 °-*° J ! 



<fo 



1+c "Vx — 1 ^ c— K) * 
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Example 4. Show that 






x 2 dx does not exist. The ordinate 



y = 1/x 2 becomes infinite as x approaches zero, i.e. the y-axis is a vertical 
asymptote. Hence to find the given integral we must "proceed as 

above, breaking the original integral 

into two parts: 

Jx-c X 2 X Xjx=c C 

n-/-*— ■i&--rr-!-i. 

Jx~-1 X 2 Xjx~-lC 

The limit of neither exists since 1/c 
becomes infinite as c = 0; hence the 
given integral does not exist. 

Carelessness in such cases results in 
absurdly false answers; thus if no atten- 
tion were paid to the nature of the 
curve, some person might write: 

= f ±dx = — - =-l-l = -2, 

X--1 Jx=-1 X 2 X Ji=-1 

which is ridiculous (see Fig. 44). 

The only general rule is to follow the principles of 
§§ 115-116 in all cases of infinite limits or discontinuous 
integrands. Such integrals are called improper integrals. 

EXERCISES 

Verify each of the following results. 

x 2/3 




Fia. 44. 






2. f -j is non-existent. 



- 1 dx . \ determinate if n < 1, 



- /•* ax . \ aeterminare u n <^ i, 
'Jo x" j non-existent if n > 1 



4 f 

Jo 



J 



o VY^x 
dx 



= 2. 






<*c 



= 2Va. 



5 V2 x - 3 
2 dx 



= 1. 



7 /"_«L 

Ji.s2x — 



1 Vo~— x 

o /* 2 dx • (determinate if n < 1, 
' J 1.5 (2 x — 3) n 1S < non-existent if n S 1. 



is non-existent 
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State a similar rule for f 77 — r-rr • 
J a (hx + k) n 

9 f a d* - 7r - 11 /* a s 2 fiEx = 3 it a 2 

Jo Va 2 — x 2 2 ^0 Vox — a: 2 8 



» x xcte « 12 /»+* dx 

fo vT^ 2 J-ix 2 +5x+4 J 



r 2 /- 2 /- 2 

13. Show that the integrals / tan x dx, I ctn x dx, I sec x dx, 

f — are all non-existent. 

Jo x 



f 

Verify each of the following results: 

dx 1 „„ r 00 dx 



= 2. 



id f ??=£. ifi /• S 

Jl ^3 2 Jo (l+x)3/ 2 

15. / -3= is non-existent. 17. f -r^—. — r^r is non-existent. 

J 1 y x J (1 + x) 2 / 3 

Z** jg * i determinate if n > 1, 
' Jo (1 + #) n / non-existent if n%.\. 

20. r-rz-i=T-- 23. C* e^*dx = \. 

J a a 2 +x 2 4 a Jo 



21. /* , = 1. 24. /* e 2 * dx is non-existent. 

Ji x 2 Vx 2 — 1 Jo 



Determine the area between each of the following curves, the x- 
axis, and the ordinates at the values of x indicated. 

25. 2/3 (x - l) 2 = 1; x = to 9. Ans. 9. 

26. xy 2 (1+x) 2 = 4; x = to 4. Ans. 4 tan"* 2. 

27. 2/ 2 x4(l+x) = l;x = 0to3. Ans. 00. 

28. x 2 2/ 2 (x 2 - 1) = 9; x = 1 to 2. Ans. 2 x. 

29. y3 (x - l) 2 = 8x3; x = to 3. Ans. 9 ^2+9/2. 

30. x 2 2/ 2 (x 2 + 9) = l;x = 4 to 00. Ans. f log 2. 

31. y 2 (1 -+- x) 4 = x; x = to 00 . Ans. ic. 

32. ^(x + l) 2 = l;x = to 00. Ans. 00. 
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CHAPTER XIII 
INTEGRALS AS LIMITS OF SUMS 

117. Step-by-step Process. The total amount of a variable 
quantity whose rate of change (derivative) is given [i.e. the 
integral of the rate] can be obtained in another way. The 
method about to be explained has many theoretical ad- 
vantages and one decidedly practical advantage, namely in 
its application to the approximate evaluation of integrals 
when the indicated integration cannot be carried out. 

For example, imagine a train whose speed is increasing. 
The distance it travels cannot be found by multiplying the 
speed by the time; but we can get the total distance approxi- 
mately by steps, computing (approximately) the distance 
traveled in each second as if the train were actually going at 
a constant speed during that second, and adding all these 
results to form a total distance traveled. 

If the speed increases steadily from zero to 30 mi. per hour, 
in 44 sec, that is, from zero to 44 ft. per second in 44 sec, 
the increase in speed each second (acceleration) is 1 ft. per 
second. Hence the speeds at the beginnings of each of the 
seconds are 0, 1, 2, 3, • • •, etc. 

If we use as the speed during each second the speed at 
the beginning of that second, we should find the total distance 

(approximately) 

43 • 44 
s = + l + 2 + 3+..-+42 + 43 = 2*^2* = 946, 

which is evidently a little too low. 

192 
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If we use as the speed during each second the speed at the 
end of that second, we should get (approximately) 

44 -45 

s = l + 2 + 3 + 4+.. .+43 + 44 = —^— = 990, 

which is evidently too high. But these values differ only 
by 44 ft. ; and we are sure that the desired distance is between 
946 and 990 ft. 

If we reduce the length of the intervals, the result will be 
still more accurate; thus if, in the preceding example, the 
distances be computed by half seconds, it is easily shown 
that the distance is between 957 ft. and 979 ft.; if the 
steps are taken 1/10 second each, the distance is found to 
be between 965.8 ft. and 970.2 ft. 

Evidently, the exact distance is the limit approached by 
this step-by-step summation as the steps At approach zero: 

v dt = tdt = U = 968. 

t=o Jt=o Jt=o 2Jt=o 

We note particularly that the two results for s are surely 
equal; hence we obtain the important result: 

C t ~ U vdt = Km\v\ -At + v\ -At + v\ -AH [. 

118. Approximate Summation. This step-by-step process of 
summation to find a given total is of such general application, 
and is so valuable even in cases where no limit is taken, that 
we shall stop to consider a few examples, in which the methods 
employed are either obvious or are indicated in the discussion 
of the example. 

Thus, areas are often computed approximately by dividing 
them into convenient strips. We have seen in § 55 that 
if A denotes the area under a curve between x = a and 
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z= 6, then the rate of increase of A is the height h of the 

curve: 




dA 
dx 



= h = R(x), 



where R (x) is the rate 
of increase of A, and is 
also the height of the 
curve. 
For a parabola, h =# 2 , we may find the area A approxi- 
mately between x = — 1 and x = 2 by dividing that interval 
into smaller pieces and computing 
(approximately) the areas which 
stand on those pieces as if the height 
h were constant throughout each 
piece. If, for example, we divide 
the area A into six strips of equal 
width, each 1/2 unit wide, and if we 
take the height throughout each one 
to be the height at the left-hand 
corner, the total area is (approxi- 
mately) 

(-i)M + (-« 2 -l + <M + (*) 2 * + ( + i)H 

+ (f) 2 * = 19/8, 

whereas, if we take the height equal to the height at the 
right-hand corner we get 31/8. The area is really 3, as we 
find by § 55. Taking still smaller pieces, the result is of 
course better; thus with 30 pieces each ^ unit wide, the 
left-hand heights give 2.855, the right-hand heights 3.155. 
With still more numerous (smaller) pieces these approximate 
results approach the true value of the area. (See § 1 19, p. 196.) 
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Fig. 46. 
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EXERCISES 

Approximate to about 1% the areas under the following curves, be- 
tween the limits indicated. Estimate the answers roughly in advance. 
Use judgment with regard to scales to gain accuracy by having the 
figure as large as convenient. Express each area as a definite integral 
and check by integration when possible. 

1. y = X 2 _ 4 x; x = 2 to 6. 2. y = 1/x; x = 10 to 20. 
3. y = ar 2 ; x = 1 to 5. 4. y = ar3/2; x = 2 to 4. 

6.2/ = ^; x = 2to4. 6. y = j-^ ; a; = to 2. 

7. y = 1/ Vl2 — x; x = 3 to 8. 8. y = V9-z; a; = to 5. 
9. y = 1/V9^2; a; = Oto 1.5. 10. y = V9 + a; 2 ; a; = to 4. 

U -* = ifw; *=0to./2.12. 2, = ^;* = 0tol. 

". 2/ = (4+^)372] *=<>to2. ". 2/=Vf=a1 ;aJ==0tO - 5 - 

16. y = ^9T?J a; = to 2. 16. y = (1 - cosa;)3/ 2 ;a;=0to2x. 

17. 2/ = - ')* = Oto t/6. 18. 2/ = tan -1 a;; a: = to 1. 

v 4 — sin 2 x 

19 -^ = rfs^ ; ^=<>tox/2.20. 2/=^f^|; x = 0to.5. 
21. y = e"* 1 ; a; = to 1. 22. y = a: e"*'; x = to 1. 

Approximate to about 1% the distance passed over between the indi- 
cated time limits, when the speed is as below; express each distance as a 
definite integral, and check by integration when possible. 

23. v = 4 1 + 0; t = 1 to 3. 24. v = j-^-| ; * = to 50. 

26. » = 27T^ ' = lto4 ' *• '-j^; '-otoioo. 

27. „ = _i_ ; t = 1 to 3. 28. i> = ^l^M 2 ; * = 10 to 20. 
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29. Show how to find the volume of a cone approximately, by adding 
together layers perpendicular to its axis. 

30. Find the volume of a sphere by imagining it divided into small 
pyramids with their vertices at the center and their bases in the surface, 
as in elementary geometry. 

31. The volume of a ship is computed by means of the areas of cross 
sections at small distances from each other; show how the result is cal- 
culated. Show how to make a more accurate computation by the same 
method. 



119. Exact Results. 




Summation Formula, 
integral 

(1) 



Any definite 



x — a 



dx 



x=a D 1 D 2 D S 

Fig. 47. 



may be thought of as the 
area under a curve 
(2) y=f(x) 
between the ordinates x = a 
and x = b. 

If the interval AB from 
x = a to x = b be divided 
into n parts, each of width 



Ax, the whole area is approximately as in § 118, 

(3) S = Ax-f(a) + Ax-/(a + Ax) + • • • +Ax-f(a+ (n - 1) Ax). 
The term Ax-f(a) is the area of the rectangle ADiNiP, 
since / (a) = AP. Likewise Ax-f(a + Ax) is the area of 
DiD 2 N 2 M u etc. Hence the sum S represents the shaded 
area in Fig. 47. 

If the curve is rising from x = a to x = b, as in Fig. 47, 
£ is smaller than the area under the curve. On the other 
hand the similar sum 

(4) R = Ax-/ (a + Ax) + Ax-f(a + 2 Ax) -\ 

+ Ax •/ (a + (n - 1) Ax) + Ax •/(&) 
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is represented by the shaded area in Fig. 48, and R is too 
large if the curve is rising. 



Hence 
R> 



f/(*) 

"a 



y=f(x) 



dx>S 



if the curve is rising. But, 

subtracting (3) from (4), we 

have 

(5) R-S = 

Ax[f(b)-f(a)], 
and this approaches zero as 
Ax approaches zero. It 




x=aD x D 2 D z 

Fig. 48. 



follows that the true value of the integral is the limit of either 
R or S as Ax approaches zero, i.e., as n becomes infinite, and 
we may write * 

(6) f / (x) dx = Urn \Axf (a) + Axf (a + Ax) + • • • 

+ Ax/(a + (n-l)Ax)J, 

at least if the curve rises from x = a to x = b. 

Similarly, the formula (6) is true also if the curve falls from 
x = a to x = b. Finally, if the curve alternately rises and 
falls, we may prove (6) by separating the interval into several 
parts, in some of which it rises and in some of which it falls. 

The formula (6) is called the summation formula of the 
integral calculus. 

120. Integrals as Limits of Sums. By far the greater num- 
ber of integrations appear more naturally as limits of sums 
than as reversed rates. 

* We have written (6) as the limit of S. It would be equally correct to 
use R, since R-8 approaches zero. 
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Thus, as a matter of Tact, even the area A under a curve, 
treated in § 55 as a reversed rate, probably appears more 
naturally as the limit of a sum, as in (6), § 119. Of course 
the two are equivalent, since (6), § 119, is true; in any case 
the results are calculated always either approximately, as 
in the exercises under § 118, or else precisely by the methods 
of §§ 52-54. Hence the method of § 54 was given first, 
because it is used for each calculation even when the problem 
arises by a summation process. 

On account of the frequent occurrence of the summation 
process, we may say that an integral really means* a limit of a 
sum, but when absolutely precise results are wanted it is 
calculated as a reversed differentiation. The symbol f is 
really a large S somewhat conventionalized, while the dx of 
the symbol is to remind us of the Ax which occurs in the 
step-by-step summation. 

EXERCISES 

Express each of the following integrals as the limit of a sum, as in 
(6), § 119. Find its approximate value to about 1%, and check by in- 
tegration. 

1. f 10 ^-^dx. 2. f 2 1 -?— 9 dx. 3. f*V9+tfdx. 

J 2 X— 1 Jo 1 + X 2 JO 

yl+xdx. 6. / sin xdx. 6. / cos x dx. 

y%45° ^30° >.60 

tan xdx. 8. / sec xdx. 9. / logio x dx. 

o Jo Jio 



* It is really a waste of time to discuss at great length here which fact 
about integrals is used as a definition, and which one is proved; to satisfy 
the demand for formal definition, the integral may be defined in either way, — 
as a limit of a sum, or as a reversed differentiation. The important fact is that 
the two ideas coincide, which is the fact stated in the Summation Formula. 
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Express each of the following quantities as the limit of a sum; find 
its approximate value to about 1%; check by integration. 

10. The area under the curve y = x 2 from x = 1 to x = 3; from 
£ = — 3 to a; = 3. 

11. The area under the curve y = x* from x = to x = 2; from 
£ = — ltoa; = +l. 

12. The area under the curve a; 2 y = 1 from s = 2 to a; = 5. 

13. The distance passed over by a body whose speed is v = 4 t -f 10 
from * = to * = 3. 

14. The distance passed over by a falling body (v = gt) from t = 2 
to * = 6. 

16. The increase in speed of a falling body from the fact that the 
acceleration is g = 32.2, from t = to t — 5. 

16. The increase in th§ speed of a train which moves so that its accel- 
eration isj = 2/100, between the times t = and t = 6. The distance 
passed over by the same train, starting from rest, during the same in- 
terval of time. 

17. The number of revolutions made in 5 min. by a wheel which 
moves with an angular speed a> = ^/lOOO (radians per second). 

18. The time required by the wheel of Ex. 17 to make the first ten 
revolutions. 

19. Repeat Ex. 18 for a wheel for which w = 100 — 10 1 (degrees per 
second). Find the time required for the first revolution after t = 0; 
note that the speed is decreasing. 

20. The weight of a vertical column of air 1 sq. ft. in cross section and 
1 mi. high, given that the weight of air per cubic foot at a height of h feet 
is .0805 - .00000268 h pounds. 

121. Volume of any Frustum. To illustrate the ease of 
application of this process, consider again the volume of a 
frustum of a solid. (See § 57.) 

If such a frustum be divided up into layers of thickness 
As, by planes parallel to the base, and if A s represents the 
area of any section at a distance s from the lower bounding 
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plane, the volume of each layer is, approximately, the 
product of its thickness As times the area A s of the bottom 
of the layer: 

(1) Volume of one layer = A s As, approximately. 

Now if we replace x in (3), § 119, by s, and if A 8 = /(s), the 

sum of all such layers would be, approximately, 

AS'f(a) + Ax-f(a + As) + + As •/(<*+ (n - l)As). 

Hence, by (6), § 119, the exact total volume is 



A,ds= I J 

8 = a J_ 8=a 



f(s)ds. 







This formula is the same as that derived in § 57. It may 

be used to find the 
volume of any solid, 
if we know how to 
find the areas of 
any such complete 
set of parallel cross 
sections. 

In particular, if 
the solid is a solid 
Fig. 49. of revolution, the 

preceding formula reduces to formula (4) of § 56. 

122. Surface of a Solid of Revolution. Similarly any such 
formula is readily derived, and easily remembered by means 
of this new process. Thus the formula for the surface of a 
solid of revolution was derived in §85. To obtain that 
formula, or to remember it, we may remark that the curved 
area of any short section is approximately 

AA = 2 Try As, 
since the curved area is approximately the area of a section 
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Fig. 50. 



of a cone. It follows readily that the total area of such a 
surface is 

A = J 2 icy ds 

123. Water Pres- 
sure. As another 
typical instance, con- 
sider the water pres- 
sure on a dam or on 
any container. The 
pressure in water in- 
creases directly with 

the depth h, and is equal in all directions at any point. 
The pressure p on unit area is 
(1) V = * • h 

where h is the depth and k is the weight per cubic unit 
(about 6.24 lb. per cubic foot). 
Suppose water flowing in a parabolic channel, Fig. 51, 

whose vertical sec- 
tion is the parabola 

x 2 =225^/. 

Let a be the depth 
of the water in the 
channel. If a cut- 
off gate be placed 
160 260 x across the channel, 
let it be required 




-200 -160 -100 -& O 



Fig. 51. 
to calculate the total pressure on the gate, 
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Consider a horizontal strip of height Ah, whose upper 
edge is h below the surface. The area of such a strip is its 
width, w, times its height, Ah. Hence the pressure on the 
strip is, approximately, 

pressure on horizontal strip = (k • h) w • Ah 
In this example, w = 2x = 2 V225 y = 30y 1/2 , h = a — y, and 
Ay = Ah. Hence 

pressure on horizontal strip = 30 fc (a — y)t/ 1/2 Ay, 
and the sum of the pressures on all such strips is the sum of 
such terms as this one. Hence, by (6), § 119, the correct 
total pressure is 

= 3ofc [ a ^-572 2 j:= 8fc ^ 

where k = 62.4 lb., and a is the total depth of the water. 

EXERCISES 

1. Find the volume generated by revolving Vx -f Vy = Va about 
the x-axis, from x = to x = a. 

2. Find the volume of the paraboloid z = x 2 /a 2 + y 2 /b, from 2 = 
to h. 

3. Find the volume of the cone z 2 = z 2 /a 2 -f y 2 /^ 2 , from 2 = to A. 

4. Find the volume of a regular pyramid of base B and height h. 

6. On a system of parallel chords of a circle are constructed equi- 
lateral triangles whose bases are those chords and whose planes are 
perpendicular to the plane of the circle. Find the volume in which 
all these triangles are contained. 

6. On the double ordinates of an ellipse are constructed triangles 
of fixed height h, with planes perpendicular to the plane of the ellipse. 
Find the volume containing all these triangles. 

7. Find the volume generated by a variable square whose center 
moves along the x-axis from x = to *-, the plane of the square being 
perpendicular to the x-axis, and the side proportional to sin x. 
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8. Find the surface of the spheroid generated by revolving the 
ellipse j/ 2 = (1 — e 2 ) (a 2 — x 2 ) about the x-axis. 

9. Find the surface generated by revolving the catenary y = 
(e* 4- er* )/2 about the x-axis, from x = to a. 

10. As in Ex. 9 for the hypocycloid x 2 ^ + y™ = a?/ 3 , from x = 
— a to a. 

11. As in Ex. 9 for one arch of the cycloid. 

12. Find the surface generated by revolving p = a cos about the 
initial line. 

13. As in Ex. 12 for the cardioid p = a(l -f cos $). 
Calculate the following pressures: 

14. On one side of the gate of a dry dock, the wet area of the gate 
being a rectangle 80 ft. long and 30 ft. deep. 

15. * One side of a board 10 ft. long and 2 ft. wide, which is submerged 
vertically in water with the upper end 10 ft. below the surface. 

16. On an equilateral triangle 20 ft. on a side, submerged in water 
with its plane vertical and one side in the surface. 

17. On one side of a square tank 10 ft. high and 5 ft. on a side, the 
tank being filled with a liquid of specific gravity .8. 

18. On one face of a square 10 ft. on a side, submerged so that one 
diagonal is vertical and one corner in the surface. 

19. On one end of a parabolic trough filled with water, the depth 
being 3 ft. and the width across the top 4 ft. 

20. On one side of an isosceles trapezoid whose upper base is 10 ft. 
long, parallel to the surface and 10 ft. below it, whose lower base is 
20 ft. and altitude 12 ft. 

21. What is the effect on the pressure if all dimensions given in Ex. 20 
are multiplied by a constant c? 

124. Cavalieri's Theorem. The Prismoid Formula. If two 
solids contained between the same two parallel planes have 
all their corresponding sections parallel to these planes equal, 
i.e. if the area A' 8 of such a section for the first solid is the 
same as the area A" 8 of the second, it follows from § 57 that 
their total volumes are equal, since the two volumes are 
given by the same integral. 
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This fact, known as Cavalieri's Theorem, is often useful in 
finding the volumes of solids. 

If the area A 8 of any section of a frustum is a quadratic 
function of s: * 
(1) A, = as 2 + bs + c, 

where, as in § 57, s represents the distance of the section A s 
from one of the two parallel truncating planes, the volume is 

] 8 =h r s =h , n r s 3 s 2 "\s=h 

= I (as 2 + bs + c)ds = \a S - + b% + cs\ 
8 = J 8 = L o £, J« = 

ah 3 . bh 2 , . 

= T + T + ch > 

where h is the total height of the frustum. 

The area B of the base of the frustum, the area T of the top, 
and the area M of a section midway between the top and 
bottom are 

B=A S ~\ = [as 2 -\-bs + c~\ = c; 

Ja=0 L J*=0 

T =A,1 = [as 2 + bs + cl = ah 2 + bh + c; 

m }8 = h L J8 = h 

M=4,l = [as 2 + bs + cl = a^ + b\ + c. 

J 8 = h/2 L J 8 = h/2 4 2 

If we take the average of B, T, and 4 times M : 
B + T + 4M _ah 2 bh 

6 3 + 2 + C ' 

this average section multiplied by the total height h turns 

out to be exactly the entire volume: 

/ON 5+T + 4M v . ah* .bh 2 . , T /]*~/k 

* It is shown in Ex. 3, p. 206, that the results of this section hold also 
when A t is any cubic function of s: A, = as* + 6s 2 -f cs -f <*• Notice also 
that any linear function 6s -f* c is a special case of (1), for a = 0. 
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This fact is known as the prismoid formula. It is easy to 
see by actually checking through the various formulas, 
that this formula holds for every solid whose volume is given in 
elementary geometry; the same formula holds for a great 
variety of other solids* But the chief use to which the 
formula is put is for practical approximate computation 
of volumes of objects in nature: it is reasonably certain that 
any hill, for example, can be approximated to rather closely 
either by a frustum of a cone, or of a sphere, or of a cylinder, 
or of a pyramid, or of a paraboloid; since the prismoid 
formula holds for all these frusta, it is quite safe to use the 
formula without even troubling to see which of these solids 
actually approximates to the hill. Similar remarks apply 
to many other solids, such as metal castings, though it may 
be necessary to use the formula several times on separate 
portions of such a complicated object as the pedestal of a 
statue, or a large bell with attached support and tongue. 

Example. The prismoid formula 
applies to any frustum of an 
ellipsoid of revolution cut off by 
planes perpendicular to the axis 
of revolution. 

Let the origin be situated on one 
of the truncating planes of the frus- 
tum, and let the axis of x be the 
axis of revolution. Then the equa- 

* The formula holds also, for example, for any prismoid, i.e. for a solid 
with any base and top sections whatever, with sides formed by straight 
lines joining points of the base to points of the top section. For example, 
any wedge, even if the base be a polygon or a curve, is a prismoid. The 
solids defined by (1) include all these and many others; for example, spheres 
and paraboloids, which are not prismoids. The formula holds for all these sol- 
ids and even (see Ex. 3, p. 206) for all cases where A, is any cubic function 
of s. One advantage of the formula is that it is easy to remember: even 
the formula for the volume of a sphere is most readily remembered by re- 
membering that the prismoid formula holds. 




Fig. 52. 
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tion of the generating ellipse is of the form Ax 2 + By 2 -f Dx + F = 0. 
The area A 9 of a section parallel to the bases is vy 2 , since the section is 
a circle whose radius is y. Hence 

A.-ni»-»(-5*»-§*-S), 

which is a quadratic function of the distance x from one of the truncating 
planes of the frustum. Therefore the prismoid formula holds. 

Beware of applying the prismoid formula, as anything but an ap- 
proximation formula, without knowing that the area of a section is a 
quadratic function of s, or (Ex. 3, p. 206) a cubic function of s. 



EXERCISES 

[This list includes a number of exercises which are intended for 
reviews.] 

1. Show that the prismoid formula holds for each of the following 
elementary solids; hence calculate the volume of each of them by that 
formula: (a) sphere; (b) cone; (c) cylinder; (d) pyramid; (e) frustum 
of a sphere; (/) frustum of a cone. See Tables, II, F. 

2. Calculate the volume of the solid formed by revolving the area 
between the curve y — x 2 and the x-axis about the s-axis, between 
x = 1 and x = 3. Find the same volume (approximately) by the 
prismoid formula, and show that the error is about 0.6%. 

3. Calculate the volume of a frustum of a solid bounded by planes 
h = and h = H, if the area As of a parallel cross section is a cubic 
function ah z + bh 2 +ch + d of the distance h from one base, first by 
direct integration, then by the prismoid formula. Hence prove the 
statement of the footnote, p. 205. 

4. In which of the exercises relating to volumes on p. 97 does the 
prismoid formula give a precise answer? 

6. How much is the percentage error made in computing the volume 
in Ex. 7, p. 97, from x = 1 to x = 3, by use of the prismoid formula? 

6. Show, by analogy to § 64, that the area under any curve whose 
ordinate y is any quadratic function (or any cubic function) of x f between 
x = a and x = 6, is 

6 [Va + *VM + 2/b], 

where yA f yB, yu represent the values of y at x = a, x = 6, x = (a + 6)/2, 
respectively. 
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Calculate, first by direct integration, and then by the rule of Ex. 6, 
the areas under each of the following curves: 

7. y =x 2 + 2 x + 3 between x = 1 and x = 5. 

8. y =x 2 — 5x + 4 between x = and x = 5. 

9. y = x 9 + 5 x between x = 2 and x = 4. 

10. Calculate approximately the area under the curve y = x 4 between 
a; = 1 and a; = 3 by the rule of Ex. 6. Show that the error is about .55%. 

11. Show that any integral whose integrand/ (x) is a quadratic (or a 
cubic) function of x, can be evaluated by a process analogous to the pris- 
moid rule: 

\b-a 



//J"Vw^ = [/(a)+4/(^)+/(6)]? 



6 



12. Evaluate the integral./* (1/x 2 ) dx between x = 1 and x = 5 approx- 
imately, first by the rule of Ex. 11; then by applying the same rule 
twice in intervals half as wide; then by applying the rule to intervals of 
unit width. 

13. Show that any integral,// (a;) dx can be computed approximately 
by using Ex. 11 with an even number of intervals of small width Ax: 

f*~ f(x) dx =[/(a) +4/(a + Ax) +2/(a + 2 Ax) +4/(a + 3 Ax) 

+ -+/( 6 )]f. 

[This rule is called Simpson's Rule.] 

Calculate the following integrals approximately by Simpson's Rule. 
Notice that some of them cannot be evaluated otherwise at present. 

14. f Z x*dx. 16. f 2 V^dx. 18. ^VT+l&dx. 
Jo Jo Jo 

16. f Z (l/x)dx. 17. f VT+~xdx. 19. f* siaxdx. 

20. Find approximately the length of the arc of the curve y = x 2 from 
x = to x = i; from x = i to x = 1. 

21. Find approximately the area of the convex surface of that portion 
of the paraboloid formed by revolving the curve y — Vx about the x-axis 
which is cut off by the planes x = and x = J; by x = £ and x « 1, 
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CHAPTER XIV 

MULTIPLE INTEGRALS— APPLICATIONS 

125. Repeated Integration. Repeated integrations may be 
performed with no new principles. Thus 

I -g dx = he; and If h cjdx = — log x + cx+ c'. 

The final answer might be called the second integral of 1/x 2 . 
Thus, in the case of a falling body, the tangential accelera- 
tion is constant: 

dv 

where g is the constant; hence 

v = fjrdt + const. = — gt + c; 
but since v = ds/dt, 
s = fvdt + const. =y*(— <# + c)cte + const. = — ^- + ct + c\ 

If the body falls from a height of 100 ft., with an initial 
speed zero, s = 100 and v = when t = 0; hence c = and 
c' = 100, whence we find 

8 = - 0* 2 /2 + 100. 

The equations s = y> eft + const., v = fj T dt + const., just 
obtained, apply in any motion problem, where j T is the 
tangential acceleration, v is the speed, and s is the distance 
passed over. 
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126. Successive Integration in Two Letters. A distinctly 
different case of successive integration which can be per- 
formed without further rules is that in which the second 
integration is performed with respect to a different letter. 

Thus, the volume of any solid is (§57), 



(i) 






A s dh, 



where A s is the area of a section perpendicular to the direc- 
tion in which h is measured, and where h = a and h = b de- 
note planes which bound the solid. 

In many cases it is convenient first to find A 8 by a first 
integration, by the methods of § 55, and then integrate 
A s to find V by (1), this second 
integration being with respect 
to the height h. 

Example 1. Find the volume of 
the parabolic wedge 

y2 = X (l- 2) 2 

between the planes 2 = and z = 1 
and between the planes x = and 
x = l. 

The area A 9 of a section by any 
plane z = h parallel to the a;y-plane is twice the area between the curve 
y = (1 — h) y/x and the x-axis: 




Fig. 53. 



]X-1 ~X=1 /.X=l ,_ 4 "I 

= 2f ydx = 2f (l-h)Vxdx=7zQ.-h)xV2\ 
x=0 J z=0 J 3=0 o J 



x=0 



-jjtt-W. 



hence this volume, by (1), is 

Notice that h, during the first integration, was essentially constant. 
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Combining the formulas used in this example, the volume 
V may be written 

This result is usually written without the brackets on the 
right: 

= 2 (l-h)Vid'xdh. 

Such double integrals in two letters are very common in 
applications. 

Examples of triple integrals will be found further on in 
this chapter. 

127. Volumes. Double Integrals. Analogous to the problem 
of finding the area under a given portion of a curve, 
(§§ 55, 119), there is the problem of finding the volume under 
a given portion of a surface.* This leads to double integrals. 

Let A'B'C'D' be a portion of a curved surface whose 
equation is 

z = F(z, y). 

Let ABCD be the projection of A'B'C'D' on the xy 
plane, curve CD being the projection of curve CD'. 

The problem is to express the volume between the portion 
A'B'C'D' of the surface and its projection on the xt/-plane. 

Divide this volume into slices of thickness PQ = Ax, by 
planes parallel to the i/z-plane, and further subdivide the 
slices into prismatic columns by planes parallel to the 
:n/-plane spaced at intervals Ay. 

The area of the section PSS'P' depends on the position 

* See Tables, I, b, for formulas from Solid Analytic Geometry. 
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of P, hence on x, and is therefore a function of x. Therefore 
by the frustum formula (§ 57) , 
the required volume is 



]x=6 r x =b 
A x dx. 
x—a J x = a 



But the area A x is the area 
under the curve P'S' whose 
ordinates (heights above xy- 
plane) are z = F(x,y), where 
x has the fixed value OP and 
y alone varies from y = to 
y = PS = f(x), this being 
the equation of curve DC, supposed given. 
Hence 




Then 



A -.f"! 

Jy=o 

Ja Jx=a 



F(x, y) dy. 



A x dx, 



or 

a) 



]b fx = b ry=f(x) 

= 1 I F{x,y)dydx. 

a Jx=a Jy = 

This is essentially the same sort of problem as that 
discussed in § 126. 

This double integral may be written as the limit of a 
double sum. For if we consider the prismatic column on Ax Ay 
as base, its volume approximately is z Ax Ay or F (x, y) Ay Ax. 

This suggests the double sum 

or, as it is usually written, 
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Here the limit of the inner summation is merely A, and then 
the limit of the outer summation is the integral of A or the 
volume. Hence we write the formula 

(2) iimi:::i::r>(*,2/)A?/Az 

Ax— *0 

= r b f' l - fix) F(x,y)dydx. 

•/ x=a J y=0 

This is the fundamental summation formula for double 
integrals. 

Example. Determine the volume under the surface z = x 2 -f y 2 
between the xz-plane, the planes x = 0, x = 1, and y = 0, and the 
cylinder y = Vx. 




Fig. 55. 
V=f f (x 2 + y 2 )dydx 

J x=0 J y=0 

= f X ~ l \x 2 y + y*/i\ *dx 
J x=o L Jo 

= f [x5/2 + (1/3) x3/2l dx = 44/105. 
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EXERCISES 

1. Determine a function y = / (x) whose second derivative cPy/dx 2 
is 6 x. Ans. y = s 3 + CiX + C7 2 . 

2. Determine the speed v and the distance s passed over by a particle 
whose tangential acceleration cPs/di? is 12 t. Find the values of the arbi- 
trary constants if v = and 5 = when £ = 0; if v = 100 and s = 
when * = 0. 

Find the general expressions for functions whose derivatives have 
the following values: 

3. cPy/dx 2 = 6x 2 . 6. ffir/dfi = l/vT^~0. 9. <Py/dx* = &. 

4. <*V<ft2 = 3 + 2*. 7. d?r/d& = 2 -2 6. 10. ^s/ctf* = sec 2 1. 
6. cPsAft 2 = Vl-*. 8. (2Vefa3 = 1 - u 2 . 11. (2V<fa3 = 1/u 2 . 

Determine the speed i> and distance s passed over in time t, when 
the tangential acceleration jr and initial conditions are as below: 

12. jr = sin t; v = and s = when t = 0. 

13. jr = J + cos *; v = and s = when £ = 0. 

14. j T = vT+7; t> = 3 and s = when t = 0. 

16. jr = t/Vl + 0; t> = 1 and s = when * = 0. 

Evaluate each of the following integrals, taking the inner integral 
sign with the inner differential: 



/ xydydx. 21. f f f -%-drdsdt. 

x =0 Jy=0 Jt = l Js=-2 Jr=0 t 6 

17. / / 6 x 2 (2 - y)dy dx. 22. / / (x + y)dydx. 

J x=*0 J y=\ J x=-\ J v=-& 

y*x=2 au*=3 ax=Z / .y=2x+3 

/ (x 2 + 1)(4 - y 2 ) <fy<fc. 23. / / (x + 2/) 2 <fy <fe. 

/ Vu + vdudv. 24. / / I (x+y+z)dzdydx. 

p =2 •/w=l J J -x J 

20. /^ =e r V=T ^J^ <fy (to. 26. /* r /* T /"* 2 r 2 sin <*0 <*0 dr. 

«/x=l ^»=0 £ «/0 «/0 «/0 

26. Find the volume of the part of the elliptic paraboloid 4 x 2 -f 
9 y 2 = 36 a between the planes 3 = and z = 1; between the planes 
2 = a and 3 = 6. 
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27. Find the volume of the part of the cone 3 x 2 -f 9 y 2 = 27 s 2 
between the planes 3 = and 3 = 2; between z = a and 3 = 6. 

28. Find the volume of the part of the cylinder x 2 + y 2 = 25 between 
the planes 3 = and z = x; between the planes s = x/2 and z = 2x. 

29. A parabola, in a plane perpendicular to the x-axis and with its 
axis parallel to the 3-axis, moves with its vertex along the x-axis. Its 
latus rectum is always equal to the s-coordinate of the vertex. Find 
the volume inclosed by the surface so generated, from z = to s = 1 
and from x = to x = 1. 

30. Find the volume of the part of the cylinder x 2 -f- y 8 = 9 lying 
within the sphere x 2 -f- y 2 -f z 2 = 16. 

31. For a beam of constant strength the deflection y is given by the 
fact that the flexion is constant : b = cPy/dx 2 = const, if the beam is of 
uniform thickness. Find y in terms of x and determine the arbitrary 
constants if y = when x = ± 1/2. [This will occur if the beam is of 
length I, and is supported freely at both ends.] 

32. Determine the arbitrary constants in the case of the beam of 
Ex. 31, if y = and dy/dx = when x = 0. [This will occur if the beam 
is rigidly embedded at one end.] 

33. For a beam of uniform cross section loaded at one end and rigidly 
embedded at the other, b = cPy/dx 2 = k(l — x) where I is the length of 
the beam, x is the distance from one end, and A; is a known constant 
which is determined by the load and the cross section of the beam. Find 
y in terms of x, and determine the arbitrary constants. 

Find y in terms of x in each of the following cases: 

34. (Py/dx 2 = k(P — 2lx+ x 2 ); y = 0, dy/dx = when x = 0. 
[Beam rigidly embedded at one end, loaded uniformly.] 

35. d?y/dx 2 = a + bx\ y = 0, dy/dx = when x = 0. 

[Beam of uniform strength of thickness proportional to (a + fee)" 1 / 
embedded at one end.] 

36. d*y/dx 2 = W/% - x*/2); y = when x = ± 1/2. 
[Beam supported at both ends, loaded uniformly.] 

37. dty/dx 2 = k/x*; y = 0, dy/dx = at x = I. 

[Beam of uniform strength of thickness proportional to x 2 t embedded 
at x = /.] 

38. Find the angular speed <a and the total angle $ through which a 
wheel turns in time t, if the angular acceleration is a = cPB/dP = 2 t, 
and if 6 = « = when t = 0. 
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128. Triple and Multiple Integrals. There is no difficulty 
in extending the ideas of §§ 126-7 to threefold integrations 
or to integrations of any order. Following the same reason- 
ing, it is possible to show that, if w = F (x, y, z) 

1™ El'* Hl'-c IZl wAxAyAz 

Ax— *0 
Ay-*0 
As-»0 

J*2=»/ /*y=d /*x=5 
I I F (x, y, z) dx dy dz, 
z-e J y**c J x=a 

where the three integrations are to be carried out in succes- 
sion, where the limits for x may depend on y and 2, and where 
the limits for y may depend on z: but the limits for z are, of 
course, constants. 

Thus it is readily seen that the volume mentioned in 
§ 127 may be computed by dividing up the entire volume by 
three sets of equally spaced planes parallel to the three coor- 
dinate planes. Then the total volume is, approximately, 
the sum of a large number of rectangular blocks, the volume 
of each of which is Ax Ay Az; and its exact value is 

v = i™ LZl El'o ix) HZo*" Az A y ** 



Ax-*0 
Ay->0 
Az-*0 



= 1 I I dzdydx, 

J x-a J y-0 «/z-0 

which reduces to the result of § 127, if we note that 

J*z=F(x,y) -|2-F(x,y) 

dz = z\ -*F(x,y). 

«=-0 J 2 = 

129. Plane Areas by Double Integration. To find the area 
bounded by a closed curve C, we divide it into small ele- 
ments of area, either by lines drawn parallel to the coordinate 
axes if the equation of C is given in rectangular coordinates, 
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or by a system of radial lines and concentric circles if the 
equation of C is given in polar coordinates. (Figures 56, 57.) 
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Fig. 56. 



Fig. 57. 



In Fig. 56 let any ordinate whose abscissa is x meet the 
boundary of the area in P and Q, the corresponding values 
of y being y x and t/ 2 . Let the extreme values of x between 
which the oval lies be x = a and x = b. Then the area will be 

(1) A = lim J2ll YilZl &yte=) ) Vl dy dx. 

Ax-*0 y v J x=a J y-vi 

This is merely a special case of (2), § 127, when F(x, y) = 1, 
because the volume of a right cylinder of height 1 equals the 
area of the cross section. 

In Fig. 57 let any radius vector whose angle is 6 meet the 
boundary of the area in P and Q, the corresponding values 
of p being OP = pi, OQ = p 2 . Let the extreme values of 
6 be 6 = a and 8 = ($. Then the element of area is approxi- 
mately pA0 • Ap and the total area is 



(2) 



a = iim 2:f 2:: p a p a* = /;=' f' = '* P dP <». 



Ap-»0 
A0-»O 
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In formulas (1) and (2) the first integration can be carried 
out at once, giving 

(10 A = f\y 2 - yi ) dx (2') A = Ch (P2 2 - pi 2 ) dB. 

The last results may also be derived from the formula of 
§ 55 and § 92, so formulas (1) and (2) may be dispensed with 
so far as the mere calculation of plane areas is concerned. 
We shall, however, find the idea of a plane area as the limit 
of a double sum very useful in the following sections. 

Example 1. Find the area between the parabola y 2 = 4 (x — 1) and 
the line y = x — 1. (Fig. 58.) 

The extreme values of x are found to be x = 1 and x = 5. Hence 

A = I I dydx= I 2Vs-l-(s-l) \dx 

J x—l J V-x—l J 1 

= [4/3 (x - 1)3/2 - J (a; - 1)2 



2 Vx-l-(x-l)~\c 



~|5 



= 8/3. 





Fig. 58. 



Fig. 59. 



Example 2. Find the area between the circle p = cos and the car- 
dioid p = 1 -f cos 0, from 6 = to 45°. (Fig. 59.) 

/.0 = x/4 /.p« = l+COS0 

= f* i [(1+ cos 0)2 - cos 2 0] de 
J 

= i /* T/4 (1 + 2 cos 0) de = i (ir/4 +>/2). 
J 
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EXERCISES — DOUBLE INTEGRALS 

1. Find the volume under the surface z = x 2 -f y 2 between the xz- 
plane, the planes x = and x = 1, and the cylinder whose base is the 
curve y = x 2 . 

Find the volume between the zy-plane and each of the following 
surfaces cut off by the planes and surfaces mentioned in each case: 

2. z = x -h y cut off by y = 0, x = 0, x - 1, y = Vi". 

3. z — x 2 -\-y cut off by y = 0, x = 1, x = 3, y = x 2 . 

A. z-xy cut off by y = 0, 3 = 2, x = 4, y = x 2 + 1. 

6. z = xy + y 2 cut off by 2/ = 0, x — 1, x = 5, y = x*. 

6. 3 = y + ^x cut off by y = 0, a; = 0, x = 1, 2/ = s 6 . 

7. 3 = x 2 + y 3 cut ofiF by x = 0, y = 1, y — 4, y 2 =x. 

8. 3 = Vs +2/ cut off by x = 0, y = 2, y = 5, y = x. 

9. s = x 2 + 4 y 2 cut off by y = and y = 1 — x 2 . 

10. z — xy cut off by y = a; 2 and y — 1. 

11. z = x 2 — y 2 cut off by y — x 2 and y = x. 

12. Find the volume of the portion of the paraboloid 3 = 1 — x 2 — 
4 y 2 which lies in the first octant. 

13. If two plane cuts are made to the same point in the center of a 
circular cylindrical log, one perpendicular to the axis and the other mak- 
ing an angle of 45° with it, what is the volume of the wedge cut out? 

14. Show that the volume common to two equal cylinders of radius a 
which intersect centrally at right angles is 16 a 3 /3. 

15. Show that the volume of the ellipsoid z 2 /16 + y 2 /9 + ^2/4 = 1 
is32x. 

16. How much of the ellipsoid in Ex. 15 lies within a cube whose 
center is at the origin and whose edges are 6 units long and parallel to the 
coordinate axes? 

17. Where should a plane perpendicular to the x-axis be drawn so as 
to divide the volume of the ellipsoid in Ex. 15 in the ratio 2:1? 

Calculate by double integration the areas bounded by the following 
curves: 

18. y = x 2 and y = y/x. 22. x = 0, y = sin x> and y — cos x. 

19. y = x 2 and y =**. 23. y = 0, y 2 = x, and x 2 - y 2 = 2. 

20. y = x 2 and — x 2 + y 2 = 2. 24. y = 2 x, y = 0, and y = 1 — x. 

21. x 2 + y 2 = 12 and y = x 2 . 25. y 2 = x } and y = 1 - x. 
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Determine the entire area, or the specified portion of the area, 
bounded by each of the following curves, whose equations are given in 
polar coordinates: 

26. p = 2 cos 0. 27. One loop of p = sin 2 0. 

28. One loop of p = sin 3 0. 29. The cardioid p = 1 — cos 0. 
30. The lemniscate p 2 = cos 2 0. 31. The spiral p = 0, from = to w. 

32. The spiral p0 = 1, from = ?r/4 to x/2. 

33. p = 1 + 2 cos 0, from = to *-. 

34. p = tan 0, from = to 45°. 

35. p =a02, one turn. 36. p = 3 cos + 2. 
37. p = a sin cos 0/(sin 3 -+- cos 3 0); folium: the loop. 

130. Moment of Inertia. When a particle of mass m re- 
volves in a plane about a point 0, 
with given angular speed o>, its speed 
is v = rw, and its kinetic energy is 
E = 1/2 mv 2 = 1/2 mW. The mo- 
ment of inertia of m about is 
defined as the product of the mass m 
by the square of its distance from 0, Fig. 60. 

/ = r^m. Thus E is easily found where / is known. 

Given now a thin plate of 
metal of uniform density and 
thickness, whose boundary C is 
a given curve, let us divide the 
plate into small squares by lines 
equally spaced parallel to two 
rectangular axes through 0. 
Let P be a point in any one of 
these squares and let OP = r = 
Fig. 61. Vx 2 + y 2 . Then the mass of 
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the square is k • Ay Ax where k denotes the constant surface 
density (i.e. the mass per square unit) ; and the moment of 
inertia of this square about is, approximately, k • r 2 Ay Ax. 
Hence the moment of inertia / of the entire plate about is: 

h = i™ LL^Ax Ay «//*(*» + y 2 ) dy dx. 

Ax-»0 

The limits of integration are to be taken so as to cover 
the area, as in § 129. 

Thus the moment of inertia of a plate bounded by the 
two curves y = (1 — x 2 ) and y =(x* — 1), about the origin 
(draw the figure) is: 

I (x 2 + y 2 )dydx 

x= —1 J y=x* — 1 

where X; is the surface density. 

The moment of inertia about an axis is defined similarly, the 
distance r being replaced by the distance of P from the 
given axis. Thus the moments of inertia of the plate in 
the figure about the x- and y-axes are, respectively, 

I x = kffy*dydx; I u = kj*j*x*dydx. 

The radius of gyration of an area, whether about a point or 
about an axis, is defined by 

radius of gyration = K = Vl/M. 

If the boundary of the plate is given in polar coordinates, 
the moment of inertia about is calculated by dividing the 
area into elements rABAr. (See § 129.) Then 

io=s?fi:^Xr:>.rAeAr=kf:zf T :y« d °' 
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Thus for a circle whose center is 0, r = / (0) = a, the 
radius. Hence the moment of inertia of a circular disk 
about its center is: 

J *=o L4 Jp=o jm 4 2 2 

where k is the surface density, and M = kwa 2 is the mass of 
disk. 

131. Moments of Inertia in General. The moment of inertia 
of any mass about a given point may be defined as follows. 

Divide the mass M into elements of mass Am; multiply 
each element Am by the square of its distance, r 2 , from the 
given point; the limit of the sum of these products is the 
required moment of inertia: 

(1) I = lim £ r 2 Am = fr 2 dm. 

Am-»0 

When M is a plate we take Am = kAA, where k is the 
mass per unit area, and AA = Ay Ax or rA 6 Ar, as in § 129. 

When M is a thin wire bent into the form of a given 
curve, Am = kAs, where k is the mass per unit length and 
As the element of length. 
Then 

(2) I=£kr*As = kfr*ds, 

the limits being taken to cover the given curve. For ds we 
use (1) of §82 or (1) of §93. 

When M is a solid body, we take Am = kAV, where k is 
the mass per unit volume and AV is the element of volume, 
Ax Ay Az. 
Then 

(3) I = lim * ZEE r 2 Ax Ay Az = kfffr 2 dx dy dz. 

Ax—+0 
Ay->0 
Az-*0 
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The limits of integration are to be taken to cover the given 
volume. 

For the moment of inertia about an axis we let r in forms 
(1), (2), (3), be the distance of Am from that axis. 

Example 1. Find / for a wire bent into the form of a circular 
quadrant, about the center. 

I =fkr*ds. 

Using polar coordinates, ds = rd 6, and 

r3 de = kr* I de 
o J o 

= At 3 ir/2 = ilfr 2 , since M = kir r/2. 




Fig. 62. 




Fig. 63. 



Example 2. Find J for a circular cylinder of height H and radius 
R about the center of one base. 

The equation of the surface is x 2 -f- y 2 = R?, if the s-axis is the axis 
of the cylinder. Then, by symmetry, 

f f (x*+y*+z*)dzdydz, 

3=0 J V=0 J 2=0 

/ (x*H + y2H + H*/3)dydx 

ar=0 ^ y=0 



,*=« 



= ±kH f (py + WZ+my/S) dx 

J x=0 

= 4 /kiJ f*~*(p V&-X* + {& - o;2)3/2/3 + jp v& - x*/S) dx. 

J X=0 
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Let x = R sin 0. Then 

7 = 4 kHB 2 f * /2 (R? sin2 co 8 2 + R? cos* 0/3 + # 2 cos* 0/3) d0 
J o 

= 4 fcflTZ 2 (#> ir/16 + R 2 jt/16 + 16 + H 2 jt/12) 

= fctfi* 2 (3 R 2 + 2 i/ 2 ) (*r/6). 

EXERCISES 

Calculate / about the origin for the areas bounded by the following 
curves (Density = k = 1) : 

1. y = x 2 and y = Vx. 5. x = 0, y = sin x, and y = cos x 

2. y - x 2 and y = x 3 . 6. y = 0, y 2 = £, and x 2 — y 2 = 2. 

3. y = x 2 and — s 2 + y 2 = 2. 7. y = 2x f y = 0, and y = 1 — x. 

4. z 2 + y 2 — 12 and y = x 2 . 8. y 2 = x, and y = 1 — x. 

Find the moment of inertia and radius of gyration of each of the 
following shapes of thin plate: 

9. A square about a diagonal. About a corner. 

10. A right triangle about a side. About the vertex of the right angle. 

11. A circle about its center. 

12. An ellipse about either axis. About the center. 

13. A circle about a diameter. 

14. A triangle of given base and height, about the base. 

15. A trapezoid about one of its parallel sides. 

16. A thin circular plate, about a point on the circumference. 

17. A thin plate bounded by two concentric circles, about the center. 

18. An equilateral triangle, about its center. 

19. An equilateral triangle, about one vertex. 

20. p = 2 cos 0. 

21. One loop of p = sin 2 0. 

22. One loop of p = sin 3 0. 

23. The cardioid p = 1 — cos $. 

24. The lemniscate p 2 = cos 2 9. 
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26. The spiral p = 0, from = to x. 

26. The spiral pB = 1, from = t/4 to x/2. 

27. p = l +2 cos 0, from = to x. 

28. p = tan 0, from 0=0 to 45°. 

29. Calculate the moment of inertia of a cube about a corner. 

30. Calculate the moment of inertia of a rectangular parallelopiped 
about a corner. 

Calculate the moment of inertia about the origin of each of the 
solids bounded by the following surfaced and lying above the xy-plane. 
(SeeExs. 2-11, p. 218.) 

31. z=x + y; y = 0; x = 0; x = 1; y = Vx. 

32. z = xy\ y = x 2 ; y = 1. 

33. 3 = x 2 + y; y = 0; x = V, x = 3; y = x 2 . 

34. z = xy; y = 0) x = 1; 3 = 2; y = x 2 + 1. 

35. z = z 2 — 2/ 2 ; y — x 2 \ y = £. 

132. Average Value. Centroid. Let there be given a function 

/ (x, t/) of two independent 
y — ' — •— variables. At any point of 

the zt/-plane, that is, for a 
given pair of values of x and 
y, this function will have a 
definite value. 

What will be the average 
value of / (x, y) over a given 
O ~x region J?? Divide the region 

FlG * ^ into small squares, note 

the value of the function at some point of each square 
(for convenience at the corner nearest the origin). Let 
there be n complete squares in the region R, the fractional 
parts around the border being disregarded. 
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Then the average value of / (x, y) at the corners of the 
squares will be 

Sum of values of / (x, y) 2 / (x, y) 

Number of these values n 

Multiplying both sides by the element of area AA, and 

putting 

nAA = AA+AA+AA + = S AA } 

we have 2/ (ft, y) A A 

2A4 

and the limit of this, as n increases and Ax and Ay decrease, 

is called the average value of f(x,y) over the region R. 

Thus 

m a„ vni «i<(* „w,u>r i? / / (*, y) dAfff (x, y) dx dy 
(1) Av. Vol. off (x f y) over R = f ^ - ffdxdy 

The denominator is simply the area of R; the limits are to 
be taken to cover the region R. 

In polar coordinates, replace dA by rdddr, and /(x, y) by 
F(r, tf). 

133. Centroid or Center of Gravity of an Area. The centroid, 
(x, y), of a plane area, as R in the above figure, is the point 
whose coordinates are the average values of the coordinates 
of the points of R, that is 
/n - fxdA fydA 

(1) X= TfA mdy= fdA- 

For a material plate of uniform thickness and of mass k 
per unit area, the element of. mass is dM = kdA and its 
centroid is defined by 

(o\ t - f xdM . Tt - fy dM 

W X " ~JdM ' y ~ ~JdM 

Here the density factor k may be a given function o± x and t/; 
if k is constant it cancels out and we get the same result as 
for a plane area 



Digitized by 



Google 



226 



THE CALCULUS 



[XIV, § 134 



134. Centroid of a Curved Arc. Similarly, the centroid of a 

curved arc is defined as the 
point whose coordinates are 
the average values of the co- 
ordinates of the points of the 
arc. Thus if AB is the arc, 
we divide it into n equal 
segments As, and note the 
values of x and y for some 
point of each As. The aver- 




Fig. 65. 



ages of these n values of x and y are, respectively, 
x x + x 2 + x z + • • • + x n m yi + y 2 + ys-\ \-y n 



Multiplying numerator and denominator by As and allowing 
n to increase, we have 



(3) 



Urn 



ZxAs 

2As 



fxds 
fds ; 



y = 



fyds 

fds 



136. Centroid of a Volume. Similarly, by dividing a volume 
into elements, and noting the coordinates (x, y, z) of a point 
of each element of volume, we obtain 



(4) 



- fxdV 
x = 



fydv 



z = 



fzdV 



fdV ' y ~ fdV ' "~ fdV 
In general we may take dV — dxdydz, and so express 
(4) in terms of triple integrals. In numerous applications 
it is simpler, however, to take for dV a slice of the volume; 
thus in finding x cut the volume by a plane perpendicular 
to the x-axis, forming a section of area A z ; then take dV = 
A x dx. 

136. Definition of Centroid in Mechanics. From the stand- 
point of mechanics the centroid is defined in a different 
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manner that turns out to be equivalent to what we have 
done. Suppose the xy- 
plane to be horizontal and 
a wire bent into the form 
of any curve as AB to lie 
in this plane and to be 
balanced on a knife-edge 
MN, falling on the ordi- 
nate whose abscissa is 
x = x. Divide the wire 
into elements of mass Am = k As, multiply each Am by its 
distance from the knife-edge and form the sum of the 
moments 2 k(x — x)As. The limit of this sum must be zero 
if the wire is balanced, so we have k f (x — x) ds = 0. 
Hence fxds = % fxds, or, since x is a fixed value, x f ds = 
J* xds. Hence x = f x ds/ fds. Likewise we get y by sup- 
posing the wire to be balanced on a knife-edge parallel to 
the a>axis. The same considerations apply to a thin plate, 
except that As is replaced by AA. For a solid we pass 
planes parallel to the coordinate planes such that the sum 
of the moments of the elements of mass, i.e., the products 
(x — a;) Am, (y — y)Am, (z — z) Am, shall have the limit 
zero. 

EXERCISES 

Find the average value of each of the following functions, over the 
area under the curve y = 1 — x 2 , from x = to 1. 

1. x. 2. y. 3. x 2 . 4. y*. 

5. 1/(1+*). 6. &°. 

Find the average value of each of the following functions in the vol- 
ume bounded by the coordinate planes and the plane x + y + z = 1. 
7. / (x, y, 3) = x, or y, or z. 8. / (x, y, z) = xyz. 

9. / (*, V, 3) = xy. 10. / (s, y, z) =x* + tf + z*. 
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11. Find the average ordinate of y = cos x, from x = to tt/2. 

12. Find the average ordinate of a semicircle. 

13. Find the average distance of the points of the area of a circular 
quadrant from the center. (Use polar coordinates.) 

14. Find the average density of a rod in which the density varies as 
the distance from one end. 

Find the centroids of the following figures: 

15. Of the segment of the parabola y 2 = 4 ax, from x = to h. 

16. Of a semicircle. 

17. Of the first quadrant of an ellipse. 

18. Of the area under y = cos x, from x = to w/2. 

19. Of a right circular cone. 

20. Of a regular pyramid. (Use sections parallel to the base.) 

21. Of a semiellipsoid of revolution. 

22. Of a circular quadrantal arc. 

23. Of a circular arc of angle 2 a. 

24. Of the arc of x 2/3 + y 2 ^ = a 2 '*, in the first quadrant. 

25. Of the arc of y = (e* + e~*)/2, from x = to 1. 

Find the centroids (x } y) for the areas bounded by the following 
curves : 

26. y=x 2 and y = Vx. 27. y=x 2 and y— X*. 

28. x 2 + y 2 = 12 and y = x 2 . 29. y 2 = x and y = 1 — x. 

30. y = 2 x, y = 0, and y = 1 — x. 

31. p = 2 cos $. 32. One loop of p = sin 2 6. 

33. The cardioid, p = 1 — cos 6. 34. The lemniscate, p 2 = cos 2 0. 

35. The spiral, p = $, from 6 = to x. 

36. p = 1+ 2 cos 0, from 6 = to v. 
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GENERAL REVIEW EXERCISES 

Find the areas bounded by each of the following curves, or the part 
specified: 

1. p = a cos 6 + 6. 2. p = a cos 3 6. 

3. y 2 (a — x) = x 3 [cissoid]; to its asymptote x = a. 

4. y 2 = x 2 (4 — x) : the loop. 

Find the volume generated by revolving each of the following curves 
about the line specified: 

5. y = 5 x/(2 -f-3x); about y = 0; x = to x = 1. 

6. 2 x 2 + 5 t/ 2 = 8; about y = 0; total solid. 

7. y = 6 sin (z/a); about y = 0; a; = to x = a-. 

8. y = a cosh (x/a); about 2/ = 0; x = to x = a. 

9. (x — a) 2 + 2/ 2 = r 2 ; about x = 0; total solid. 

10. The cycloid 5 about base; one arch. 

11. The cycloid; about tangent at maximum; one arch. 

12. The tractrix; about asymptote; total. 

13. x == a cos 3 1, y = a sin 3 1; about y = 0; total solid. 

Find the area, its centroid, and its moment of inertia about the 
origin, for each of the following curves, between the limits indicated: 

14. y = a (1— x 2 /b 2 ); 1st quadrant. 

15. y = s/(l + x 2 )) x = to x = 1. 

16. The sine curve; one arch. 

17. The cycloid; one arch. 

18. x 2 ^ + i/ 2/3 = a 2 '* [or x = a cos 3 J, y = a sin 3 J]; first quadrant. 

19. Between the two circles p — a cos 6 and p = 6 cos 0; 6 > a. 

20. x = 2 a sin 2 <f>, y = 2 a sin 2 <£ tan <£; between the curve and its 
asymptote. 

Find the centroid of each of the following frusta: 

21. Of the paraboloid x 2 + y 2 = 4 az by the plane s = c. 

22. Of a hemisphere. 

23. Of the upper half of the ellipsoid of revolution 

4 x 2 + 4 y 2 + 9 z 2 = 36. 
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24. Of the upper half of the ellipsoid x 2 + 4 y 2 + 9 z 2 = 36. 

25. Of the solid of revolution formed by revolving half of one arch 
of a cycloid about its base. 

26. Obtain a formula for the volume of a spherical segment of 
height h. 

27. Show that the volume of an ellipsoid of three unequal semiaxes, 
a, 6, c, is 4 frabc/3. 

28. Show that the volume bounded by the cylinder x 2 + y 2 = ax, 
the paraboloid x 2 + y 2 = 62, and the z!/-plane is (3/32) (ira 4 /6). 

29. Find the volume common to a sphere and a cone whose vertex 
lies on the surface and whose axis coincides with a diameter of the 
sphere. 

Find the lengths of the arcs of each of the following curves, between 
the points specified: 

30. y = log x; x = a to x = 6. 

31. & cos x = 1; x = to x = x. 

32. x = P,y = 2at (or 2/2 = 4 a 2 x )- t = tito t = t>t. 

33. One arch of a cycloid. 

34. p = a (1 + cos 0) [cardioid]; total length. 

35. Calculate the moment of inertia / for a right circular cone about 
its axis. Ans. (3/10) mass • square of radius. 

36. Calculate the moment of inertia and the radius of gyration for 
the rim of a flywheel about its axis, the inner and outer radii being 

Rl f i?2. 

37. The moment of inertia of an ellipsoid about any one of its axes is 
(1/5) (mass) (sum of the squares of the other two semi-axes). 

38. Calculate the moment of inertia for a spherical segment about 
the axis of the segment. 

39. Show that, for any body, 2 To *= h + h + I*y where Io, I x , I y , 
l z denote respectively its moments of inertia about a point and three 
rectangular axes through that point. 

40. Show that for any figure in the zy-plane, 7, = I x + I v , where I x , 
Iy, h denote its moments of inertia about the three coordinate axes 
respectively. 
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41. Show that the total pressure on a rectangle of height h feet and 
width b feet immersed vertically in water so that its upper edge is a feet 
below the surface and parallel to it, is 62.4 bh (a + h/2). Show that the 
depth of the center of pressure is at (6 a 2 + 6 ah + 2 A 2 )/ (6 a + 3 h). 

42. Show that the total pressure on a circle of radius r, immersed 
vertically in water so that its center is at a depth a + r, is 62.4 tit 2 (a +r). 
Show that the depth of the center of pressure is a + r + r 2 /(4 r + 4 a) . 

43. Show that the total pressure on a semicircle, immersed vertically 
in water with its bounding diameter in the surface, is 41.6 r 3 . Show 
that the depth of the center of pressure is 3 7rr/16. 

44. Calculate the water pressure to within 1 % on a circular disk 10 ft. 
in diameter, if its plane is vertical and center 10 feet below the surface. 

45. Show that if a triangle is immersed in a liquid with its plane 
vertical and one side in the surface, the center of pressure is at the 
middle of the median drawn to the lowest vertex. 

46. Show that if a triangle is immersed in a liquid with its plane 
vertical and one vertex in the surface, the opposite side being parallel 
to the surface, the center of pressure divides the median drawn from the 
highest vertex in the ratio 3:1. 

47. Calculate the mean ordinate of one arch of a sine-curve. The 
mean square ordinate. [Effective E. M. F. in an alternating electric 
current.] 



48. Calculate the average distance of the points of a square from one 
_orner. 

49. What is the average distance of the points of a semicircular arc 
from the bounding diameter? 



60. When a liquid flows through a pipe of radius R, the speed of 
flow at a distance r from the center is proportional to .ft 2 — r 2 . What is 
the average speed over a cross section? What is the quantity of flow 
per unit time across any section? 

51. The kinetic energy E of a moving mass is lim 2 Am • t^/2, where 
Am is the element of mass moving with speed v. Show that for a disk 
rotating with angular speed «, E = w 2 //2. Calculate E for a solid car 
wheel of steel, 30 in. in diameter and 4 in. thick when the car is going 
20 m./hr. 
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52. Show that the kinetic energy E of a sphere rotating about a 
diameter with angular speed « is (1/5) (mass) r 2 ^ 2 . 

53. Calculate the kinetic energy in foot-pounds of the rim of a fly- 
wheel whose inner diameter is 3 ft., cross section a square 6 in. on a side, 
if its angular speed is 100 R. P. M. and its density is 7. 

64. The x-component of the attraction between two particles m and 
m', separated by a distance r, is (k • m • m'/r 2 ) cos (r, x) where cos (r, x) 
denotes the cosine of the angle between r and the x-axis. Hence the 
x-component of the attraction between two elementary parts of two 
solids M and M' is (k • AM • AM'/r 2 ) cos(r, x). Show that the total 
attraction between the two solids is expressible by a six-fold integral. 

55. A uniform rod attracts an external particle m. Calculate the 
components of the attraction parallel and perpendicular to the rod; 
the resultant attraction and its direction. 

[Hint. Let AM be an element of the rod; then AF = k AM • m/r 2 is 
the force due to AM acting on m, r being the distance from AM to m; 
then the components of AF are AX = AF cos a and AF = AF sin a, where 
a is the angle between r and the rod. Hence 



•'-/ 



kmdM 



cos a, and Y 



-s 



kmdM 



sin a.] 



r 2 ' J r 2 

56. Show that in spherical coordinates, (r, 6, <f>), the volume of a 
z . solid is given by an integral of 

the form 

fffi* cos <f>d<f>dd dr. 

[Hint. Let P be a point on 
a sphere of radius r, the longi- 
tude of P being 6 and its 
latitude <t>. It is usual to let 
the x?/-section of the sphere be 
the equator and the xa-section 
the prime meridian. Then P 
is the point (r, 6, <f>). PS and 
QR are two adjacent meridians 
and PQ, SR are two adjacent 
Fig. 67. parallels. Then 

Q = (r, 6 + A0, <f>), R = (r, d + AS, <f> + A<f>) y S = (r, 0, <f> + A<f>). 

Also PS = rA<(> and PQ = O'P • A6 = r cos <f> Ad. 
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Suppose r to increase to r + Ar so that P, Q, R, S move out to P', 
Q', R\ S' respectively. In this way is formed the element of volume in 
spherical coordinates. Its approximate volume is 

PS-PQ • PP f = r Ad • r cos <f> AS • Ar = r 2 cos <£ A0 A<£ Ar.] 

67. Calculate the volume of a sphere, using spherical coordinates. 

68. Calculate the volume cut from a cone of angle 2 a by two con- 
centric spheres with centers at the vertex of the cone. 

69. Show that, in cylindrical coordinates (r, 0, 3), the volume of a 
solid is given by an integral of the 
form 

fffrdedrdz. 

Here r denotes distance from the 
2-axis. 

[Hint. The coordinates of P = 
(r, 0, z) are OM=r, xOM = d, MP = s.] 
Q = (r, + A0,s); 
R = (r>0 + A0, z + As); 
£ = (r, 6,z+Az). 
Increase r to r + Ar, so that we 
have an element of volume whose 
approximate volume is 

PQPSPP' =rA0-A2-Ar. 

60. Calculate the volume of a sphere using cylindrical coordinates. 

61. Determine the part of the cylinder r = sin 2 6 which lies between 
the planes 3 = and 3 = y. 

62. Determine the part of the cylinder r = sin 2 6 which lies between 
the planes 3 = and x + y + z — V2. 
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CHAPTER XV 

EMPIRICAL CURVES — INCREMENTS-- 
INTEGRATING DEVICES 

137. Empirical Curves. Some of the methods used in 
science to draw the curves which represent simultaneous 
values of two related quantities and to obtain an equation 
which represents that relation approximately are given in 
Analytic Geometry. Usually the pairs of corresponding 
values are plotted on squared. paper first; in all that follows 
it is assumed that this has been done in each case. 

'138. Polynomial Approximations. It is advantageous to 
have equations which are as simple as possible. From 
experimental results, it is not to be expected that absolutely 
precise equations can be found, and the attempt is made to 
get an equation of simple form which approximately repre- 
sents the facts, in so far as the facts themselves are known. 
One simple kind of function which often does approximately 
express the facts is a polynomial: 
(1) y = a + bx + ex 2 + drf + • • • + fee". 

139. Logarithmic Plotting. The preceding forms of equa- 
tions may not represent the facts very well unless a large 
number of terms (1), § 138, are used. 

If the first graph resembles one of the curves y = x 2 , 

y = re 3 , y = z 4 , etc., or y = x l/2 , y = x l/s , etc., or y = 1/x, 

y = 1/x 2 , etc., it is advantageous to plot the common 

logarithms of the quantities measured instead of the actual 

values of those quantities. 

234 
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If x and y represent the quantities measured, and u = 
logioz, v = logioy are their common logarithms, the values 
of u and v may lie very nearly on a straight line, 

(1) v = a + bu, 

where a and b are found by drawing the straight line which 
on the whole seems to approximate best to the points 
(u,v) and measuring its slope, 6, and the v-intercept, a. 
Then from (1), since u = log 10 z, v = log 10 2/, 

(2) log 10 y = a + b log 10 x = log 10 k + logi x? = logio (fcx*), 
where logi fc = a; hence 

(3) y = fcr*. 

This form of equation is very convenient for computation and 
is used in practice very extensively wherever the logarithmic 
graph is approximately a straight line.* This work applies 
equally well for negative and fractional values of 6. 

In many cases where the process just described fails, it is 
sometimes advantageous to assume that the equation has 
the form (y — B) = k(x — A) n which evidently has a 
horizontal tangent at the point {A, B) if n > 1, or a vertical 
tangent if n < 1. If the first graph (in x and y) shows such 
a vertical or horizontal tangent, that point (A, B) may be 

♦To avoid the trouble of looking up the logarithms, a special paper 
usually described in Analytic Geometry may be purchased which is ruled 
with logarithmic intervals. No particular explanation of this paper is 
necessary except to say that it is so made that if the values of x and y are 
plotted directly, the graph is identical with that described above. To se- 
cure this result the successive rulings are drawn at distances proportional 
to log 1 ( = 0), log 2, log 3, • • * from one corner, both horizontally and ver- 
tically. 

Explanations and numerous figures are to be found in many books; see, 
e.g. t Kent, "Mechanical Engineers' Pocket Book" (Wiley, 1910), p. 85; 
Trautwine, "Civil Engineers' Pocket Book" (Wiley), (Chapter on Hy- 
draulics). 
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selected as a new origin, and the values x' = x — A and 
y'= x — B should be used; thus we would plot the values of 

u = logos' = log 10 (x-A), v = log 10 y' = log 10 (y-B), 
in the manner described above. The values of A and B are 
found from the first graph (in x and y) ; the values of k and 
n are found from the logarithmic graph as above. 

140. Semi-logarithmic Plotting. Variations of this process 
of § 139 are illustrated in the exercises below. In par- 
ticular, if the quantities are supposed to follow a compound 
interest law, y = ke bx , it is advantageous to take logarithms 
of both sides: 

logio y = log 10 k + bx log 10 e, 
and then plot u = x, v = log 10 2/; if the facts are approxi- 
mately represented by any compound interest law, the 
experimental graph (in u and v) should coincide (approxi- 
mately) with the straight line 

v = A + Bu, 
where A = log 10 k and B = 6 logio e. After A and B have 
been measured, k and b [ = B log« 10 = 2.303 B] can be 
found. 

EXERCISES 

1. Find the equation of a straight line through the points (— 1, 3) 
and (2, 5); through (2, - 3) and (4, 5). 

2. Plot the data of Exercises 37-42, page 58; draw a straight line 
as closely as possible through all the points without giving preference 
to any of them; determine the equation from this graph; compare with 
former results. 

Plot each of the following curves logarithmically, — either by plot- 
ting logio x and logio y, or else by using logarithmic paper: 

3. y = 2 a?. 5. y = .4 x* 2 . 7. y = 5.7 x*. 

4. y = 3 x 1 / 2 . 6. |/=3x-2. 8. y = - 1.4 x 2A . 
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In each of the following tables, the quantities are the results of 
actual experiments; the two variables are supposed theoretically to be 
connected by an equation of the form y — kx n . Draw a logarithmic 
graph and determine k and n, approximately: 



9. 


[Steam pressure; v = volume, p = pressure.] [Saxelby.] 


V 


2 


4 


6 


8 


10 


V 


68.7 


31.3 


19.8 


14.3 


.11.3 



10. [Gas engine mixture; notation as above.] [Gibson.] 



V 


3.54 


4.13 


4.73 


5.35 


5.94 


6.55 


7.14 


7.73 


8.04 


V 


141.3 


115 


95 


81.4 


71.2 


63.5 


54.6 


50.7 


45 



11. [Head of water h, and time t of discharge of a given amount.] 
[Gibson.] 



h 


0.043 


0.057 


0.077 


0.095 


0.100 


t 


1260 


540 


275 


170 


138 



12. [Heat conduction, asbestos; = temperature (F.), C = coeffi- 
cient of conductivity.] [Kent.] 



e 


32° 


212° 


392° 


572° 


752° 


1112° 


C 


1.048 


1.346 


1.451 


1.499 


1.548 


1.644 



13. 


[Track records: d = distance, t 


= record time (intercollegiate).] 


d 


100 yd. 


220 yd. 


440 yd. 


880 yd. 


1 mi. 


2 mi. 


t 


0:09* 


0:21i 


0:48f 


1:56 


4:17* 


9:27f 



[Note. See Kennelly, Fatigue, etc., Proc. Amer. Acad. Sc. XLII, 
No. 15, Dec. 1906; and Popular Science Monthly, Nov. 1908.] 
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Plot the following curves, using logarithmic values of one quantity 
and natural values of the other: 

14. y = e*. 15. y = 10 e 3 *. 16. y = 4 e"*. 17. 2/ = .l e"*/ 3 . 

Discover a formula of the type y=k&* for each of the following sets 
of data: 



18. x: 


.2 


.4 


.6 


.8 


1.0 


y' 


4.5 


6.6 


9.9 


15.0 


22.2 


19. x: 


.6 


1.2 


1.8 


2.4 


3.0 


V> 


1.5 


2.2 


3.3 


5.0 


7.4 


20. x: 


.31 


.63 


.94 


1.26 


1.57 


y' 


2.44 


2.98 


3.64 


4.46 


5.44 


21. x: 


.2 


.8 


2.0 


4.0 




y- 


8.2 


4.5 


1.3 


0.2 




22. x: 


.63 


1.26 


2.51 


3.77 


5.03 


y- 


4.02 


2.70 


1.20 


0.54 


0.24 


23. x: 


1 


2 


3 


4 


5 


y- 


3.26 


2.68 


2.16 


1.80 


1.46 



24. A is the amplitude of vibration of a long pendulum, t is the time 
since it was set swinging. Show that they are connected by a law of 
the form A = he" 1 *. 

A in. = 10 4.97 2.47 1.22 .61 .30 .14 

*min.= 12 3 4 5 6 

141. Method of Increments. A method adapted to the 
case where (1) of § 138 has the form 

(1) y = a + bz + ex 2 , 

is as follows. From two pairs of values of x and y, say 
(x, y) and (x + Ax, y + Ay) given by experiment, we should 
have 

(2) y = a + bx + cx 2 ,y + Ay = a + b (x + Ax) + c (x + Ax) 2 , 
whence 

(3) Ay = b Ax + 2 ex Ax + cA?. 
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If Ax is constant, i.e. if points are selected at equal x-in- 
tervals on the crudely sketched curve drawn through the 
experimental points, we might write 

(4) Y = Ay = (bh + <&*) + 2 ch-x = A + Bx 

where h = Ax. If we should actually plot this equation, 
Y = A + Bx, we would get (approximately) a straight 
line. Now Ay = Y is the difference of two values of y; it can 
be found for each of the values of x selected above, and the 
(approximate) straight line can be drawn, so that A and B 
can be measured. 

We may repeat the preceding process; from (4) we obtain, 
as above, 

(5) AY = BAx = 2 eft*, (ft = Ax), 

whence AY is constant if h was taken constant. Now AY is 
the difference between two values of Y; that is, AY is the 
difference between two values of Ay: 

Ay=A(Ay)=A22/, 

and for that reason is called a second difference, or a second 
increment. If the second differences are reasonably con- 
stant, we conclude that an equation of the form (1) will 
reasonably represent the facts and we find c directly by 
solving equation (5). 

Example 1. With a certain crane it is found that the forces / 
measured in pounds which will just overcome a weight w are 



/ 


8.5 


12.8 


17.0 


21.4 


25.6 


29.9 


34.2 


38.5 


w 


100 


200 


300 


400 


500 


600 


700 


800 



What is the law connecting force with the weight that it just overcomes? 

[Perry.] 
Plotting the values of / and w, it appears that the points are very 
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nearly on a straight line / = a + bw. If they were on a straight line, 
Af/Aw would be constant and equal to df/dw = b. As a matter of fact, 
for each increase of weight, Af/Aw varies only from .042 to .044, its 
average value being 30/700 = .0429 Taking this value for 6, one gets 
for the equation of the line, and hence for the relation between force 
and weight: 

/ = 4.21 + .0429 w, 4.21 = 8.5 - 100 X .0429 
Here 4.21 appears to be the force needed to start the crane if no load 
were to be lifted. 

Example 2. If is the melting point (Centigrade) of an alloy of 
lead and zinc containing x% of lead, it is found that 



x = % lead 


40 


50 


60 


70 


80 


90 


- melting point 


186 


205 


226 


250 


276 


304 



Plotting the points (x, 0) will show them not to lie in a straight line as 
is also shown by the difference Ad. But A(A0) or A 2 does run uni- 
formly. Therefore one tries a quadratic function of x for 0, that is 

= a + bx + ex 2 . 
It is evident that A0 = 10 b + c (20 x + 100), 
and A 2 = 200 c. 

The average value of A 2 is 2.25 Hence c = .01125 If we subtract 
ex 2 from 0, we find — ex 2 = a + bx. These values can be calculated 
from the data and from c = .01 125; they will be found to lie on a straight 
line; hence a and b can be found by any one of several preceding methods. 
The student will readily obtain, approximately, 

= 133 + .875 x + .01125 x 2 , 
a formula which represents reasonably the melting point of any zinc- 
lead alloy. [Saxelby.] 

EXERCISES 

1. Express f(x) as a quadratic function of x, when 

x: 0.5 1.0 1.5 2.0 2.5 3.0 

/£r): 2.5 1.9 1.6 1.5 1.7 2.1 2.8 

2. Express / (x) as a cubic function of x, when 

x: .02 .04 .06 .08 .10 .12 .14 

}{x)\ .020 .042 .064 .087 .111 .136 .163 
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.06 .07 


.08 


.00385 .00530 


.00690 


20 25 


30 


9995 1.0000 


1.002 
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3. Express <f> (m) as a cubic in m, when 
m: .01 .02 .03 .04 .05 

4>(m): .00010.00041 .00093 .00166 .00260 

4. The specific heat S of water, at 0° C, is 
6: 5 10 15 
S: 1.0066 1.0038 1.0015 1.0000 0.< 

Express S in terms of 0. 

6. Determine a relation between the vapor pressure P of mercury, 
and the temperature C, from the data below: 

0: 60 90 120 150 180 210 240 

P:.03 .16 .78 2.93 9.23 25.12 58.8 

6. The resistance R, in ohms per 1000 feet, of copper wire of diame- 
ter D mils, is 

D: 289 182 102 57 32 18 10 

#:.126 .317 1.010 3.234 10.26 32.8 105.1 

Find a relation between R and D. 

7. The Brown and Sharpe gauge numbers N of wire of diameter D 
mils, are 

N: 1 5 10 15 20 25 30 

D: 289 182 102 57 32 18 10. 

Express D in terms of N. 

8. Find a relation between the speed S of a train in kilometers per 
hour, and the horse-power (H. P.) of the engine from the data below: 

H. P.: 550 650 750 850 

S: 26 . 35 52 70. 

9. The energy consumed in overcoming molecular friction when iron 
is magnetized and demagnetized (hysteresis, H, — measured in watts 
per cycle per liter of iron) is given below in terms of the strength of the 
magnetic field (B, — measured in lines per square centimeter). What 
is the relation between them? 

B: 2000 4000 6000 8000 10000 14000 16000 18000 
H: .022 .048 .085 .138 .185 .320 .400 .475 

10. Proceed as in Ex. 15, for cobalt, the hysteresis loss H being now 
measured in ergs per cycle per second: 

B: 900 2350 3100 4100 4600 5200 5850 6500 
H: 450 2450 3950 6300 7400 8950 10950 13250. 
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The table below contains some data on the comparison of a tung- 
sten lamp with a tantalum lamp. The voltage or electrical pressure V, 
is in volts, the resistance R, in ohms, the current consumed in watts per 
candle power; C denotes candle power, and W watts per candle power. 



11. Tungsten 



12. Tantalum 



Voltage 


C.P. 


Watts 
per C. P. 


Resistance 


C.P. 


Watts 
per C. P. 


Resistance 


V 


C 


W 


R 


C 


W 


R 


80 


14 


2.51 


166 


5 


3.80 


260 


90 


24 


1.83 


173 


10 


2.85 


265 


100 


36 


1.49 


182 


18 


2.05 


275 


110 


52 


1.23 


190 


25 


1.65 


283 


120 


71 


1.10 


197 


38 


1.35 


290 


130 


95 


0.96 


202 


50 


1.15 


300 


140 


128 


0.83 


210 


62 


0.95 


308 


150 


160 


0.76 


216 


78 


0.85 


315 


160 


196 


0.58 


222 


100 


0.75 


323 


170 


230 


0.52 


227 


122 


0.70 


327 


180 


270 


0.50 


232 


156 


0.70 


332 


190 


312 


0.48 


238 


190 


0.60 


340 


200 


340 


0.47 


242 


235 


0.55 


345 



For each lamp, express each of the quantities C, W> R, in terms of V. 

142. Integrating Devices. It is important in many prac- 
tical cases to know approximately the areas of given closed 
curves. Thus the volume of a ship is found by finding the 
areas of cross sections at small intervals. Besides the methods 
described above, the following devices are employed: 

A. Counting squares on cross-section paper. 

B. Weighing the figures cut from a heavy cardboard of 
uniform known weight per square inch. 

C. Integraphs. These are machines which draw the inte- 
gral curve mechanically; from it values of the area may be 
read off as heights. 
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The simplest such machine is that invented by Abdank-Abakano- 
wicz. A heavy carriage CDEF on large rough rollers, R, R' is placed on 
the paper so that CE is 



v-f(*) 



parallel to the y-axis. 

Two sliders S and S' 
move on the parallel 
sides DF and CE; to S 
is attached a pointer P 
which follows the curve 
y = f(x). A grooved rod 
AB slides over a pivot 
at A } which lies on the 
x-axis, and is fastened by 
pivot B to the slider S. 
A parallelogram mechan- 
ism forces a sharp wheel 
W attached to the slider 
S' to remain parallel to 
AB. A marker Q draws 
a new curve i = <f>(x), 

which obviously has a tangent parallel to W, that is, to AB. If AB 
makes an angle a with Ox, tan a is the slope of the new curve; but 
tan a is the height of S divided by the fixed horizontal distance h between 
A and B: 




Fig. 69. 



dx 



— tan a = 



height of S 



h 



whence 



h J x=a 



f(x)dx; 



where a is the value of x at P when the machine starts, and io denotes 
the vertical height of the new curve at the corresponding point. 

D. Polar Planimeters. — There are machines which read 
off the area directly (for any smooth closed curve of simple 
shape) on a dial attached to a rolling wheel. 

The simplest such machine is that invented by Amsler. 

Let us first suppose that a moving rod ab of length I always remains 
perpendicular to the path described by its center C. The path of C 
may be regarded as the limit of an inscribed polygon, and the area 
swept over by the rod may be thought of as the limit of the sum of small 
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Fig. 70. 



quadrilpterals, the area AA of each of which is lAp, approximately, 

where Ap is the length of 
the corresponding side of 
the polygon inscribed in 
the path of C. Hence the 
total area A swept over 
by the rod is evidently lp, 
where p is the total length 
of the path of C. 

But if the rod does not 
remain perpendicular to the path of C during the motion, and if ^ is the 
angle between the rod and that path, the area AA becomes lain ^ • Ap, 
approximately. The expression sin \f/ • Ap 
may be thought of as the component of Ap in 
a direction perpendicular to the rod. Calling 
this component As, we have AA = lAs, ap- 
proximately; and the total area A swept over 
by the rod is precisely lim 2 AA = lim 2 1 As 
— fids = Ifds = Is, where s =fds is the 
total motion of C in a direction perpendicular 
to the rod. 

The quantity s —fds can be measured me- 
chanically by means of a wheel of which the 
rod is the axle, attached to the rod at C; for if 
6 is the total angle through which the wheel 
turns during the motion, s — rd, where r is the 
radius of the wheel, and is measured in 
radians. Hence A = Is = IrO; the value of 
is read off from a dial attached to the wheel; 
I and r are known lengths. 

In Amsler's polar planimeter, one end b of the rod ab is forced to 
trace once around a given closed curve whose area is desired; the other 
end a is mechanically forced to move back and forth along a circular 
arc by being hinged at a to another rod Oa, which in its turn is hinged 
to a heavy metal block at 0. As b describes that part of the given curve 
which lies farthest from 0, the rod ab sweeps over an area between the 
circular arc traced by a and the outer part of the given curve; as b 
describes the part of the curve nearest to 0, ab sweeps back over a 
portion of the area covered before, between the circle and the inner 
part of the given curve. This latter area does not count in the final 
total, since it has been swept over twice in opposite directions. Hence 
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the quantity A = Ird, given by the reading of the dial on the machine, 

is precisely the desired area of the given closed 

curve, which has been swept over just once by 

the moving rod ab. 

In practicing with such a machine, begin 

with curves of known area. The machine is 

useful not only in finding areas of irregular 

curves whose equations are not known, but 

also in checking integrations performed by the 

standard methods, and in giving at least 
approximate values for integrals whose evalu- 
ation is difficult or impossible. 

For further information on integrating 
devices, see: Abdank-Abakanowicz, Les in- 
tegraphes (Paris, Gautliier-Villars) ; Henrici, 
Report on Planimeters (British Assoc. 1894, pp. 490-523); Shaw, 
Mechanical Integrators (Proc. Inst. Civ. Engs. 1885, pp. 75-143); 
Encyklopadie der Math. Wiss., Vol. II. Catalogues of dealers in in- 
struments also contain much really valuable information. 




EXERCISES 

1. Construct a figure of each of the types mentioned below, with di- 
mensions selected at random, and find their areas approximately by 
counting squares; by Simpson's rule; by the planimeter, if one is avail- 
able. (1) A right triangle; (2) An equilateral triangle; (3) A circle; 
(4) An ellipse. (Draw it with a thread and two pins.) (5) An arch of 
a sine curve; (6) An arch of a cycloid. 

2. The figures below are repro- 
ductions of indicator cards, taken 
from three different types of en- 
gines. The dotted curves are en- 
tirely separate from the full lines. 
The average pressure on the piston 
is the area of one of these curves 
Fig 73 (a) divided by the length of stroke. 

Find this value in each case, where 

the stroke is 12 in. in the first figure, and 8 in. in each of the others. 

(Unit of area = 1 large square.) 
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[Note. The work done is precisely the area in question, on a proper 
scale, since the work is the average pressure times the length of stroke.] 
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CHAPTER XVI 
LAW OF THE MEAN — TAYLOR'S FORMULA — SERIES 

143. Rolle's Theorem. Let us consider a curve 

where / (x) is single-valued and continuous, and where the 
curve has at every point 
a tangent that is not ver- 
tical. If such a curve 
cuts the x-axis twice, at 
x = a and x = 6, it surely 
either has a maximum or 
a minimum at at least one point x = c between a and 6. 
It was shown in § 33, p. 54, that the derivative at c is zero: 

[A] If /( fl )=/(6)=0, then[^]^=0, (a<c<b); 
this fact is known as Rolle's Theorem. 

144. The Law of the Mean. Rolle's Theorem is quite evi- 
dent geometrically in the form: An arc of a simple smooth 
curve cut off by the x-axis has at least one horizontal tangent. 

The precise nature of the 
necessary restrictions is 
given in § 129. 

Another similar state- 
ment, which is true under 
the same restrictions and 
Fig. 75. is equally obvious geo- 

metrically, is: An arc of a simple smooth curve cut off by any 
secant has at least one tangent parallel to that secant. 

247 
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If the curve is y = / (x) , and if the secant S cuts it at points 
P'\a>,f(fl)] and Q:[b,f(b)], the slope of S is 

Ay + Ax = [f(b)-f(a)] + (b-a). 
The slope of the tangent CT at x = c is equal to this: 

dxj x =c dx J x =c 6 -a Ax } 

This statement is called the law of the mean or the theorem 

of finite differences. 

It is easy to prove this statement algebraically from 

Rolle's Theorem. For if we subtract the height of the secant 

S from the height of the curve, we get a new curve whose 

height is: 

D (x) =/(*)- [ f(h) b Z f a (a) (* ~ «) +/(«)] • 

Now D(x) is zero when x = a and when a; = 6. It follows 
by § 143 that d D (x)/dx = at x = c, (a < c < 6) : 

^]_-(*T-R^]L-<> «•<•<»• 

which is nothing but a restatement of [B], 

146. Increments. The law of the mean is used to determine 
increments approximately, and to evaluate small errors. 
If y = f (x) is a given function, we have, by § 144, 



}x=c 



In practice this law is used to estimate the extreme limit of 
errors, that is, the extreme limit of the numerical value of Ay. 
It is evident that 

[B*] |Ay|<Mi.|Ax|, 

where Mi is the maximum of the numerical value of dy/dx be- 
tween a and a + Ax. When Ax is very small, the slope dy/dx 
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is practically constant from a to a + Ax in most instances, 
and M x is practically the same as the value of dy/dx at any 
point between a and a + Ax. 

Example 1. To find the correct increments in a five-place table of 
logarithms. 

The usual logarithm table contains values of L = logio N at intervals 
of size AN = .001. Hence 

— [ dj s^.«»» - 19 — i.. =m„., 

where N < c < N + .001. 

Logarithms are ordinarily given from N = 1 to N = 10. Hence AL 
will vary from .00043 at the beginning of the table to .00004 at the end 
of the table. This agrees with the " differences" column in an ordinary 
logarithm table. 

Example 2. The reading of a certain galvanometer is proportional 
to the tangent of the angle through which the magnetic needle swings. 
Find the effect of an error in reading the angle on the computed value of 
the electric current measured. We have 

C = k tan &, 
where C is the current and the angle reading. Hence the error Ec in 
the computed current is 

Ec^AC^ k -^^lAd^kAd-8e^a t (0>«>0±A0), 

where Ec is the error in the computed value of the current, and Ad is 
the error made in reading the angle 0. Since Ad is very small, 
Ec = k sec 2 - A0, approximately. The error Ec is extremely large if 
8 is near 90°, even if A 6 is small; hence this form of galvanometer is not 
used in accurate work. 

EXERCISES 

1. At what point on the parabola y — x 2 is the tangent parallel to 
the secant drawn through the points where x = and x — 1? 

2. Proceed as in Ex. 1 for the curve y = sin x, and the points where 
x = 60° and x = 75°. 

3. Proceed as in Ex. 1 for the curve y = log (1 + x), for x = 1 and 
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4. Discuss the differences in a four-place table of natural sines, the 
argument interval being 10'. 

5. Proceed as in Ex. 4 for a similar table of natural cosines; of 
natural tangents. 

6. Discuss the differences in a four-place table of logarithmic sines, 
the entries being given for intervals of 10'. 

7. Proceed as in Ex. 6 for a table of logarithmic tangents. 

8. Calculate the difference in a seven-place table of log™ sin x at the 
place where x = 30°; where x = 60°; where x = 85°. 

9. Discuss the effect of a small change in x on the function 

y = log (1 + l/x). 

10. If logio N = 1.2070 ± .0002, what is the uncertainty in AT? [The 
term + .0002 indicates the uncertainty in the value 1.2070.] 

11. If the angle of elevation of a mountain peak, as measured from 
a point in the plain 5 mi. distant from it, is 5° 20' ± 5', what is the un- 
certainty in the computed height of the peak? 

12. The horizontal range of a gun is R = (V 2 /g) sin 2 a, where V is 
the muzzle speed and a the angle of elevation of the gun. If V = 1200 
ft. /sec, discuss the effect upon R of an error of 5' in the angle of ele- 
vation. 

13. The distance to the sea horizon from a point h ft. above sea level 
is D = V2 Rh -f h 2 , where R is the radius of the earth. Discuss the 
change in D due to a change of one foot in h. (Z), R, and h are all to 
be taken in the same units.) If D is tabulated for values of h at inter- 
vals of one foot, what is the tabular difference at the place where h — 60? 

14. If the boiling point of water at height H ft. above sea level is T, 
H = 517 (212° - T) - (212° - T) 2 , T being the boiling temperature 
in degrees F. Discuss the uncertainty in H, if T can be measured to 
1°. If H be tabulated with argument T at intervals of 1°, what is the 
tabular entry and the tabular difference when T = 200°? 

15. When a pendulum of length I (feet) swings through a small angle 
a (radians), the time (seconds) of one swing is T — TrVlJg (1 + ot 2 /16). 
What is the effect on T of a change in a, say from 5° to 6°? Of a change 
in / from 36 in. to 37 in.? Of a change in g from 32.16 to 32.3? 
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16. The viscosity of water at 0° C. is P = 1/(1 + .0337 + .00022 02). 
Discuss the change in P due to a small change in 0. What is the average 
value of P from = 20° to = 30°? 

17. The quantity of heat (measured in calories) required to raise one 
kgm. of water from 0° C. to 6° C. is H = 94.21 (365 - 0)*'*™ + k. How 
much heat is required to raise the temperature of one kgm. of water 1° C. 
when = 10°? 20°? 30°? 70°? To find k, observe that H = when = 0. 

18. The coefficient of friction of water flowing through a pipe of 
diameter D finches) with a speed V (ft./sec.) is / = .0126 + (.0315 
— .06 D)/VV. What is the effect on / of a small change in 7? in D? 

146. Limit of Error. In using the formula [B] the uncer- 
tainty in the value of c is troublesome. If the value of dy/dx 
at x = a is used in place of its value at x = c, the error made 
in finding Ay by [B] can be expressed in terms of the second 
derivative d?y/ck?. 

We shall use the convenient notation f (x), /" (#), etc., 
for the derivatives of / (x) : 



/'(*) = 



df(x) _ dy 



= -f (the slope of y = f(x) ). 



dx dx 



Let M 2 denote the maximum of the numerical value of /" (x) 
between two points 
x = a and x = 6, so 
that 

(1)' \f"{x)\<M 2 . 

The area under the 
curve y = /" (x) be- 
tween x = a and any 
point x = x between a and 6 is evidently not greater than the 
area under the horizontal line y = M 2 ; that is, if a< x< 6, 

(2) I f X=X f"(x)dx\< f X= *M 2 dx, or |/ , (x)l X= 1<ilf 2 xT" X i 




Fig. 76 (a). 
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since df(x)/dx = f"(x), and M 2 is a constant; whence, sub- 
stituting the limits of integration in the usual manner, 
(3) \f'(x)-f'(a)\<M 2 (x-a), 

which is geometrically shown in Fig. 76 (6). It follows that 

the area under the curve 
V = /' (z) — /' (a) is not 
greater than that under 
the line y = M 2 (x — a) : 

(4) \f X lf(x)-f'(a)]dx 
^ I M 2 (x — a) dx; 

J a=x 

or since /' (a) and M 2 are 




Fig. 76 (6). 



constants and df(x)/dx =/'(#), 

if/o-rca)-^::^^^];;:; 

whence, substituting the limits in the usual manner, 

[C] |/(x) -/(a) -/'(a)(x- a)|< M 2 ^^ , 

which holds for all values of x between x = a and x = b. 
This formula may be written even if x<a: 

[C*] /(*) =/(a) +f'(a)(x -a)+B%, where \B*\ <M2 ( ~^, 

and E 2 is the error made in using /'(a) in place of /' (c) in 
formula [C]; for (x - a) 2 = | x — a | 2 . 

It should be noticed that E 2 is exactly the error made in 
substituting the tangent at x = a for the curve, i.e. it is the 
difference between Ay[ = f(x) — f(a)] smddy[= f'(a) (x — a)] 
mentioned in § 26, p. 43, and shown in Fig. 8. 

The formula [B *] is exactly analogous to [C *]; since 
Ay = f(x) — f(a) if Ax = x — a, [B *] may be written 
[B *] f(x) =f(a) + E 1} \Et I < M x . \x - a|. 
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Example 1. In Ex. 1, § 145, we found for L = logio N, \ 

. .00043 , , , 
AL = N : (nearly). 

Applying [C*] } with/(2V) = logio N,a=N,x=N+AN,x-a = AN 
= .001, we find 

AL -fQf + AN) -f(N) = ^~ + E 2 , | ft|< --52^. Mi, 

where M 2 is the maximum value of | /" (N) \ — (logio e)/^ between N = 1 
and JV = .10. Hence E 2 < .00000022 The value of AL found before 
was therefore quite accurate, — absolutely accurate as far as a five-place 
table is concerned. 

Example 2. Apply [C*] to the function /(x) = sin x, with a = 0, and 
show how nearly correct the values are for x < t/90 = 2°. 
Since /(x) = sin x } and a = 0, [C*] becomes 
sin x = sin (0) + cos (0)- (x - 0) + E 2 = a; + E 2 , \E 2 \ < M 2 ^ 7 

where M 2 is the maximum of | /" (x) \ — | — sin x | between and tt/90. 
that is M 2 = sin (t/90) = sin 2° = .0349 Hence E 2 < .0175 x 2 . Since 
x<tt/90, x 2 <ir 2 /8100<.0013; hence E 2 <. 000023, and sinz = x is 
correct up to x 5 */90 within .000023 
Similarly, for a = t/4, we have, by [C*], 

(s - t/4) 2 
2 

where M 2 < 1. If (x - t/4) < t/90, \E 2 \< (t/90) 2 4- 2 = .0007 

147. Extended Law of the Mean. Taylor's Theorem. The 

formula [C*] can be extended very readily. Let/' (x),f" (x), 
/'" ( x )> " • / (n) 0*0 denote the first n successive derivatives of 
fix): 

J W ~" dx* " dx 
and let the maximum of the numerical value of / (n) (x) from 
x = a tq x = 6 be denoted by iW^ n . Then 

| /<»> (x) | < M„, 
and I p-* /(B) {x) dx U\ [ x -* Mndx 

I J x»a | I •/ x=o 



sinx = ^[l + (x-|)] + E 2 , \E i \<M i [ - 
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or I/"*"" (as) - f-» (a) | £ | M a (x-a)\ 

for all values of x between a and b. Integrating again, we 
obtain, as in § 146: 



| /"- 2> (as) -f " 2) (a) -/<-» (a) (* - a) | £ 



M, 



(a? -a) 2 |. 



and, continuing this process by integrations until we reach 
/(a;), we find: 



ID] 



/(*) -/(a) -/' (a) (*- a) -^ (*- «)■- 



f(n-D (a) 

(n-l)r x a; 






or, 

[0*] / (x) =/ (a) +/' (a) (x - a) +^ (*-«)•+... 

/(n-l) (a) 

+ (^l)! (X ~ a)n " 1 + £ '" 
where 

and where Af n is the maximum of |/ (n) (x) | between x = a and 
x = 6. 

This formula is known as the extended law of the mean, or 
Taylor's Theorem, after Taylor, who first gave such approxi- 
mations as it expresses. It is one of the more important for- 
mulas of the Calculus. 

In particular, if a = 0, the formula becomes 

ID*] /(*)=/(0)+/'(0)x+£^x*+... 

/<n-l) (0) 

where | E n | ^ M n \ x n \ fn\ This special case of Taylor's 
Theorem is often called Maclaurin's Theorem. 
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The formula [D*] replaces / (x) by a polynomial of the 
nth degree, with an error E n , These polynomials are repre- 
sented graphically by curves, which are usually close to the 
curve which represents / (x) near x = a. See Tables, III, K. 

Since the expression for E n above contains n\ in the 
denominator, and since n\ grows astoundingly large as n 
grows larger, there is every prospect that E n will become 
smaller for larger n; hence, usually, the polynomial curves 
come closer and closer tof(x) as n increases, and the approxi- 
mations are reasonably good farther and farther away from 
x = a. But it is never safe to trust to chance in this matter, 
and it is usually possible to see what does happen to E n as 
n grows, without excessive work. 

Example 1. Find an approximating polynomial of the third degree 
to replace sin x near x = 0, and determine the error in using it up to 
x = T /\$ = 10°. 

Since/ (x) = sin x and a = 0, we have/' (x) = cos x, /" (x) = — sin x, 
/"' (x) = - cos x, / lv (x) = + sin x, whence / (0) = 0, /' (0) = 1, /" (0) = 
0,/'"(0) = - 1; and [Max. j/ iv (x)\] = [Max.lsina;|] = sin 10° = .1736 
between x = and x = tt/18 = 10°. Hence 

sinx = + l-(x-0)+0 + (-l)- (X 2 ~3 )3 + # 4 = x - ^ + E* , 

where | E* I < (.1736) • a^/4! ^ (.1736) (tt/18)4 h- 4! < .000007, when x 
lies between and tt/18. 

In general, the approximation grows better as n grows larger, for 
|/ (n) (x) 1 is always either | sin x | or | cos x\; hence M n ^ 1, and | E n | ^ 
a^/n! which diminishes very rapidly as n increases, especially if x < 1 = 
57°.3 For n = 7, the formula gives, for x > 0, 

sinx=x-^+g+£ 7 , \E 7 \<xVV.. 



Example 2. Express Vl + x as a quadratic in x and estimate the 
error if x lies between and .2 

Here / (0) = 1 ; /' (0) = 1/2; /" (0) - - 1/4; AT, > |/'" (9) I = 3/8. 

Hence VTT^ = 1 + x/2 - a;2/8 + E s ; \ E z \ < [(3/8)/(3!)] (.2)3 = .0005 
Thus: vT2 = 1 + .1 - .005 + E t = 1.0950 + E 3 ; I E z I <.0005 
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EXERCISES 

1. Apply the formula (C*) to obtain an approximating polynomial 
of the first degree for tan x, with o = 0. Show that the error, when 
| x J < tt/90, is less than .00003. Draw a figure to show the comparison 
between tan x and the approximating linear function. 

2. Apply [D*] to obtain an approximating quadratic for cos x, with 
a = 0. Show that the error, when \x\ <t/10 is less than (t/10) 3 -5-3! 
Draw a figure. 

3. Apply [D*Y to obtain an approximating cubic for cos x, near 
x = 0. Hence show that the formula found in Ex. 2 is really correct, 
when | x \ <tt/10, to within (tt/10) 4 -*- 4! Draw a figure. 

4. Obtain an approximation of the third degree for sin x near 
x = tt/3. Show that it is correct to within (t/10) 4 -s- 4! for angles 
which differ from tt/3 by less than ir/10. Draw a figure. 

Obtain an approximation of the first degree, one of the second 
degree, one of the third degree, for each of the following functions near 
the value of x mentioned; find an upper limit of the error in each case 
for values of x which differ from the value of a by the amount specified; 
draw a figure showing the three approximations in each case: 
5 e*, a = 0, | x - a \ < .1 9. <r*, a = 2, | x - a | < .5 

6. tan x, a = 0, | x — a\ <a-/90. 10. sin x, a = t/2, I x— a \ < x/45. 

7. log(l+x), o=0, I* — a |< .2 11. tans, o = t/4, \x-a\ <x/90. 

8. cosx,o = t/4, |x-al<*-/18. 12. s*+s+l,a = l, \x-a \ < 1/5. 

13. 2i 2 -i-1,o = 1/2, | x - a | < 1. 

14. a? - 2 x 2 - x + 1, a = - 2, I a; - a \ < .5 

15. Find a polynomial which represents sin x to seven decimal places 
(inclusive), for|x| <10°. 

16. Proceed as in Ex. 15, for cos x; for e~*, when 0<s<l. 

17. Show that x differs from sin x by less than .0001 for values of x 
less than a certain amount; and estimate this amount as well as possible. 

18. The quantity of current C (in watts) consumed per candle power 
by a certain electric lamp in terms of voltage v is C - 2.7 -f lO 8007 " 07671 '. 
Express C by a polynomial in v — 115 correct from v = 110 up to v = 
120 to within .025 watt. 
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148. Application of Taylor's Theorem to Extremes. If a 
function y = f(x) is given whose maxima and minima are to 
be found, we may find the critical points where /' (x) = 0. 
Let a be one solution of f'(x) = 0, that is, a critical value. 
Then, since/' (a) = 0, we have, by [D*], 

Ay = /(*) -f(a) = +^ (x-a)*+E 3 , \ E,\ < M 3 ^=^- 3 , 

where M 3 ^ | /'" (x) | . Hence the sign of Ay is determined by 
the sign of/" (a) when (x — a) is sufficiently small. 

If /"(a) >0, Ay>0, and f(x) is a minimum at a: = a. 

If /"(a) <0, Ai/<0, and /(x) is a maximum at x = a. (See 
§42, p. 66.) 

If /"(a) = 0, the question is not decided.* But in that 
case, by [D*] : 

Ai/=/(x)-/(a)=0 + 0+Q^(x-a)3+^(x-a)4 + J B 6 , 

where|# 6 | ^ M 5 \x-a\ b /5\, M 5 > \f v (x) \ . From this we see 
that if/'" (a) 7^ there is neither a maximum nor a minimum, 
for (x — a) 3 changes sign near x = a. But if/'" (a) = 0, then 
/ ,v (a) determines the sign of Ay, as in the case of/" (a) above. 
In general, if f (t) (a) is the first one of the successive deriva- 
tives, /'(a), /"(a), • • •, which is not zero at x = a, then there 
is: 

no extreme if k is odd; 

a maximum if k is even and /(*) (a) <0; 

a minimum if k is even and /(*) (a) > 0. 

* The methods which follow are logically sound and can always be car- 
ried out when the derivatives can be found. But if several derivatives 
vanish (or, what is worse, fail to exist), the method of § 34, p. 54, is better 
in practice. 
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Example 1. Find the extremes for y — x 4 . 

Since/ (x) = x 4 , /' (x) = 4 x 3 ; hence the critical values are solutions of 
the equation 4 x 3 = 0, and therefore x = is the only such critical 
value. 

Since /" (x) = 12 x>, /'" (x) = 24 x, / ,v (x) = 24, the first derivative 
which does not vanish at x = is / ,v (x), and it is positive (= 24). It 
follows that / (x) is a minimum when x = 0; this is borne out by the 
familiar graph of the given curve. 

EXERCISES 

Study the extremes in the following functions: 



1. 


x«. 


5. 


(x+3)*. 


9. 


x 2 sin x. 


2. 


(x-2)3. 


6. 


X4(2X-1)3. 


10. 


a^cosx. 


3. 


4x3-3x4. 


7. 


sinx 3 . 


11. 


x 3 tanx. 


4. 


X3(l+X)3. 


8. 


x — sin x. 


12. 


e~ x l*. 



13. Discuss the extremes of the curves y — x n , for all positive integral 
values of n. 

14. An open tank is to be constructed with square base and vertical 
sides so as to contain 10 cu. ft. of water. Find the dimensions so that 
the least possible quantity of material will be needed. 

15. Show that the greatest rectangle that can be inscribed in a given 
circle is a square. 

[See Ex. 44, p. 59. Other exercises from § 35 may be resolved by 
the process of § 148.] 

16. What is the maximum contents of a cone that can be folded from 
a filter paper of 8 in. diameter? 

17. A gutter whose cross section is an arc of a circle is to be made by 
bending into shape a strip of copper. If the width of the strip is a, show 
that the radius of the cross section when the carrying capacity is a 
maximum is a/x. [Osgood.] 

18. A battery of internal resistance r and E. M. F. e sends a current 
through an external resistance R. The power given to the external 
circuit is 

(R + r) 2 
If e = 3.3 and r = 1.5, with what value of R will the greatest power 
be given to the external circuit? [Saxelby.] 
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149. Indeterminate Forms. The quotient of two functions 
is not defined at a point where the divisor is zero. Such 
quotients /(g) -*■ <t> (g) at x = a, where /(a) = <t> (a) = 0, are 
called indeterminate forms* We may note that the graph 
of 

(1) * = i|r)' (/(«>-*(«) "°)> 

may be quite regular near x = a; hence it is natural to make 
the definition: 

(2) i\ =m -lim^L). 

Jx-a ^ \X)jz~a *->a <t> (X) 

If we apply [D *], we obtain, 

/(s) 0+/'(q)(s-q)+gt' 
5 0(g) o + *'(a)(:r-a) + JB» /M 
where 

| fi' | < M%' (x - a) 2 /2!, | E 2 " \ < M 2 " (g - a) 2 /2!, 
and 

M%' > |/" (g) | , M 2 " > | «" (g) | , near x = a. 
Hence 

where p' and p" are numbers between — 1 and +1. It 
follows that 

(3) lim 9 = lim^=^ 

*-a *-a</>(g) ; (a) 

unless 0' (a) = 0. But if <£' (a) = 0, g becomes infinite, and 
the graph of (1) has a vertical asymptote at x = a unless 

♦If 0(a) =0 but /(a) 5^0 the quotient q evidently becomes infinite; in 
that case the graph of (1) shows a vertical asymptote. 
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/' (a) = also. If both /' (a) and <j>' (a) are zero, it follows in 
precisely the same manner as above, that 

where either / (t) (a) or (t) (a) is not zero, but all preceding de- 
rivatives of both / (x) and </> (x) are zero at x = a; and where 
MUi ^ l/ ( * +1) (*) |, ikT^x > | 0<* +1 > (x) | nearz= a and where 
p' and p" are numbers between — 1 and +1. It follows 
that 

r r fix) /<*> (a) 

lim q = hm j-t-t = ' ; : , 
x _> a * ^a (x) </> w (a) 

provided all previous derivatives of both /(#) and <£(#) are 
zero at a: = a, and provided </> (t) (a) ^ 0. If </> (t) (a) = 0, 
f (t) (a) t^ 0, then g becomes infinite and the graph of (1) has a 
vertical asymptote at x = a. 

It should be noted that (3) is only a repetition of Rule [VII], p. 31. 
For if w = / (x) and t> = <f> (x), since / (a) = <f> (a) = 0, 
= f(x) f(x)—f(a) = Aw = Aw^Av 
9 (x) (x) — (a) Ay Ax ' Ax ' 
where Ax = x — a; and therefore 

x-w Ax-*oAx Az->oAx L«Z dxj x =a l_0 (z)J*-a (<*) 
provided 0' (a) is not zero (see Theorem D, p. 15). 

Example 1. To find lim [(tan x) -s- x]. 
x-*o 

Here/(x) = tan x, (x) = x; /(0) = (0) = 0; hence 

.. tan x /' (0) [sec 2 x] x «o 

z _>o ^ 0' (0) 1 

Draw the graph q = (tan x) 4- x and notice that this value q = 1 fits 

exactly where x = 0. 

This limit can be found directly as follows: 



.. tan h __ .. tan (0 + h) — tan (0) _ d tan x "| _ 2 1 - 
SSo A " H> (0 + A) - (0) - dx J,=o ~ ** X l«o ~ 



1. 
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Example 2. To find lim (1 — cos x)/x 2 . 

Here/(x) = 1 - cos x, <f> (x) = x 2 ;/(0) = <f> (0) = 0;/' (0) = sin (0) = 
and <f>' (0) = 0; /" (x) = cos x, <f>" (x) = 2; hence 



,. 1 — cosx cosx~| 1 

i^o^ 2- _Lo = 2 



Draw the graph of q = (1 — cos x)/x 2 , and note that (x = 0, q = 1/2) 
fits it well. 

160. Infinitesimals of Higher Order. When the quotient 

a* ,-*£ 

approaches a finite number not zero when x is infinitesimal : 

(2) limg = lim-^- ) = fc^0, 

x— *0 x— »0 •£ 

1 hen / (x) is said to be an infinitesimal of order n with respect to x. 
An infinitesimal whose order is greater than 1 is called an 
infinitesimal of higher order. 

The equation (2) may be reduced to the form 

(3) lim[/(o:)-fcx n ] = 0, 

x-+0 

or 

(4) f(x) = (k + E)x n f 

where lim E = 0. The quantity kx? is called the principal 
part of the infinitesimal/ (x) . The difference/ (x) — kx* = Ex" 
is evidently an infinitesimal whose order is greater than n, for 
lim (Ex* + x n )=limE = 0. 
Thus by Example 2, § 149, 1 — cos x is an infinitesimal of the second 
order with respect to x; its principal part is x 2 /2. Note that 

1-cosx =x 2 /2+pxV3!, 
by [D*], where — 1 ^ p ^ + 1; the principal part is the first term of 
Taylor's Theorem that does not vanish. 

In general, if we have /(0) =/'(0) =/"(0) = • • • =/*-* (0) = 0, but 
/ *> (0) ^ 0, the formula [D*] gives, for a = 0, 

/ (x) = /cm (0) • x*/k ! + p Mjt+i x*+7(fc + 1) ! 

where Mu+i ^ |/ ( * +1) (x) | near x = 0, and — 1 % p < + 1. Hence / (x) 
is an infinitesimal of order fc, and its principal part is /^(O) x*/A:!.. 
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EXERCISES 

Evaluate the indeterminate forms below, in which the notation 
<t> (x) \ a means to determine the limit of 4> (x) when x = o. The vertical 
bar applies to all that precedes it. Draw the graphs as in Exs. 1, 2, above. 
1. sin x/x |o. 2. sin 2 x/sin 3 x |o. 3. tan 3 x/x\o. 

a **- * 1 k fi "*-~ 1 l a o*-l | 

& — 1 |l x lo x |o 

_ tan 2x1 Q e» — e~* I tt a* — 6* I 

tan 6 x lo x |o x lo 

10 log (1 — «) 1 n 1~ cos 2x 1 ^ lo gx 2 | m 



sin a; lo x 2 |o * Vx 2 — 1 li 

40 x — sinxl „. l+co8Ti I „_ log(l+x)| 

13. t • 14. z ; 10. — . 

x — tanxlo 1 — x — logx|i Vl -i li 

lg x cos x — sin x I 17 sin" 1 x 1 lg e* — e 8 " 1 *! 



x 3 |o ' tan -1 x |o ' x — sin x |o 

19 fllo ' g -* | . 20 ^g^" 7 ) ] 21 8in " 1 (X ~ 2) 1 

logx |i ' x 2 — 5x + 6U ' Vx 2 + x — 6 la 

sin -1 Va 2 — x 2 1 



22. 



Vo 2 - x 2 



Determine the order of each of the quantities below when the vari- 
able x is the standard infinitesimal: 

23. x — sin x. 30. x cos x — sin x. 

24. e* — e~*. 31. sin 2 x — 2 sin x. 

25. x 2 sin x 2 . 32. log cos x. 

26. log (1 +*)-*. 33. loga+e" 1 /*). 

27. e* — #** ». 34. tan -1 x — sin -1 x. 

28. a* — 1. 35. log cos x — sin 2 x. 

29. log[(a + x)/(a-x)]. 36. 2x-e» + «r». 



37. cos-^l-x)- V2x-x 2 . 

151. Other Indeterminate Forms. The numerator and de- 
nominator can be replaced by their derivatives not only 
\rhen the fraction takes the form 0/0, but also when it takes 
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the form 00/ 00 (see Pierpont, Functions of a Real Variable, 

p. 305). 

Since f(x)/<f> (x) = [l/</> (x)] + [l//(x)], any fraction that takes one 

of the two forms 0/0, oo-i-oo, can also be put into the other form. 

Thus, as x -> t/2, tan x and sec x both become infinite, while ctn x and 

cos x approach zero; hence 

.. tan x ,. cos x ., 
hm = lim — — = 1. 

x-*t/2 sec x x-**/2 ctn x 

Likewise, if / (x) -> as 4>(x) becomes infinite, their product is of the 
form X 00 , and it can be put into either of the preceding forms. 
Thus, as x -> 0, log x becomes — 00 ; so that 

lim (x log x) = lim -^— — lim — =-7-5 = lim (— x) = 0. 
*->o * x-> l/x x-* -l/x 2 x->0 

Other indeterminate forms are 00 — 00 , l 00 , 0°, 00 °. All these can be 
made to depend on the forms already considered. For let a, /3, 7, 5, «, 
be variables simultaneously approaching, respectively, 00, 00, 1, 0, 0. 
Then a — 0, 7*, 5«, a* take, respectively, the preceding four indeter- 
minate forms. But 

lim(a-#=lira^=i^, 

which is of the form 0/0; while the logarithms of the others, 

log 7« = a log 7, log 6« = c log 5, log a« = c log a, 
are each of the form X 00 . 

Example 1. Thus, when x-» tt/2, (sin x) tanx takes the form 1". But 
(sin x) t&n x = e^°* Bm x l/ ctn x 
which approaches the same limit as e~ ctn */<*o f *, as x-> t/2, and this 
limit is evidently e° = 1. 

Example 2. Similarly, when a; becomes infinite, (l/z) 1 /* 2 *^ 1 ) takes 
the form 0°. It may be written in the form, 

c I-logx]/(2x-+D ) 

which approaches the same limit as e -1 / 2 *, that is, the limit is e° =' 1, as 

x-+oo. 

Example 3. As an example of the last form, oo°, take (l/x)* as 
x->0. This becomes 

and approaches e° = 1, as x -> 0. 

Indeterminate forms in two variables cannot be evaluated, unless 
one knows a law connecting the variables as they approach their lim- 
its, which practically reduces the problem to a problem in one letter. 
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EXERCISES 

Evaluate each of the following indeterminate forms, where </> (x) \ a 
means the limit of <t> (x) as x approaches a. Draw a graph in each case. 

a? I 
4. — • 10. x 2 ctnz| . 16. (tan x)°°* x | T / 2 . 

*^ loo 

- log COS X 
sin 2 a; 



11. x 2 loga; 3 | . 17. (sin ax) 1 ** * x | . 

log sin 2 x I 



Find the value of each of the following improper integrals, using 
Table V, F, when necessary after integrating by parts: 



19. f xe-'dx. 20. f x* e~* dx. 21. •Z*"* 1 - 2 e~* dx. 

J «/ Jo 

152. Infinite Series. An infinite series is an indicated sum 
of an unending sequence of terms: 

(1) a + a x + a 2 + • • • + a n H ; 

this has no meaning whatever until we make a definition, for 
it is impossible to add all these terms. Let us take the sum 
of the first n terms: 

s n = a + a x + a 2 + • • • + a n _!, 
which is perfectly finite; if the limit of s n exists as n becomes 
infinite, that limit is called the sum of the series (1) : 

(2) S = lim s n =ao + a\ H 1- a n + • • . 

n— ►» 

If lim s n = S exists, the series is called convergent: if S 

n— >oo 

does not exist, the series is called divergent; if the series 
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formed by taking the numerical (or absolute) values of the 
terms of (1) converges, then (1) is called absolutely con- 
vergent. Infinite series which converge absolutely are most 
convenient in actual practice, for extreme precaution is neces- 
sary in dealing with other series. (See § 154. See also 
Goursat-Hedrick, Mathematical Analysis, Vol. I, Chap. VIII.) 

Example 1. The series 1 -f r + r 2 -f • • • -f r» -f • • • is called a geo- 
metric series; the number r is called the common ratio. A geometric 
series converges absolutely for any value of r numerically less than 1; for 

Sn = l+r + r* + --- + r»-i = T ±- r - T ? rr , 

hence 

II I I r n I 
z s n = lim 3 =0, iflr|<l, 
1 — T | n— ■*» 1 1 r \ 

since f 1 decreases below any number we might name as n becomes in- 
finite. It follows that the sum S of the infinite series is 

S = lim s n = z , if \r\< 1; 

n— ►# 1 T 

and it is easy to see that the series still converges if r is negative, when 
it is replaced by its numerical value \r\. 

Example 2. Any series o + «t + «2 H + «n + • • • of positive num- 
bers can be compared with the geometric series of Ex. 1. Let 

<r» = a + a x + a 2 + • • • + a»-i; 
then it is evident that <r» increases with n. Comparing with the geomet- 
ric series ao (1 + r + r 2 + • • • + r» +•••)> it is clear that if 
On < atf", <r n < OoS n , 

where s n = 1 + r + • • • + r* 1-1 . Hence a n approaches a limit if s n does, 
i.e. if < r < 1. It follows that the given series converges if a value of 
r< 1 can be found for which a n < aor", that is, for which a n -f- a n -\ < r 
< 1. There are, however, some convergent series for which this test can- 
not be applied satisfactorily. It may be applied in testing any series for 
absolute convergence; or in testing any series of positive terms. For 
example, consider the series 
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here a» = 1/w!, o„_i = l/(n — 1)!, and therefore On/on-i = (n — l)!/n! 
= 1/w. Hence On/a,,-! < 1/2 when n > 2, 

<rB = 1+ ^ + ^ !+ ... + _4_ !>1+ ( 1+ i + | + ... + -^) 

= l+S n -i, 

where s„-i = 1 + r + • • • + r n ~ 2 J r = 1/2. It follows that the given 
series converges and that its sum is less than 1+2 = 3. [Compare 
§ 154, p. 269; it results that *< 3. Compare Ex. 2, p. 268.] 

163. Taylor Series. General Convergence Test Series which 
resemble the geometric series except for the insertion of con- 
stant coefficients of the powers of r, 

(1) A+Br + Cr i + Dr i + --, 

arise through application of Taylor's Theorem [D *], § 147, 
p. 254; such series are called Taylor series or power series. 
The properties of a Taylor series are, like those of a geometric 
series, comparatively simple. Comparing (1) with [D *], 
we see that r takes the place of (x— a), while A,B,C, D, 
have the values: 

If we consider the sum of n such terms: 
* «7(«) + ^f (* - o) + f -^f (x - a) 2 + • • . 

+ (n-l)r* a) ' 
we see by [D *], that 

/(*) = s n + E n , where \E n \ ^ M a '-^^ , M n > |/»(*)|; 

or s n =f(x)-E„. 
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It follows that if E n approaches zero as n becomes infinite, the 
infinite Taylor Series 

ID**] f(x) =f(a) + f -^ (x -a) + f "^-(x-a)* 

f n (c) 

converges, and its sum is S = Urn s n = / (*).* 
This is certainly true, for example, whenever |/ (n) (x) | re- 
mains, for all values of n, less than some constant C, however 
large, for all values of x between x = a and x = b. For in 
that case 

lim \E n \ < lim C • |x ~ f a|n = C lim^-^ = 

for all values of (x — a).f When |/ (n) (x) | grows larger and 
larger without a bound as n becomes infinite, we may still 
often make | E n | approach zero by making (x — a) numeri- 
cally small. 

Example 1. Derive an infinite Taylor series in powers of x for the 
function / (x) = sin x. 

Since / (x) = sin x, we have /' (x) = cos x, f" (x) = — sin x } and, in 
general, /< n) (x) = ± sin x, or ± cos x; hence 

|/»(x)|<l,lim|E n !<lim^=0; 

therefore the infinite series [D**] for a = is 

sinx = + x+0-^x3+0 + ~x5 + •••; 

this series certainly converges and its sum is sin a; for all values of x, 
since lim \E n \ = 0. 

* This result is forecasted in § 147. 

fThis results from the fact that n eventually exceeds (x— a) numeri- 
cally; afterwards an increase in n diminishes the value of En more and more 
rapidly as n grows. 
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Example 2. Derive an infinite series for e* in powers of (x — 2). 

Since / (x) = e*, we have /' (x) = e*, • • •, /< n) (x) = e*; hence / (2) = e 2 , 
/' (2) = e 2 , . . ., /<"> (2) = €*, an d |/<»>(x) | < e 6 where 6 is the largest 
value of x we shall consider. Then the series 

6aJ==e 2 + e 2 (x _2) + |^(x~2)2+...+^( a ;-2)»+... 

= e2[l + (x-2) + i | (x-2)2+...+i ] (x-2)n+...] 
converges and its sum is e*, for all values of x less than b; for 
liml^l^lim^U-'-a 

n— +oo n— >» W ! 

Since 6 is any number we please, the series is convergent and its sum is 
e* for all values of x. 

EXERCISES 

Derive the following series, and show, when possible, that they con- 
verge for the indicated values of x. 

1. cosx = l~x2/2! + x4/4!-x 6 /6! + •••; (alls). 

2. e* = l+x + x2/2! + x3/3!+ •••; (allx). 

3. e-* = l-x-fx2/2!-x3/3!+---; (all »). 

4. tan x = x +x3/3 + 2 rctylS + 17 x?/315 + . . . ; (\ x \ <*/4). 

5. log (1 +x) = x - x2/2 + x3/3 - *4/4 + • • •; (|*| < 1). 

6. sinh x = (a» -e~*)/2 = x + x3/3 ! + atyS !+•••; (all x). 

7. coshx* (e* + e-*)/2 = l+x2/2!+x4/4!+--S (all*). 

8. tanhx = sinhx/coshx = x — x3/3 + 2 x*>/15 — 17x 7 /315H ; 

(all*). 

9. Show that the series of Ex. 6 can be obtained from those of 
Exs. 2 and 3 if the terms are combined separately. 

10. Show that the series of Ex. 3 results from the series of Ex. 2 if x 
is replaced by — x. 

11. Obtain the series for sin x in powers of (x — ir/4). 

12. Obtain the series for e* in terms of powers of (x — 1). 

13. Obtain the series for log x in powers of (x— 1). Compare it 
with the series of Ex. 5. 
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14. Obtain the series for log (1 — x) in powers of x, directly; also by 
replacing x by — x in Ex. 5. 

15. Using the fact that log [ (1 + x)/(l - x)] = log (1 -f x) - log 
(1 — x), obtain the series for log [(1 +x)/(l — x)] by combining the 
separate terms of the two series of Ex. 14 and of Ex. 5. This series is 
actually vised for computing logarithms. 

16. Show that the terms of the Maclaurin series for (a + s) n in 
powers of x are precisely those of the usual binomial theorem. 

17. Show that the series for e°+* in powers of x is the same as the 
series for e* all multiplied by e°. 

18. Show that the series for 10* is the same as the series for e* with 
x replaced by x/M, where M = 2.30- • •. 

164. Precautions about Infinite Series. There are several 
popular misconceptions concerning infinite series which yield 
to very commonplace arguments. 

(a) Infinite series are never used in computation. Contrary 
to a popular belief infinite series are never used in computa- 
tion. What is actually done is to use a few terms (that is, 
a polynomial) for actual computation; one may or may 
not consider how much error is made in doing this, with an 
obvious effect on the trustworthiness of the result. 

Thus we may write 

smx=g "3! + 5!" ,,,± (2Hl)! T '" (forever); 
but in practical computation, we decide to use a few terms, say sin x = x 
— zV3! + xV5!. The error in doing this can be estimated by § 147, 
p. 253. It is J ^t J < 1 a; 7 /7!j - For reasonably small values of x [say 
| x\ <14° <l/4 (radians)], | E7 | is exceedingly small. 

Many of the more useful series are so rapid in their convergence that 
it is really quite safe to use them without estimating the error made; but 
if one proceeds without any idea of how much the error amounts to, 
one usually computes more terms than necessary. Thus if it were re- 
quired to calculate sin 14° to eight decimal places, most persons would 
suppose it necessary to use quite a few terms of the preceding series, if 
they had not estimated E7. 
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(6) No faith can be placed in the fact that the terms are becom- 
ing smaller. The instinctive feeling that if the terms become 
quite small, one can reasonably stop and suppose the error 
small, is unfortunately not justified.* 

Thus the series 

I + I+I+14- 4-J-4- . 

10^20^30^40"' ^lOn" 1 " 

has terms which become small rather rapidly; one instinctively feels 
that if about one hundred terms were computed, the rest would not 
affect the result very much, because the next term is .001 and the suc- 
ceeding ones are still smaller. This expectation is violently wrong. 

As a matter of fact this series diverges; we can pass any conceivable 
amount by continuing the term-adding process. For 

A + A>2-A =A, 
A + A + ---+A>4-4* = A, 

A + lis + • • • + T^ > 8 • jiff — A> 
and so on; groups of terms which total more than 1/20 continue to ap- 
pear forever; twenty such groups would total over 1; 200 such groups 
would total over 10; and so on. The preceding series is therefore very 
deceptive; practically it is useless for computation, though it might 
appear quite promising to one who still trusted the instinctive feeling 
mentioned above. 

(c) // the terms are alternately positive and negative,, and if 
the terms are numerically decreasing with zero as their limit, 
the instinctive feeling just mentioned in (6) is actually correct: 
the series Oq — a x + a 2 — a 3 + • • • converges if a» approaches 
zero; the error made in stopping with a n is less than a»+i.t 

For, the sum s n = a^ — ax + • • • ± a n - x evidently alternates 
between an increase and a decrease as n increases, and this 

* This fallacious instinctive feeling is doubtless actually used, and it is 
responsible for more errors than any other single fallacy. The example 
here mentioned is certainly neither an unusual nor an artificial example. 

f One must, however, make quite sure that the terms actually approach 
zero, not merely that they become rather small; the addition of .0000001 to 
each term would often have no appreciable effect on the appearance of the 
£ *■ ^ew terms, but it would make any convergent series diverge. 
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alternate swinging forward and then backward dies out as n 
increases, since a n is precisely the amount of the nth swing. 

On each swing s n passes a point S which it again repasses 
on the return swing; and its distance from that point is 
never more than the next swing, — never more than a n +i. 
Since a„ approaches zero, s n approaches S, as n becomes 
infinite. 

Thus the series for sin x is particularly easy to use in calculation : the 
error made in using a? — z 3 /3! in place of sin x is certainly less than 
sfi/51 the test of § 147 shows, in fact, that the error \E 5 \ <M 6 |x 5 /5!|, 
where Ms — 1. 

The similar series for e*: 

is not quite so convenient, since the swings are all in one direction for 
positive values of x; certainly the error in stopping with any term is 
greater than the first term omitted. The error can be estimated by § 147, 
p. 253; thus E& (for x >0) is less than M 5xV5J, where Ms is the maximum 
of f v (x) = e* between x = and x = x, i.e. e*; hence Es<e x x b /5\. 
Note that V > 1 for x > 0. 

Another means of convincing oneself that the preceding series con- 
verges for x < 1 is by comparison with a geometric series with a ratio 
x/2, as in Example 2, p. 265. But this method would require the com- 
putation of a vast number of terms, to make sure that the error is small. 

(d) A consistently small error in the values of a function may 
make an enormous error in the values of its derivative. 

Thus the function y = x — .00001 sin (100000 x) is very well ap- 
proximated by the single term y — x, — in fact the graphs drawn ac- 
curately on any ordinary scale will not show the slightest trace of dif- 
ference between the two curves. Yet the slope of y — x is always 1, 
while the slope of y = x — .00001 sin (100000 x) oscillates between 
and 2 with extreme rapidity. Draw the curves, and find dy/dx for 
the given function. 

One advantage in Taylor series and Taylor approximating 
polynomials is the known fact — proved in advanced texts — 
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that differentiation as well as integration is quite reliable on any 

valid Taylor approximation* 

Thus an attempt to expand the function y = x — .00001 sin (lOOOOOx) 
in Taylor form gives 

r 1000002 1000004 i 

y = x -\x _* + __*_. ..J, 

which would never be mistaken for y = x by any one; the series indeed 
converges and represents y for every value of x, but a very hasty exam- 
ination is sufficient to show that an enormous number of terms would 
have to be taken to get a reasonable approximation, and no one would 
try to get the derivative by differentiating a single term. 

If the relation expressed by the given equation was obtained by ex- 
periment, however, no reliance can be placed in a formal differentiation, 
even though Taylor approximations are used, for minute experimental 
errors may cause large errors in the derivative. Attention is called to 
the fact that the preceding example is not an unnatural one, — pre- 
cisely such rapid minute variations as it contains occur very frequently 
in nature. 

EXERCISES 

1. Show that the series obtained by long division for 1 -5- (1 -f- x) 
is the same as that given by Taylor's Series. 

2. Obtain the series for log (1 + x) (see Ex. 5, § 153), by inte- 
grating the terms of the series found in Ex. 1 separately. 

3. Find the first four terms of the series for sin" 1 x in powers of x 
directly; then also by integration of the separate terms of the series for 

l/vT^. 

4. Proceed as in Ex. 3 for the functions tan -1 x and 1/(1 -f- x 2 ). 

5. Show that the series for cos x in powers of a? is obtained by dif- 
ferentiating separately the terms of the series for sin x. 

6. Show that repeated differentiation or integration of the separat? 
terms of the series for e* always results in the same series as the original 
one. 

7. From the series for tan -1 x compute w by using the identity 
ir/4 - 4 tan-i (1/5) - tan~i (1/239). 

* See, e.g., Goursat-Hedrick, Mathematical Analysis, Vol. I, p. 380. 
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8. The Gudermannian of x is gd(x) =2 tan _1 e»— ir/2; expand in 
powers of x, calculate gd(.l) = 5° 43', and gd (.7) = 37° 11'. 

2 /•* 

9. The "error integral" is P (x) = — — f e~* dx. Express P (x) as a 

vwo 

series in powers of x; calculate P(.l) = .1125, P(l) = .8427, P(2) = 
.9953+. 

10. Show that C^^-dx = 1.81- 13. Show that fdt/VT^T* = .508+. 

11. Show that C**±2dx = !- 78+ - 14. Show that (%/Vl=* =1.311+. 

Jo Vx Jo 

12. Show that / sin 5/4 x dx = .9309+-. 

Jo 
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CHAPTER XVII 
PARTIAL DERIVATIVES— APPLICATIONS 

155. Partial Derivatives. If one quantity depends upon two 
or more other quantities, its rate of change with respect to one 
of them, while all the rest remain fixed, is called a partial 
derivative.* 

If z = f (x, y) is a function of x and y, then, for a constant 

value of y, y = k, z is a function of x alone: z = f(x,k); the 

derivative of this function of x alone is called the partial 

derivative of z with respect to x, and is denoted by any one of 

the symbols 

dz _ df(x,y) _ f , , _ df(x,k) 
dx dx - Jx ^> y) dx~ 

-lim f(x + Ax > k) - f ( x > k) 
a*->o Ax 

A precisely similar formula defines the partial derivative 
of z with respect to y which is denoted by dz/dy. 

In* general, if u is a function of any number of variables x> 

y, z } • • • , and if one calculates the first derivative of u with 

respect to each of these variables, supposing all the others to 

be fixed, the results are called the first partial derivatives of 

u with respect to x y y, z, • • • , respectively, and are denoted by 

the symbols 

dic/dx, du/dy, du/dz, 

* This notion is perhaps more prevalent in the world at large than the 
notion of a derivative of a function of one variable, because quantities in 
nature usually depend upon a great many influences. The notion of par- 
tial derivative is what is expressed in the ordinary phrases "the rate at 
which a quantity changes, everything else being supposed equal," or 
"... other things being the same." 

274 
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Example 1. Given z = x 2 + y 2 , to find dz/dx and dz/dy. 
To find dz/dx, think of y as constant: y = k; then 

dz = d(x 2 + y 2 ) = d(x 2 +k 2 ) = dz = 

ax ax <& ' a?/ y * 

Example 2. Given 2 = x 2 sin(x + y 2 ), to find as/ax. and dz/dy. 
dz = a|x 2 sin(x-fy 2 )) = r d{x 2 sin(x+fe 2 )l "| 
dx dx [_ dx Jv-4 

— 2 x sin (x + y 2 ) + x 2 cos (x -f t/ 2 ). 
as = d{x 2 sm(x+y 2 )) = V d\k*8m (fc+yOf l 
a^ ay L <fy J*-* 

=2x 2 t/ cos (x + y 2 ). 
156. Higher Partial Derivatives. Successive differentiation 
is carried out as in the case of ordinary differentiation. 
There are evidently four ways of getting a second partial 
derivative: differentiating twice with respect to x; once with 
respect to x, and then once with respect to y; once with 
respect to y, and then once with respect to x; twice with re- 
spect to y. These four second derivatives are denoted, re- 
spectively, by the symbols 

dx\dxJ dx* Jxx[ > x > y) > dy\dxJ dydx 3™^ y) > 

A(te) = *l =f (xv) . A(^V = ^L =/ (xv) 
dy\dy) by* >™^ vh dx\dyJ dxdy *">&>V>- 

There is no new difficulty in carrying out these operations; 
in fact the situation is simpler than one might suppose, for 
it turns out that the two cross derivatives fxy and f yx are 
always equal; the order of differentiation is immaterial.* 
A similar notation is used for still higher derivatives: 

_ &z _ d^ (&z\ . _ &z _ jd (&z\ 
Jxxz ~~ dx* ~ dx \dx 2 ) ' hxx ~ dydx 2 ~ dy \dx 2 )' 
etc., and the order of differentiation is immaterial. 

♦At least if the derivatives are themselves continuous. See Goursat- 
Hedrick, Mathematical Analysis, Vol. I, p. 13. 
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The order of a partial derivative is the total number of successive 
differentiations performed to obtain it. The partial derivatives of the 
first and second orders are very frequently represented by the letters 
p, g, r, », t: 

_ds = dz = d 2 _3 &z &z &z 

P ~~ dx' 9 dy ,r dx*' 8 dxdy dydx' dy 2 ' 

Example 1. Given z = x 2 sin (x + y 2 ), show that /^ = f vx . 
Continuing Example 2, § 155, we find: 

= 4 xt/ cos (x + # 2 ) — 2 x 2 1/ sin (x 4- ^ 2 ). 



d 2 2 



-s(5)-s[ 2 *-*+*>] 



^= 4 xy cos (x + 1/ 2 ) — 2 xfy sin (x 4- y 2 ). 

EXERCISES 

Find the first and second partial derivatives, dz/dx, dz/dy f dPz/dx 2 , 
d 2 z/dx dy, d 2 z/dy dx, and d 2 z/dy 2 for each of the following functions. In 
each case verify the fact that d 2 z/dx dy = d 2 z/dy dx. 

1. z = x 2 - y 2 . 4. 2 = (fi*+»v. 7. z = (x + y) e*H-v\ 

2. z = x 2 y-\- xt/ 2 . 5. z = tan" 1 (t//x). 8. 2 = (xy — 2 2/ 2 )5/3. 

3. 2 = sin(x 2 +y 2 ). 6. 2 = e*sinj/. 9. 2 = log (x 2 + y 2 )V 2 . 

10. The volume of a right circular cylinder is v = rr 2 h. Find the rate 
of change of the volume with respect to r when h is constant, and ex- 
press it as a partial derivative. Find dv/dh, and express its meaning. 

11. The pressure p, the volume v, and temperature 6 of a gas are 
connected by the relation pv = kd, where is measured from the ab- 
solute zero, — 273° C. Assuming 6 constant, find dp/dv and express 
its meaning. If the volume is constant, express the rate of change of 
pressure with respect to the temperature as a derivative, and find its 
value. 

12. Find the rate of change of the volume of a cone with respect to its 
height, if the radius is constant; and the rate of change of the volume 
with respect to the radius, if the height is a constant. 

13. Show that the functions in Exercises 1, 5, 6, and 9 satisfy the 
equation &z/dx 2 + &z/dy 2 = 0. 
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14. A point moves parallel to the s-axis. What are the rates of 
change of its polar coordinates with respect to x? 

15. Show that the rate of change of the total surface of a right 
circular cylinder with respect to its altitude is dA/dh =2xr; and that 
its rate of change with respect to its radius is dA/dr = 2irA+4irr. 

16. Calculate the rate of change of the hypotenuse of a right triangle 
relative to a side, the other side being fixed; relative to an angle, the 
opposite side being fixed. 

17. Two sides and the included angle of a parallelogram are a, 6, C, 
respectively. Find the rate of change of the area with respect to each 
of them, the other two being fixed; the same for the diagonal opposite 
toC. 

18. In a steady electric current C = V -s- R, where C, V, R, denote 
the current, the voltage (electric pressure), and the resistance, respec- 
tively. Find d C/d V and d C/d R, and express the meaning of each of 
them. 

157. Geometric Interpretation. The first partial deriva- 
tives of a function of two independent variables 

* = f(x>y) 

can be interpreted geometrically in a simple manner. This 
equation represents a 
surface, which may 
be plotted by erect- 
ing at each point of 
the zt/-plane a per- 
pendicular of length 
f(x, y); the upper 
ends * of these per- 
pendiculars are the 
points of the surface. 
Let ABCD be a 
portion of this sur- Fig. 77. 

* If 2 is negative, of course the lower end is the one to take. 
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face lying above an area abed of the xt/-plane. If x varies 
while y remains fixed, say equal to k, there is traced on the 
surface the curve HK , the section of the surface by the plane 
y = k. The slope of this curve is dz/dx. 

Similarly, dz/dy is the slope of the curve cut from the 
surface by' a plane x = h. 

168. Total Derivative. If in addition to the function 
z = /(x, y), a relation between x and y, say y = <t>(x), is given, 
z reduces by simple substitution to a function of one variable: 

*=f(x, y), y = 4>(x) gives z =f(z,4>(x)). 

Now any change Ax in x forces a change Ay in y; hence y 
cannot remain constant (unless, indeed, <t>(x) = const.). 
Hence the change Az in the value of z is due both to the direct 
change Ax in x and also to the forced change Ay in y. We 
shall call 

Az = the total change in z = f (x + Ax, y + Ay) — / (x, y), 

At? = the partial change due to Ax directly 

= f(x + Ax,y) -f(x,y), 
A v z = the partial change forced by the forced change Ay 

= Az - A x z, =f(x + Ax, y + Ay) -f(x + Ax, y). 
It follows that 

(1) ^ = lim^ j = u m ( ft*+^v+^-f(*>vM ; 

W dx Ax-oAX I Ax-0\ A» /) 

Ax->0 AX I AV-+0\ A* 

x, I/) Av\\ . 
— Axjl' 



/ (x + Ax, y +Ay) -/ (x + Ax, 
r Ay 
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whence, if the partial derivatives exist and are continuous,* 

W dx ' £™o L Ax + Ay Ax J = dx + d~y dx > 

or, multiplying both sides by dx(=Ax), 



(3) 



dz , , dz , . 7 dv , 
dz = ^ dx + j ay, since <fy = ~ dx, 



dx 1 



where dy = <t> (x) dx. Since <£(x) is 
any function whatever, dy is really 
perfectly arbitrary. Hence (3) holds 
for any arbitrary values of dx and dy 
whatever, where dz = (dz/dx) dx is 
defined by (2); dz is called the 
total differential of z. 

These quantities are all repre- 
sented in the figure geometrically: 




SR = Axz = TM = floff -PqP 
,, t ,. . ^Q = Au2]x=x + Ax=QoQ-«o« 

It should be noticed az=q q-p p=tq=sr+mq 

= Ax2+A»2r]x»z+Ax 



Fig. 78. 

thus Az = AxZ + A v z is represented stZcd~ 

by the geometric equation TQ = 

SB + MQ. 

that dz is the height of the plane 

drawn tangent to the surface at P, since dz/dx and dz/dy 

are the slopes of the sections of the surface by y = y P and 

a; = x P , respectively. [See also § 163.] 

If the curve PqQq in the xy-jA&ne is given in parameter 
form, x = <j>(t), y = ^(0, we may divide both sides of (3) 
by dt and write 

dz 

dt 



(4) 



dzdx dzdy 
dx dt dy dt ' 



since dx + dt = dx/dt, dy -*- dt = dy/dt. 

♦For a more detailed proof using the law of the mean, see Goursat-Hed- 
rick, Mathematical Analysis, I, pp. 38-42. 
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159. Elementary Use. In elementary cases, many of which 
have been dealt with successfully before § 158, the use of the 
formulas (2), (3), and (4) of § 158 is quite self-evident. 

Example 1. The area of a cylindrical cup with no top is 
(1) A=2xrfc + xr 2 , 

where h is the height, and r is the radius of the base. If the volume of 
the cup, xr 2 h, is known in advance, say xr 2 h = 10 (cubic inches), we 
actually do know a relation between h and r: 

» »-s. 

whence 

(3) A = 2 icr— 2 + xr 2 = - + xr 2 

from which dA/dr can be found. We did precisely the same work in 
Ex. 26, p. 57. In fact even then we might have used (1) instead of (3), 
and we might have written 

(4) ^~ = 2 xr j r +2 irh + 2 xr, or d A = 2 xr d/i + (2 xfc + 2 xr) dr, 

where dh/dr is to be found from (2). 

This is precisely what formula (2), § 158, does for us; for 

(5) ^=2xA + 2xr, ^=2xr, 

^ =(2xfc+2xr) + (2xr)^, or dA = (2 xfc+2 xr; dr+2 xr ctt. 

We used just such equations as (4) to get the critical values in finding 
extremes for dA/dr = at a critical point. We may now use (2), § 158, 
to find dA/dr; and the work is considerably shortened in some cases. 

Example 2. The derivative dy/dx can be found from (2), § 158, if 
we know that z is constant. 

Thus in § 24, p. 39, we had the equation 

(1) * 2 + 2/ 2 = l, 

and we wrote: 

(2) -^ — 2x+2y di--dr- > 

whence we found 

(3 ) x+y d /=0, 0I f = - X - 

dx ' dx y 
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This work may be thought of as follows: 
Let z = x 2 + y 2 ; then 

dz _ d(x*+y*) _dz dzdy ^ dy m 

dx dx dx^~ dydx ^" c ~ r ^ y dx $ 

but z = 1 by (1) above; hence dz/dx = 0, and 

2* +2»*-0, or J = -5- 

* cfcc dx y 

Thus the use of the formulas of § 158 is essentially no* at 
all new; the preceding exercises and the work we have done 
in §§ 24, 29, etc., really employ the same principle. But 
the same facts appear in a new light by means of § 158; 
and the new formulas are a real assistance in many examples. 

160. Small Errors. Partial Differentials. Another application 
closely allied to the work of § 145, p. 248, is found in the esti- 
mation of small errors. 

Example 1. The angle A of a right triangle ABC (C = 90°) may 
be computed by the formula 

tan A = r, or A = tan -1 -r, 

where a, 6, c are the sides opposite A, B, C. If an error is made in 
measuring a or 6, the computed value of A is of course false. We may 
estimate the error in A caused by an error in measuring a, supposing 
temporarily that b is correct, by § 145; this gives approximately 

1 

. A 6A A b A b A 

^ 77t = tf + v Aa > 

where d is used in place of d of § 145, since A really depends on b also, 
and we have simply supposed b constant temporarily. Likewise the 
error in A caused by an error in b is approximately, 

— St. 

62 
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If errors are possible in both measurements, the total error in A is, 
approximately, the sum of these two partial errors: 

M|<|^|+|A^| = 6 JM±^. 

The methods of § 146, p. 251, give a means of finding how nearly 
correct these estimates of AaA, AbA, and A A are; in practice, such 
values as those just found serve as a guide, since it is usually desired 
only to give a general idea of the amounts of such errors. 

This method is perfectly general. The differences in the 
value of a function z =f(x, y) of two variables, x and y, which 
are caused by differences in the value of x alone, or of y alone, 
are denoted by A^, A v z, respectively. The total difference 
in z caused by a change in both x and y is 
Az=f(x + Ax,y + Ay)-f(x, y) 

= [f(x + Ax, y + Ay) -/(x + Ax, y)] + [/(x + Ax, y) 

-f(x,y)] 
= A v z] x = x + Ax + AxZ y 

as in § 158. The differences A^z and A v z are, approximately,* 

. dz dz A 

whence, approximately, 

Az = A„z + A^ = -£ Ax + ^ Ay. 

* More precisely, these errors are 



*"-& -Ax + fi',. A*- £] x — &* + *'* 



where | E'i | and | E"* | are less than the maximum M% of the_yalues of all of 

the second derivatives of z near (x, y) multiplied by Ax 2 , or Ay*, respectively 

(see § 146). And since dz/dy is itself supposed to be continuous, we may 

write 

dz dz 

Az= ¥x Ax+^Ay + E 2 , 

where | E2 | is less than Af 2 ( | Ax | + | Ay | )». [Law of the Mean. Compare 
5 146.J 
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The products (dz/dx) dx and (dz/dy) dy are often called 
the partial differentials of z, and are denoted by 

d# = t- dx, d y z = — dy, whence dz = d^z + d v z. 

We have therefore, approximately, 

Az = djZ + d»z, 
within an amount which can be estimated as in § 146 and in 
the preceding footnote. 

Similar formulas give an estimate of the values of the 
changes in a function u = f(x, y, z) of the variables x, y, z; 
we have, approximately, 

ft™ A A dU A a dw A 

A lW =-Ax, \u=-Ay, A,u=-Az, 

A A .A I A dW , dtt 6^ . 

Au = A x w + A„w + A z u = — Ax + — Ay + — Az, 

within an amount which can be estimated as in the preceding 
footnote. The generalization to the case of more than three 
variables is obvious. 

EXERCISES 

Find dy/dx in each of the following implicit equations by method of 
Ex. 2, § 159: 

1. x 2 + 4 y 2 = 1. 3. x* _f. ys __ 3 xy = 0. 

2. 7 x 2 - 9 1/ 2 = 36. 4. 2/ 2 (2 a - x) = a?. 

6. If A, B, C denote the angles, and a, 6, c the sides opposite them, 
respectively, in a plane triangle, and if a, A, B are known by measure- 
ments, 6 = sin jB/sin A. Show that the error in the computed value 
of b due to an error da in measuring a is, approximately, 

d a b = sin B esc A da. 
Likewise show that 

djjb — — a sin B esc A ctn A d A, and 5b& = o cos B esc A J B; 

and the maximum total error is, approximately, \db\ < |d 6| 4- [d^M 

-f I dsb\. Note that dA and dB are to be expressed in radian measure. 
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6. The measured parts of a triangle and their probable errors are 

a = 100 ± .01 ft., A = 100° ± 1', B = 40° ± 1'. 
Show that the partial errors in the side b are 

d a b = ± .007 ft., d A b = ± .003 ft., ddb = ± .023 ft. 
If these should all combine with like signs, the maximum total error 
would be db = ± .033 ft. 

7. If a = 100 ft., B = 30°, A = 110°, and each is subject to an 
error of 1%, find the per cent of error in b. 

8. Find the partial and total errors in angle B, when 

a = 100 ± .01 ft., b = 159 ± .01 ft., A = 30° ± 1'. 

9. The radius of the base and the altitude of a right circular cone 
being measured to 1%, what is the possible per cent of error in the 
volume? Ans. 3%. 

10. The formula for index of refraction is m = sin i/sin r, i being the 
angle of incidence and r the angle of refraction. If i = 50° and r = 40°, 
each subject to an error of 1%, what is m, and what its actual and its 
percentage error? 

11. Water is flowing through a pipe of length L ft., and diameter 
D ft., under a head of H ft. The flow, in cubic feet per minute, is 

Q = 2356 yj L T_3 0D • If L = 1000, D = 2, and H = 100, determine 

the change in Q due to an increase of 1% in H; in L\ in D. Compare 
the partial differentials with the partial increments. 

161. Envelopes. The straight line 

(1) y = kx- k 2 , 

where k is a constant to which various values may be assigned, 
has a different position for each value of k. All the straight 
lines which (1) represents may be tangents to some one curve. 
If they are, the point P t , (x, y) at which CI) is tangent 
to the curve, evidently depends on the value of k: 

(2) x = <t>(k) y y = +(k); 
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these equations may be considered to be the parameter 
equations of the required 
curve. The motive is to 
find the functions 0(ft) and 
\l/(k) if possible. 

Since P k lies on (1) and 
on (2), we may substitute * B 
from (2) in (1) to obtain: 
(3) f (ft) = ftrfft) - ft 2 , 

which must hold for all 
values of ft. Moreover, 
since (1) is tangent to (2) at 
P t , the values of dy/dx 
found from (1) and from (2) 
must coincide : 




Fig. 79. 



(4) 



d* J from (1) ^ J from (2) 



or ft0'(ft) = f '(ft). 



*'(*) = 

To find 0(ft) and ^(ft) from the two equations (3) and (4), it 

is evident that it is expedient to differentiate both sides of (3) 

with respect to ft: 

(3 *) iA'(ft) = ft0'(ft) + 0(ft) - 2 ft; 

this equation reduces by means of (4) to the form 

(5) = + 0(ft) - 2 ft, or 4>{k) = 2 ft, 
and then (3) gives 

(6) iKft)=ft(2ft)-ft 2 =ft 2 . 

Hence the parameter equations (2) of the desired curve are 

(7) a: = 2 ft, y = ft 2 , 

and the equation in usual form results by elimination of ft: 



(8) 



y = 
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It is easy to show that the tangents to (8) are precisely the 
straight lines (1). 

The preceding method is perfectly general. Given any set of curves 
(1)' F{x,y,k)-0, 

where A; may have various values, a curve to which they are all tangent 
is called their envelope; its equations may be written 

(2)' *-*(*),¥-*(*); 

whence by substitution in (1)', 

(3)' F[<f> (*), * (*), k] - 0, 

for all values of k. Differentiating (3)' with respect to k, 

* dF(x,y,k) _dFdx dFdy dF 

K J dk dx dk ^ dydk^~ dk 

Moreover, since (1)' is tangent to (2)', 

K ' dx ' dy da; J from (l)' dx J from <2>» dk ' dk' 

whence (3*)' reduces to the form 

<»'' f = °- 

and then (3)' and (5)' may be solved as simultaneous equations to find 
<f> (k) and \J/ (k) as in the preceding example. 

The envelope may be found speedily by simply writing 
down the equations (1)' and (5)', and then eliminating k 
between them It is recommended very strongly that this 
should not be done until the student is familiar with the 
direct solution as shown in the preceding example. 

162. Envelope of Normals. Evolute. If y = f(x) is a given 
curve and if y t and m k respectively denote the ordinate and 
slope when x = k, the equation of any normal may be 
written 

(1) V - Vk = - — (x - *), 

or F(x, y, k) = ym k — y k m k + x — k = 
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Hence by (5'), § 161, we have, for the envelope of the system 
of lines (1) when k is regarded as a variable parameter, 

dF 



(2) 



dk 



= V • h - y k • b k - m k • m k - 1 = 0. 



(Remember that in forming dF/dk, x and y are regarded 
as constant, and only k, 
™>k, Vk, are regarded as 
variable. We have used 
b k to stand for dm k /dk.) 

Solving (2) for y we 
have 

l+m 2 k 



(3) y = y k + 



b k 



This value of y in (1) 
gives 




Fig. 80. 



(4) 



x = k — m k 



l+m 2 k 



Equations (3) and (4) are the parametric equations of the 
envelope of the system of normals (1), and are precisely 
equations (1) of § 98, with only a change of notation. Hence 
the envelope of the systems of normals to a given curve is the 
evolute of that curve. 



EXERCISES 
Find the envelopes of each of the following families of curves: 

1. y =3kx — k z . Ans. y 2 = 4 x 3 . 

2. y = 4 hx — k*. Ans. y* = 27 z 4 . 

3. y 2 =kx — k 2 . Ans. y — ± \ x. 



4. y =kx± VT+A-2. Ans. x 2 +y 2 = 1. 

5. y 2 = k 2 x — 2 k. Ans. xy 2 = — 1. 
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6. (x - k) 2 + y 2 = 2 &. Ans. y 2 = 2 a; + 1. 

7. 4 x 2 + (y - A;) 2 = 1 - k 2 . Ans. y 2 + 8 x 2 « 2. 

8. x cos + y sin = 10. Ans. x 2 +y 2 = 100. 

9. Show that the envelope of a family of circles through the origin 
with their centers on the parabola y 2 = 2 x is y 2 (x + 1) + x* =0. 

10. Show that the envelope of the family of straight lines ax + by 
= 1 where o + b = 06, is the parabola x 1/2 -f yW = 1. 

11. Show that the envelope of the family of parabolas represented by 
the equation y = x tan a — mx 2 sec 2 a is y = 1/(4 m) — wa; 2 . 

[Note. If m = g/(2v 2 ), the given equation represents the path of a 
projectile fired from the origin with initial speed vq at an angle of eleva- 
tion a.] 

12. The lemni scate (x 2 + y 2 ) 2 — a 2 ( x 2 — y 2 ) may be written in the 
form x = a cos £ Vcos 2 1; y = a sin t Vcos 2 J. Show that the evolute 

IS ( x 2/3 + ^2/3)2 ( x 2/3 - y 2/3) = 4 a 2/ 9> 
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CHAPTER XVIII 



CURVED SURFACES — CURVES IN SPACE 

163. Tangent Plane to a Surface. Let P be the point 
(xo 2/0, z ) on the surface z = f(x,y). Let P Ti be the tangent 
line at P to the curve cut 
from the surface by the 
plane y = y and P T 2 the 
tangent line to the curve 
cut from the surface by 
the plane x = x . The 
plane containing these 
two lines is the tangent 
plane to the surface at P . 

Since this plane goes 
through P , its equation 
can be thrown into the form 

(1) z - zo = A(x -x )+B(y- y ). 

If we set y = 2/0 we find the equation of Po^i in the form: 

(2) z — Zo = A(x — xo). 

But, from § 28, p. 49, the equation of Po^i may be written in 
the form : 

(3) 2J ~ 2o== di] ^" a:o ^ 
Hence 

(4) A--g\j likewise B = g] ; 

289 




Fig. 81. 
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Thus the equation of the tangent plane is 

or, what is the same thing, 

(6) z-Zo = d £\(x - *o) + |] o (!/ - ».). 

It is important to notice the great similarity between this 
equation and the equation 

of § 158. Indeed (7) expresses the fact that if dx, dy are 
measured parallel to the x and y axes from the point of tan- 
gency (x , 2/0, £o), & represents the height of the tangent 
plane above (x ,yo,z ). Equation (7) furnishes a good 
means of remembering (6). 

164. Extremes on a Surface. If a function z =f(x, y) is 
represented geometrically by a surface, it is evident that 
the extreme values of z are represented by the points on the 
surface which are the highest, or the lowest, points in their 
neighborhood : 

(1) / (x , 2/0) > / (x + h, y + k),iff (x , y ) is a maximum, 

(2) / {xq, y ) <f(x + h, y + k),iff (x , y ) is a minimum, 
for all values of h and k for which h 2 + k 2 is not zero and is not 
too large. 

It is evident directly from the geometry of the figure that 
the tangent plane at such a point is horizontal. 

This results also, however, from the fact that the section 
of the surface by the plane x = x must have an extreme at 
(#0, 2/0) ; hence [df/dy] , which is the slope of this section at 
(x Q yo), must be zero; likewise [df/dx] , the slope of the 
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section through (#o, yo) by the plane y = y 0) must be zero. 
Hence equation (5), § 163, reduces to z — z = which is a 
horizontal plane. 

A point at which the tangent plane is horizontal is called 
a critical point on the surface. The following cases may 
present themselves. 

(1) The surface may cut through its tangent plane; then 
there is no extreme at (xo, y ). 

This is what happens at a point on a surface of the saddleback type 
shown by a hyperbolic paraboloid at the origin; a homelier example is 
the depression between the knuckles of a clenched fist. 

(2) The surface may just touch its tangent plane along a 
whole line, but not pierce through; then there is what is often 
called a weak extreme at (xo, y ); that is, z = /(x, y) has the 
same value along a whole line that it has at (x 0j y ), but 
otherwise / {x, y) is less than [or greater than] / (x , y ). 

This is what happens on the top of a surface which has a rim, such as 
the upper edge of a water glass, or the highest point of an anchor ring 
lying on its side. Most objects intended to stand on a table are provided 
with a rim on which to sit; they touch the table all along this rim, but 
do not pierce through the table. 

(3) The surface may touch its tangent plane only at the point 
(zo, 2/o); then z =/(x, y) is an extreme at (xo,yo): a mini- 
mum, if the surface is wholly above the tangent plane near 
(zo, 2/o) ; a maximum, if the surface is wholly below. 

. The shape of the clenched fist gives many good illustrations of this 
type also. Examples of formal algebraic character occur below. 

Example 1. For the elliptic paraboloid z — x 2 + y 2 the tangent 
plane at (x , yo, 20) is 

z - z = 2 xo (x — Xq) +2 y (y — y ), 
which is horizontal if 2 x = 2 yo = 0; this gives xq = yo = zq = 0, 
hence (x = 0, y = 0) is the only critical point. 
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At (x = 0, y = 0), a has the value 0; for any other values of x and y, 
z ( = x 2 + y 2 ) is surely positive. It follows that £ is a minimum at 
x = 0, y = 0. 

Example 2. In experiments with a pulley block the weight w to be 
lifted and the pull p necessary to lift it Were found in three trials to 
be (in pounds) (pi = 5, w\ = 20), (p2 = 9, W2 = 50), (pz == 15, tt^ = 
90). Assuming that p = aw + 0, find the values of a and which 
make the sum S of the squares of the errors least. (Compare Ex. 37, 
p. 58.) 

Computing p by the formula aw + 0, the three values are p'\ - 
20 a + 0, p'2 = 50 a + 0, p' 3 = 90 a + 0. Hence the sum of the 
squares of the errors is 

S = (p'i - pi) 2 + (p' 2 - P2) 2 + (p's- P3) 2 

= (20 a + - 5) 2 + (50 a + - 9) 2 -f (90 a + - 15) 2 . 
In order that £ be a minimum, we must have 

^ = 2- [20 (20a + fi - 5) + 50 (50a + 0- 9) +90 (90a -f - 15)] = 0. 
da 

~ = 2 [(20 a + - 5) + (50 a + - 9) + (90 a + - 15)] = 0. 
op 

that is, after reduction, 

1100 + 16 - 190 = 0, a = ♦» = .143, 

160 a + 3 - 29 = 0, wueuwj £ = j^ao. = 2 .03. 

If the usual graph of the values of p and w is drawn, it will be seen 
that p = aw + represents these values very well for a = .143, 
= 2.03 and it is evident from the geometry of the figure that these 
values render S a minimum, S = .0545; for any considerable increase 
in either a or very evidently makes S increase. Since this is the 
only critical point, it surely corresponds to a minimum, for the function 
S has no singularities. 

This conclusion can also be reached by thinking of S as represented 
by the heights of a surface over an a0 plane, and considering the sectien 
of that surface by the tangent plane at the point just found as in Ex. 3 
below; but in this problem the preceding argument is simpler. 

It is customary to assume that the values of a and which make S a 
minimum are the best compromise, or the " most probable values" ; 
hence the most probable formula for p is p = .143 w + 2.03. 

The work based on more than three trials is quite similar; the only 
change being that S has n terms instead of 3 if n trials are made. 
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Example 3. Find the most economical dimensions for a rectangular 
bin with an open top which is to hold 500 cu. ft. of grain. 

Let x, y, h represent the width, length, and height of the bin, respec- 
tively. Then the volume is xyh; hence xyh = 500; and the total area z 
of the sides and bottom is 

, N , , . , , 1000 , 1000 

(a) z = xy + 2 hy + 2 hx = xy H 1 

x y 

If this area (which represents the amount of material used) is to be a 
minimum, we must have 

,. x dz 1000 n dz 1000 n 

(6) — = 2/ o- = 0, — = x s- = 0. 

dx * x 2 dy y 2 

Substituting from the first of these the value y = 1000/x 2 in the 
second, we find 

(c) x — Yfjfih = 0> whence x = 0, or 3 = 10. 

The value x = is obviously not worthy of 

any consideration; but the value x — 10 gives 

y = 1000/z 2 = 10 and h = 500/ (xy) = 5. ° * x 

The value of 3 when x = 10, y = 10 is 300. If ' * TG ' S2 ' 

the equation (a) is represented graphically by a surface, the values of z 
being drawn vertical, the section of the surface by the plane z — 300 
is represented by the equation 

(d) xy +— + 1999 = 300, or x 2 y 2 - 300 xy + 1000 (* +y) = 0. 

x y 

This equation is of course satisfied by x = 10, y = 10. If we attempt 
to plot the curve near (10, 10), — for example, if we set y = 10 + k 
and try to solve for x in the resulting equation: 

(10 + k) 2 x 2 - (300 k + 2000) x + 1000 (10 -f k) = 0, 

the usual rule for imaginary roots of any quadratic ax 2 + bx + c = 

shows that 

b 2 - 4 ac = - 1000 fc 2 [4 /b + 30] < 

for all values of k greater than — 7.5. Hence it is impossible to find 
any other point on the curve near (10, 10). It follows that the hori- 
zontal tangent plane z = 300 cuts the surface in a single point; hence 
the surface lies entirely on one side of that tangent plane. Trial of 
any one convenient pair of values of x and y near (10, 10) shows that z 
is greater near (10, 10) than at (10, 10) ; hence the area z is a minimum 
when x = 10, y = 10, which gives h = 5. 
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165. Final Tests. Final tests to determine whether a func- 
tion f(x, y) has a maximum or a minimum or neither, are 
somewhat difficult to obtain in reliable form. Comparatively 
simple and natural examples are known which escape all set 
rules of an elementary nature.* (See Example 1 below.) 

One elementary fact is often useful: if the surface has a 
maximum at (x , y ), every vertical section through (xo,y ) has a 
maximum there. Thus any critical point (x , yo) may be dis- 
carded if the section by the plane x = x has no extreme at 
that point, or if it has the opposite sort of extreme to the 
section made by y = y Q . 

The surface z = (y — x 2 ) (y — 2 x 2 ) has critical points 



Example 1 
where 



g— 6**+8*>: 



0. J 



2y-Sx 2 =0; 



y=2%n^pj=x* 



that is, the only critical point is (x = 0, y = 0). The tangent plane at 
that point is z = 0. This tangent plane cuts the surface where 
{y-x 2 ){y-2x 2 ) = 0; 

that is, along the two parabolas 
y = x 2 , y = 2 x 2 . At x — 0, y - 
1, the value of z is + 1 ; hence z is 
positive for points (x, y) inside 
the parabola y = 2x 2 . Atx = 1, 
y = 0, the value of z is + 2; 
hence z is positive for all points 
(x, y) outside the parabola y = 
x 2 . At the point x — 1, y = 1.5, 
the value of 3 is — .25; hence z is 
negative between the two pa- 
rabolas. It is evident, therefore, 
that z has no extreme at x — 0, 
Fig. 83. y = 0. 

A qualitative model of this extremely interesting surface can be 
made quickly by molding putty or plaster of paris in elevations in the 

* For a detailed discussion, see Goursat-Hedrick, Mathematical Analysis, 
Vol. I, p. 11$. 
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unshaded regions indicated above, with a depression in the shaded 
portion. 

Another interesting fact is that every vertical section of this surface 
through (0, 0) has a minimum at (0, 0); this fact shows that the rule 
about vertical sections stated above cannot be reversed. Moreover, 
this surface eludes every other known elementary test except that used 
above. 

EXERCISES 

Find the equation of the tangent plane to each of the following 
surfaces at the point specified: 

1. z = x 2 + 9 y 2 > (2, 1, 13). Ans. z = 4 x + 18 y - 13. 

2. 2 = 2x 2 -4y 2 , (3,2,2). Ans. z = 12 z - 16 y- 2. 

3. z = xy, (2, - 3, - 6). Ans. 3x-2y + z = 6. 

4. z = (x + y) 2 , (1, 1, 4). , Ans. 4z + 4y-s = 4. 

6. z = 2 xy 2 + 2/ 3 , (2, 0, 0) Ans. 3 = 0. 

6-10. The straight line perpendicular to the tangent plane at its 
point of tangency is called the normal to the surface. 

Find the normal to each of the surfaces in Exs. 1-5, at the point 
specified. 

11. At what angle does the plane x + 2y — 3 + 3 = cut the 
paraboloid x 2 + y 2 = 4 z at the point (6, 8, 25)? 

12. Find the angle between the surfaces of Exs. 1 and 2 at the point 
(Vl3, 1, 22). 

Find the angle between each pair of surfaces in Exs. 1- 5, at some one 
of their points of intersection, if they intersect. 

13. Find the tangent plane to the sphere x 2 + y 2 + z 2 = 25 at the 
point (3, 4, 0); at (2, 4, V~5). 

14. At what angles does the line x = 2 y = 3 s cut the paraboloid 
2/=x 2 +3 2 ? 

16. Find a point at which the tangent plane to the surface 1 is 
horizontal. 

Draw the contour lines of the surface near that point and show 
whether the point is a minimum or a maximum or neither. 
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16. Proceed as in Ex. 15 for each of the surfaces of Exs. 2-5, and 
verify the following facts: 

(2.) Horizontal tangent plane at (0, 0); no extreme. 

(3.) Horizontal tangent plane at (0, 0); no extreme. 

(4.) Horizontal tangent plane at every point on the line x + y = 0; 
weak minimum at each point. 

(6.) Horizontal tangent plane at every point where y = 0; no 
extreme at any point. 

Find the extremes, if any, on each of the following surfaces: 

17. z = x 2 + 4 y 2 - 4 x. (Minimum at (2, 0, - 4).) 

18. z=x3 _ 3 x _ 2,2. (See Tables, Fig. Ii.) 

19. 3 = i3-3i + i/ 2 (i- 4). (See Tables, Fig. I 2 .) 

20. z = [(x - a) 2 + y 2 ) [(x + a) 2 + y 2 ]. (Similar to Tables, Fig. I 7 .) 

21. z=x* — 6 x — y 2 . (Draw auxiliary curve as for Fig. Ii.) 

22. z = x 3 — 4 y 2 + xy 2 . (Draw auxiliary curve as for Fig. I2.) 

23. s = x 3 + 1/ 3 — 3 xy. (Draw by rotating xy-pl&ne through t/4.) 

24. Redetermine the values of a and /3 in Example 2, § 164, if the 
additional information (p = 23, w — 135) is given. 

25. Find the values of u and v for which the expression 
(a\u + biv — a) 2 + {0L2U -f 62 v — C2) 2 + (03W + bzv — C&) 7 * 

becomes a minimum. (Compare Ex. 24.) 

26. Show that the most economical rectangular covered box is 
cubical. 

27. Show that the rectangular parallelopiped of greatest volume that 
can be inscribed in a sphere is a cube. 

[Hint. The equation of the sphere is x 2 + y 2 + z 2 = 1 ; one corner o f 
the parallelopiped is at (x, y, 3); then V = 8 xyz, where 3 = Vl — x 2 — y 2 .] 

28. Show that the greatest rectangular parallelopiped which can be 
inscribed in an ellipsoid x 2 /a 2 + y 2 /b 2 + z*/c 2 = 1 has a volume V = 
8o6c/(3V3). 

29. The points (2, 4), (6, 7), (10, 9) do not lie on a straight line. 
Under the assumptions of § 164, show that the best compromise for a 
straight line which is experimentally determined by these values is 
24 y = 15 x + 70. 
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30. The linear extension E (in inches) of a copper wire stretched by 
a load W (in pounds) was found by experiment (Gibson) to be (W = 10, 
E = .06), (W = 30, E = .17), (W = 60, E = .32). Find values of a 
and /3 in the formula E = a W + under the assumptions of § 164. 

31. The readings of a standard gas meter S and that of a meter T 
being tested were found to be (T = 4300, S = 500), (T = 4390, S = 
600), (!T = 4475, 5 = 700). Find the most probable values in the 
equation T — ctS + /3 and explain the meaning of a and of /3. 

32. The temperatures 0° C. at a depth d in feet below the surface of 
the ground in a mine were found to be d = 100 ft., = 15°.7, d = 200 
ft., 6 = 16°.5, d = 300 ft., e = 17°.4. Find an expression for the tem- 
perature at any depth. 

33. The points (10, 3.1), (3.3, 1.6J, (1.25, .7) lie very nearly on a 
curve of the form a/x -f p/y = 1. Use the reciprocctis of the given 
values to find the most probable values of a and 0. 

34. The sizes of boiler flues and pressures under whiqh they collapsed 
were found by Clark to be (d = 30, p = 76), (d = 40, p = 45), {d = 50, 
p = 30). These values satisfy very nearly an equation of the form 
p = k ' d n or log p = n log d + log h, where d is the diameter in inches, 
and p is the pressure in pounds per square inch. Using the logarithms 
of the given numbers, find the most probable values for n and log A;. 

166. Tangent Planes. Implicit Forms. If the equation of 
a surface is given in implicit form, F(x, y, z) = 0, taking the 
total differential we find: 

But, by virtue of F (x, y, z) = 0, any one of the variables, say 
2, is a function of the other two; hence 

(2) dz = f x dx + f y dy. 

Putting this in the total differential above and rearranging: 
/oN /6F , dFdz\, .(dF.dFdz\, _ 
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But dx and dy are independent arbitrary increments of x and 
of y; and since the equation is to hold for all their possible 
pairs of values, the coefficients of dx and dy must vanish 
separately. This gives 

U dx" ~dF/dz ' dy ~ dF/3z ' 

Substituting these values in the equation of the tangent plane, 

and clearing of fractions, we obtain 

< 5 > S„<— '+.f ]„<"-"»> +S <'-^- °' 

the equation of the tangent plane at (x , yo, zo) to the surface 
F(x,y,z)=0. 

167. Line Normal to a Surface. The direction cosines of 
the tangent plane to a surface whose equation is given in the 
explicit form z = f(x, y) are proportional (§ 163) to 
(1) ' dz/dx] , dz/dy] , and - 1. 

Hence the equations of the normal at (xo, 2/o> ^o) are 
/ 2 \ x — xq = y — y = z — z 

w dz/dx] dz/dy] -1 

The direction cosines of a surface whose equation is given 
in the implicit form F (x, y, z) = are proportional to 
(3) dF/dx]o, dF/dy] , dF/dz] , 

so that the equations of the normal to this surface are 
x — x _ y — y __ z—zp 



(4) 



6F/dx] 6F/dy] dF/dz] Q 



168. Parametric Forms of Equations. A surface S may 
also be represented by expressing the coordinates of any point 
on it in terms of two auxiliary variables or parameters: 
[SI x=f(u,v), y = <f>(u,v), z = $(u,v). 
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If we eliminate u and v between these equations, we obtain 
the equation of the surface in the form F (x, y, z) = 0. 

Similarly a curve C may be represented by giving x, y, z in 
terms of a single auxiliary variable or parameter t: 
[C] x=f(t), y = <t>(t), = ^(0. 

The elimination of t from each of two pairs of these equations 
gives the equations of two surfaces on each of which the 
curve lies. In particular, taking t =x gives the curve as the 
intersection of the projecting cylinders: 

[P] 2/ = «(*), * = *(x). 

If, in the parametric equations of a surface, one parameter (say u) is 
kept fixed while the other varies, a space-curve is described which lies 
on the surface. Now if u varies, this curve varies as a whole and de- 
scribes the surface. The curve on which u keeps the value k is called 
the curve u = k. Similarly, keeping v fixed while u varies gives a curve 
v = k'. The intersection of a curve u = k with a curve v — k' gives 
one or more points (k, k') on the surface. The numbers k, k' are called 
the curvilinear coordinates of points on the surface. 

Simple examples of such coordinates are the ordinary rectangular 
coordinate system and the polar coordinate system in a plane. Thus 
(2, 3) means the point at the intersection of the lines x = 2, y = 3 of 
the plane; in polar coordinates, (5, 30°) means the point at the intersec- 
tion of the circle r = 5 with the line 6 = 30°. 

Example 1. The equations of the plane x-\-y -\-z — \ may be 
written, in the parametric form: 

x = u f y — v, 3 = 1 — w — v. 
Let the student draw a figure from these equations by inserting ar- 
bitrary values of u and v and finding associated values of x, y, z. An- 
other set of parameter equations which represent the same plane is 

£ = u+t>, y = u — v, 2 = — 2m+1. 
Thus several different sets of parameter equations may represent the 
same surface. 

In the first form, put u = k. Then, as v varies, we obtain the straight 
line 

x = k } y = v, z = 1 — k — v, 
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which lies in the given plane. As k varies this line varies; its different 
positions map out the entire plane. Likewise, v = k' is a line varying 
with k' and describing the plane. The intersection of two of these 
lines, one from each system, is point (k, k') of the plane. 

Example 2. The sphere x 2 -f y 2 -+- z 2 = a 2 may be represented by 
the equations: 

x=a sin <f> cos 0, y=a sin <f> sin 0, z—a cos <f>. 

Here the parameters <f> and are respectively the co-latitude and the 
longitude. Thus <f> = k is a parallel of latitude; 6 = k' is a meridian; 
and their intersection (k, k') is a point of co-latitude k and longitude k'. 
[If a is allowed to vary, the equations^ of this example define polar 
coordinates in space; but 90° — <f> is often used in place of </>.] 

Example 3. The equations 

x=acost, y=a sin t f z=bt, 

represent a space curve, namely a helix drawn on a cylinder of radius 
a with its axis along the s-axis. The total rise of the curve during 
each revolution is 2 irb. 

If a is replaced by a variable parameter w, the helix varies with u, 
and describes the surface 

x=ucost } y=u sin t, z=bt }i 

which is called a helicoid. The blade of a propeller screw is a piece 
of such a surface. 

169. Tangent Planes and Normals. Parameter Forms. 

When a surface is given by means of parametric equations, 

(1) x = f (u, v), y = <f> (u, v), z = $ (u, v), 

the equation of the tangent plane is found as follows. Elimination of u 
and v would give the equation in the implicit form F (x, y f z) = 0. If 
the parametric values of x, y, z are substituted in this equation, the 
resulting equation is identically true, since it must hold for all values of 
the independent parameters u, v; hence 

dF dF 

that is 
^ dx du + dy du ~*~ dz du ' dx dv + dy dv + dz dv 
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Solving these, we find: 



W ^ 



dF dF m dF 
dx ' dy ' dz 



dy dz 
du du 




dz dx 
du du 




dx dy 

dU du 


dy dz 




dz dx 




dx dy 


dv dv 




dv dv 




dv dv 



hence the equation of the tangent plane is 



(x—x ) 



dy 

du 


dz 

dU 


dy 
dv 


dz 
dv 



+ (y- vo) 



dz 

du 


dx 
du 


dz 
dv 


dx 
dv 



+ (3 - 3 ) 



dx 

du 


dy 
du 


dX 

dv 


dy 
dv 



while the equations of the normal are 

x — x _ y — yp _ z — zq 



dy dz 
du du 
dy dz 

dv dv 





dZ dX 
dU dU 
dZ dX 
dv dv 





dx dy 
du du 
dx dy 
dv dv 






= 0; 



EXERCISES 

1. Determine the tangent plane and the normal to the ellipsoid 
x 2 + 4 y 2 + s 2 = 36 at the point (4, 2, 2), first by solving for z, by the 
methods of § 163; then, without solving for z, by the methods of 
§§166-167. 

Determine the tangent planes and the normals to each of the fol- 
lowing surfaces, at the points specified: 

2. x 2 + y 2 +z 2 =a 2 &t(x ,y 0i z ). 

3. x 2 - 4 y 2 + 2 2 « 36 at (6, 1, 2). 

4. x* - 4 2/2 - 9 3 2 = 3 6 at (7, 1, 1). 
6. x 2 + j/ 2 - 2 2 = at (3, 4, 5). 

6. x3 + x 2 y - 2 3 2 = at (1, 1, - 1). 

7. z 2 = e*+* at (0, 2, c). 

8. Find the angle between the tangent planes to the ellipsoid 
4 x 2 + 9 2/ 2 + 36 z 2 - 36 at the points (2, 1, z ) and (- 1, - 1, si). 

9. At what angle does the s-axis cut the surface z 2 = €*-*? 
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10. Obtain the equation of the tangent plane to the helicoid 

x = u cos v, y = u sin v, z = v f 
at the point u = 1, v = 7r/4. 

11. Taking the equations of a sphere in terms of the latitude and 
longitude (Example 2, § 168), find the equation of its tangent plane and 
the equations of the normal at a point where = <f> = 45°; at a point 
where = 60°, <f> = 30°. 

12. Eliminate u and v from the equations x = u-\-v, y — u— v f 
z = uv, to obtain an equation in x, y, and 3. Find the equation of the 
tangent plane at a point where u = 3, v = 2, by the methods of § 166; 
then by the methods of § 169 directly from the given equations. 

13. Write the equation of the tangent plane to the surface used in 
Ex. 7 at any point (xq, 2/0 » 3o)- At what point is the tangent plane 
horizontal? Is z an extreme at that point? 

Proceed as in Ex. 7 for each of the following surfaces: 

14. x =r cos 6, y = r sin 6, z = r, at r = 2, = 7r/4. 

16. x = — ; — , y = — — , z = — : — , at u = 2, v = — 1. 

16. j = -3m + 2^ ^=2m-i», z = &*+*, at (wo, i>o)- 

17. x — 2 cos cos <£, y — 3 cos sin <£, 3 = sin 0, at = <£ = *-/4. 

18. The surfaces z = x 2 — 4 y 2 and 3 = 6 x intersect in a curve, 
whose equations are the two given equations. Find the tangent line 
to this curve at the point (8, 2, 48) by first finding the tangent planes to 
each of the surfaces at that point; the line of intersection of these planes 
is the required fine. 

19. Find the tangent line to the curve defined by the two equations 
16 x 2 - 3 y 2 = 4 3 and 9 x 2 + 3 y* - 3 2 = 20 at (1, 2, 1). 

170. Area of a Curved Surface. Let S be a portion of a curved 
surface and R its projection on the xy-plane. In R take an element 
AzAi/ and on it erect a prism cutting an element AS out of S. At any 
point of AS, draw a tangent plane. The prism cuts from this an ele- , 
mont A A. The smaller Ax Ay (and therefore AS) becomes, the more 
nearly will the ratio A A/ AS approach unity, since we assume that the 
limit of this ratio is 1. 
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Suppose now that the area R is all divided up into elements AxAy and 
that on each a prism is erected. 
The area S will thus be divided up 
into elements AS and there will be 
cut from the tangent plane at a 
point of each an element AA. One 
thus gets 
(1) S = lim T. AA. 

Ax-^0* - 
Ay-*0 

But if y is the acute angle that 
the normal to any AA makes with 
the 2-axis, we have 



1 




<TT^As 


<*§fe^N 


Fig. 84. 



(2) 



AA = sec y Ax Ay; 



. hence 
(3) S = lim V AA = Hm V (sec 7 Az A^) = //sec 7 cte rf^. 

Ax— »0^" Ax— >0™ ** J R 

Ay-»0 Ay->0 

Of course sec 7 is a variable to be expressed in terms of x and 2/ from the 
equation of the surface. The limits of integration to be inserted are 
the same as if the area of R were to be found by means of the integral 

ffdx dy. 

If the surface doubles back on itself, so that the projecting prisms cut 
it more than once, it will usually be best to calculate each piece sep- 
arately. 

When the equation of the surface is given in the form z = / (x } y), 
the direction cosines of the normal are given by 

dz dz 
cos a : cos : cos 7 = — : — : — 1. 
dx dy 

Taking cos 7 positive, that is 7 acute, we may write 

[~2 



(4) 



and 



sec 7 



-/All) 



+ 1, 



+©"+"■* 



The determination of sec y, when the surface is given in the form 
F(z, y } z) = 0, is performed by straightforward transformations similar 
to those used in §§ 167-169; they are left to the student. 
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EXERCISES 

1. Calculate the area of a sphere by the preceding method. 

2. A square hole is cut centrally through a sphere. How much of 
the spherical surface is removed? 

3. A cylinder intersects a sphere so that an element of the cylinder 
coincides with a diameter of the sphere. If the diameter of the cylinder 
equals the radius of the sphere, what part of the spherical surface lies 
within the cylinder? 

4. How much of the surface z = xy lies within the cylinder 
x i + 2,2 = !? 

5. How much of the conical surface z 2 = x 2 + y 2 lies above a 
square in the xy-p\a.ne whose center is the origin? 

6. Show that if the region R of § 170 be referred to ordinary polar 
coordinates, AA = r sec y Ar Ad, approximately. (See § 92, p. 149.) 

7. Using the result of Ex. 6, show that S —ffr sec y dr do. 

8. Show that, for a surface of revolution formed by revolving a 
curve whose equation is z = f (x) about the s-axis, 

sec 7 = Vl -f- [df(r)/dr] 2 , where r = Vx 2 + y 2 . 

9. By means of Exs. 7, 8, show that the area of the surface of revo- 
lution mentioned in Ex. 8 is 

where a is the value of r at the end of the arc of the generating curve. 

10. Compute the area of a sphere by the method of Ex. 9. 

11. Find the area of the portion of the paraboloid of revolution 
formed by revolving the curve z 2 = 2 mx about the x axis, from x = 
to x = k. 

12. Show that the area of the surface of an ellipsoid of revolution 
is 2 irb [b + (a A) sin -1 e], where a and b are the semiaxes and e the 
eccentricity, of the generating ellipse. 

13. Show that the area generated by revolving one arch of a cycloid 
about its base is 64 ira 2 /3. 

14. Show that the area of the surface generated by revolving the 
curve x 2/z + y 2/z = a 2/3 about one of the axes is 12 ira 2 /5. 
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171. Tangent to a Space Curve. Let the equation of the curve 
be given in parametric form x = / (t), y = <f> (t), z = \J/ (t). Let P = (x 0f 
2/o> 3d) be the point on the curve where t = t . Let Q be a neighboring 
point on the curve where t = to + At. 

The direction cosines of the secant PqQ are proportional to Ax/At, 
Ay /At, Az/At; hence its equations are 

k x-xp _y-yo__z-zo 



(1) 



Ax/At Ay/At Az/At 
As At -* 0, these become 
x — x _ V — 2/o _ g— go 



^ efe/<fth <fy/<ft]o dg/<ft] ' 
the equationsjof the tangent at 
the point Po. 

If the curve is given as the 
intersection of two projecting 
cylinders y = f(x), z = <£(x), 
we may join to these the third 




Fig. 



equation x — x, thus conceiving of x, y, and z as all expressed in terms 
of x. The equations of the tangent then become 

x — x ^ y — y Q = a — jo , 
d2//dx] 



(?) 



1 dy/dx] dz/dx] Q 

If the curve is given as the intersection of two surfaces, / (x, y, z) = 0, 
F (x, y, z) = JO, and if we think of x, y, z as depending upon a parameter 
t, we find 



and 



eft ~~ dxdt ~*~ dydt + dacft " ' 
dJF = dj^dx dj^dy dFdz = Q 
(ft dx (ft + ty (ft + as <ft 



From these equations we obtain dx/cft : <fo//(ft : dz/dt f and we may write 
the equations of the tangent at P m the form: 

x — x _ y — y _ z — z 



df df 

dy dz 




dz dX 




df df 

dx dy 


dFdF 




dFdF 




dFdF 


dy dz 





dz dX 





dx dy 



172. Length of a Space Curve. The length of the chord joining 
two points t and t -\-At of the curve 
(1) x=f(t),y = 4>(t),z = f(t), 
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is Ac = Vax 2 + Ay* + As?, or, 

Defining the length of a curve between two points as the limit of the 
sum of the inscribed chords, we find for that length: 

* •-^j>-c^(f)"+(sr+G?)'*- 

EXERCISES 

1. At what angle does a straight line joining the earth's South pole 
with a point in 40° North latitude cut the 40th parallel? 

2. At what angle does the helix x = 2 cos 0, y = 2 sia 6, z = 0, cut 
the sphere x 2 + V 2 + # = 9? 

3. Find the angle of intersection of the ellipse and parabola that are 
cut from the cone z 2 = x 2 + y 2 by the planes 2 z = 1 — x and z = 1 + x 
respectively. 

4. Show that the curves of intersection of the three surfaces 

z = y, x 2 = y 2 + 3 2 , z 2 + y 2 + z 2 = 1, 
cut each other mutually at right angles. 

5. Show the same for the curves of intersection of the surfaces 
4rc 2 + 9^2 + 3 6 Z 2 = 36, 3z 2 + <Sy 2 - 6s 2 = 6, 10x 2 - 15y 2 - 6s 2 = 30. 

6. Calculate the length of the curve x = t, y = P, z — 2 &&, from 
t = 0tot = l. 

7. Find the length of the helix x — a cos 0, y = a sin d, z = 60, from 
= $ Q to = 0i. What is the length of one turn? 

8. Find the length of the curve x = sin z f y = cos z, from (1, 0, x/2) 
to (0, - 1, ir). 

GENERAL REVIEW EXERCISES 

[The exercises marked with an asterisk are of more than usual 
difficulty. Some of them contain new concepts of value for which 
it is hoped that time may be found. Those of the greatest theoretical 
value are marked t- 

Attention is called to the reviews of double and 'riple integration.! 

1. Given u = xy, x = r cos 0, y = r sin 0, find du/dr and du/d$, 
first by actually expressing u in terms of r and 0; then directly from the 
given equations. 
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2. Proceed as in Ex. 1 for the function u = tan" 1 (y/x). 

3. Given u = -fie 20 , x —r cos 0, y = r sin 0, find du/dx and du/dy f 
first by expressing u in terms of x and 2/ J then directly from the given 
equations. 

[Hint. In the second part, it is convenient here to solve the last 
two equations for r and in terms of s and y. But see Ex. 4.] 

4.* If x = r cos and y — r sin 0, show by differentiation that 

dx 1 dr „ . n d6 , dy . dr . „ , fl0 

— = l = — cos — r sin — , and -^ = = — sin + r cos — • 
dx dx dx dx dx . dx 

Solve these equations for dr/dx and 30/ dx, and show that dw/ds may be 
found in Ex. 3 by means of the equation 

du __ du dr du 66 

dx ~~ dr dx dd dx' 

5.* If, in general, u is a function of the two variables (r, 0), show 
that the last equation in Ex. 4 holds true. Find a similar equation for 
du/dy, and evaluate du/dy in Ex. 3 by means of it. 

6.*f If u is a function of any two variables p and q, and if p and q 
are given in terms of x and y by two equations x = f(p, q),y = <f>(p, q), 
obtain du/dx and du/dy by a process analogous to that of Exs. 4, 5. 

Proceed as in Ex. 3, by the methods of Exs. 4, 5, in each of the fol- 
lowing cases: 

7. u = r 2 — cos 2 0. 8. u = re 08 . 9. w = log r. 

10. Find the volume of that portion of a sphere of radius 4 ft. which 
is bounded by two parallel planes at distances 2 ft. and 3 ft., respectively, 
from the center, on the same side of the center. 

11. Determine the position of the center of mass of the solid de- 
scribed in Ex. 10. 

12. What is the nature of the field of integration in the integral 

y,a/V2 /.Vo*"-^" 
f f(x,y)dydx? 

* x 

Show that the same integral may be written in the form 

/a/V2 px pa y-Va*-!^ 

/ f(x,y)dydx + I I f(x,y)dxdy. 

13. Find the volume cut from the sphere a; 2 + y 2 + a 2 = a 2 by the 
cylinder x 2 +y* — ax =0. 
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14. Find the volume cut from the sphere x 2 + y 2 + z 2 = a 2 by the 
cone (x — a) 2 + y 2 — z 2 = 0. 

15. Show that the surface of a zone of a sphere depends only upon 
the radius of the sphere and the height b — a of the zone, where the 
bounding planes are z = a and 3 = 6. 

16. Find the area of that part of the surface k 2 z = xy within the 
cylinder x 2 + y* = k 2 . 

17. Find the center of gravity of the portion of the surface described 
in Ex. 16, when k = 1. 

18. Find the moment of inertia about its edge, of a wedge whose 
cross section, perpendicular to the edge, is a sector of a circle of radius 

1 and angle 30°, if the length of the edge is 1, and the density is 1. 

19. The thrust due to water flowing against an element of a surface 
is proportional to the area of the element and to the square of the com- 
ponent of the speed perpendicular to the element. Show that the 
total thrust on a cone whose axis lies in the direction of the flow is 

kin*»>/(f + h 2 )i. 

20. Calculate the total thrust due to water flowing against a seg- 
ment of a paraboloid of revolution whose axis lies in the direction of 
the flow. (See Ex. 19.) 

21. Show that the thrust due to water flowing against a sphere is 

2 &7rrV/3. Compare with the thrust due to the flow normally against 
a diametral plane of this sphere. 

22. Find the critical points, if any exist, for the surface z = x 2 -f- 2 y2 
— 4 x — 4 y + 10. Is the value of z an extreme at that point? Draw 
the contour lines near the point. 

23. Determine the greatest rectangular parallelopiped which can be 
inscribed in a sphere of radius a. 

24. The volume of CO2 dissolved in a given amount of water at tem- 
perature is \ d 5 10 15, 

\v 1.80 1.45 1.18 1.00. 
Determine the most probable relation of the form v = a -\~bO. 

25. Determine the most probable relation of the form S = a + b P 1 
from the data: \P 550 650 750 850, 

IS 26 35 52 70. 
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26. Determine the most probable relation of the form y = ad* from 
the data: \x 1 2 3 4, 

\y .74 .27 .16 .04. 

27. The barometric pressure P (inches) at height H (thousands feet) 

(P 30 28 26 24 22 20 18 16, 
jff 1.8 3.8 5.9 8.1 10.5 13.2 16.0. 
Determine the most probable values of the constants in each of the 
assumed relations: (a) H = a + bP; (b) H = a + bP + CF 2 ; (c) H = 
a -f b log P or P = Ae BH . Which is the best approximation? 

28. t If the observed values of one quantity y are mi, m2, m%, corre- 
sponding to values h, h, h of a quantity x on which y depends, and if 
y = ax + b, show that the sum 

S = (ah +b- mi) 2 + (ah + b- m 2 ) 2 + (ah + b- m*) 2 
is least when 

j h (ah +b — mi) -f l 2 (al 2 + b — m 2 ) + h (ah +b — mz) = 0, 
(all + b — mi) + (a/2 + b — m 2 ) + (afe + 6 — m3) = 0; 
that is, when 

a • J] h 2 + b • J] h - J] mi?i = and a • J] h + 3 6 -J] mi = 0, 
or 

3 J] mifr — J] mi • 2]*i 2] ll% ' 2] mi ~~ 2] mi?1 " 2] ?1 

where \] indicates the sum of such terms as that which follows it. 

[Theory of Least Squares.] 

29. Show that the equation of the tangent plane to 2 z = x 2 + y 2 at 

fro, y ) is z + zq = xxq + 2/2/0- 

30. Determine the tangent plane and normal line to the hyperboloid 
x 2 - 4 2/ 2 + 9 3 2 = 36 at the point (2, 1, 2). 

31. Study the surface xyz — 1. Show that the volume included be- 
tween any tangent plane and the coordinate planes is constant. 

32. Study the surface z — (x 2 -f y 2 ) (x 2 -f y 2 — 1). Determine the 
extremes. 

33. At what angle does a line through the origin and equally in- 
clined to the positive axes cut the surface 2z = x 2 -\-y 2 ? 
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34. Determine the tangent line and the normal plane at the point 
(1, 3/8, 5/8) on the curve of intersection of the surfaces x + y + z = 2 
and x 2 + 4 y 2 - 4 z 2 = 0. 

35. Determine the tangent line and the normal plane to the curve 
x = 2 cos t, y = 2 sin t, z = & at t = tt/2 and at £ = 7r. 

36. Find the length of one turn of the conical spiral x = t cos (a log t) t 
y = t sin (a log t), z = bt, starting from £ = t. 

37. Determine the length of the curve x — a cos cos <f>, y — a cos 
sin </>, 2 = a sin <f>, from <£ = </>i to <£ = <fc, where 6 is given in terms 
of <f> by the equation = A; log ctn (7r/4 — <£/2). (Loxodrome on the 
sphere.) 

38.*f Show that the surfaces f(x, y, z) = and <l> (x, y, z) = cut 
each other at right angles if f x <f> x -\-f v <t> v + /*<£* = 0. 

39.* Show that the surfaces 
z 2 /(a 2 +X) +2/ 2 /(*> 2 +X) +s 2 /(c 2 +X) = 1, a > 6 > c >0, 
are always (i) ellipsoids if X > — c 2 , (u) hyperboloids of one sheet if 
— IP- < X < — c 2 , (in) hyperboloids of two sheets if — a 2 < X < — ft 2 . 

(CONFOCAL QUADRICS.) 

Show also tha.t these surfaces cut each other mutually at right angles. 
If x = r cos 6 cos <f>, y = r cos sin <£, 2 = r sin (polar coordinates), 
find du/dr, du/dd, and du/d<f> for each of the following functions: 

40. w = z 2 +y 2 +2 2 . 41. u=x 2 +y 2 -z 2 . 42. w = »?*+*. 

43. Compute du/dx, du/dy, and du/dz if u = r? (sin 2 -f- sin 2 <f>), 
where r, 0, <f> are defined as in Exs. 40-42. 

44.f Show that the centroid (x, y) of a plane area in polar coordinates 
( P , 0) is 

f f p 2 cos dp d0 f f p2 sin * rfp rf ^ 

* = T~r ' ^ = 7~r ' 

J J pdpdd J J pdpdd 

where the integrals are extended over the given area. 
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CHAPTER XIX 

DIFFERENTIAL EQUATIONS 

PART I. ORDINARY PIFFERENTIAL EQUATIONS OF 
THE FIRST ORDER 

173. Definitions. An equation involving derivatives or 
differentials is called a differential equation. An ordinary 
differential equation is one involving only total derivatives. 
A partial differential equation is one involving partial 
derivatives. 

The order of a differential equation is the order of the 
highest derivative present in it. 

The degree of a differential equation is the exponent of 
the highest power of the highest derivative, the equation 
having been made rational and integral in the derivatives 
which occur in it. 

Examples. 

(1) -j = kt (First order, first degree.) 

(2) -r + -ta = A» (Second order, first degree.) 

(3) |l + (-rj I = a (jVj (Sec 011 ^ ord er, second degree.) 

(4) -r-a + -T- ft = 1 (Second order, first degree.) 
ox* oy* 

Such equations constantly arise in the applications of 

mathematics to the physical sciences. Many simple examples 

have already been treated in the text. 

311 
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174. Elimination of Constants. Differential equations also 
arise in the elimination of arbitrary constants from an 
equation. 

Example 1. Thus, if A and B are arbitrary constants, then equation 
y = Ax -f- B represents a straight line in the plane, and by a proper 
choice of A and B represents any line one pleases in the plane except a 
vertical line. One differentiation gives m = dy/dx = A, which repre- 
sents all lines of slope A. A second differentiation gives 

(1) flexion = b = cPy/dx 2 = 0, 

which represents all non-vertical lines in the plane, since all these and 
on other curves have a flexion identically zero. 

Example 2. Any circle whose radius is a given constant r is repre- 
sented by the equation 

(2) (z-A)2 + (2/-~£) 2 =r2, 

from which A and B may be eliminated as in the preceding example. 
Differentiating once, 

(3) x-A + (y-B)y' = 0, 
where y' = dy/dx. Differentiating again, 

(4) l+y' 2 + (y-B)y" = 0, 

where y" = cPy/dx 2 . Solving (3) and (4) for x — A and y -r B and sub- 
stituting these values into (2), so as to eliminate A and B, we find 

(5) (l+ 2 /' 2 )3=rV /2 . 

This says that every one of these circles, regardless of the position of its 
center, has the curvature 1/r, — a statement which absolutely charac- 
terizes these circles. 

In general, if 

(6) f(x,y,c h c 2 , -,Cn) =0 

is an equation involving x, y, and n independent arbitrary 
constants Ci, C2, • • •, c», n differentiations in succession with 
regard to x give 

<" I = ». %-<>■ - g = » ; 

these equations, together with (6), form a system of n + X 
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equations from which the constants c h c 2) • • • , c n may be 
eliminated. The result is a differential equation of the nth 
order free from arbitrary, constants, and of the form 
(8) 4>(x,y,y',y", ...,</<»>)= 0. 

Equation (6) is called the primitive or the general solution 
of (8). The term general solution is used because it can be 
shown that all possible solutions of an ordinary differential 
equation of the nth order can be produced from any solution 
that involves n independent arbitrary constants, with the ex- 
ception of certain so-called " singular solutions" not derivable 
from the one general solution (6). 

Thus, to solve an ordinary differential equation of the nth 
order is understood to mean to find a relation between the 
variables and n arbitrary constants. These latter are called 
the constants of integration. 

If, in the general solution, particular values are assigned to 
the constants of integration, a particular solution of the dif- 
ferential equation is obtained. 

175. Integral Curves. An ordinary differential equation 
of the first order, 

(1) tf Or, V, y') = 0, or y' = / (x, y), 
where y f = dy/dx, has a general 
solution involving one arbitrary 
constant c: 

(2) F(x,y,c)=0. 
This represents a singly infinite 
set or family of curves, there being 
in general one curve for each value 
of c. Any curve of the family can 
be singled out by assigning to c the 
proper value. ' Fig. 86. 
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The differential equation determines these curves by 
assigning, for each pair of values of x and y, that is, at each 
point of the plane, a value of the slope y'[ = f(x y y)] of the 
particular curve going through that point. Thus the curves 
are outlined by the directions of their tangents in much the 
way that iron filings sprinkled over a glass plate arrange 
themselves in what seem to the* eye to be curves when a 
magnet is placed beneath the glass. Straws on water in 
motion create the same optical illusion. 

A differential equation of the second order: 

*(*, V, y'f V") =0, or y" = f(x, y, 2/'), 
has a general solution involving two arbitrary constants, 

F(x,y,ci,c 2 ) = 0. 
This represents a doubly infinite or two-parameter family of 
curves; for each constant, independently of the other, can 
have any value whatever. The extension of these concepts 
to equations of higher order is obvious. 

The curves which constitute the solutions are called the 
integral curves of the differential equation. 

EXERCISES 

Find the differential equations whose general solutions are the follow- 
ing, the c's denoting arbitrary constants: 



1. 


x 2 +y 2 = c 2 . 




Ans. x +yy' =0. 


2. 


x 2 — y 2 = ex. 




Arts, x 2 +'y 2 = 2 xyy f . 


3. 


y = ce* —\ (sin x 


+ cos x). 


Ans. y' —y + sin x. 


4. 


y — ex + c 2 . 




Ans. y = y'x + y' 2 . 


5. 


y = cx+f(c). 




Ans. y = y'x+f(y'). 


6. 


y = Cie 2 * + C26 3 *. 




Ans. y" - 5 y' + 6 y = 0. 


7. 


y = Cie°* + C2C 6 * 




Ans. y" — (a + b)y'-\- aby = 0. 


8. 


xy = c + fix. 




' Ans. ^V 2 = y'x + y. 


9. 


y = (cj + x)e?* + c^e*. 


Ans. y" - 4 y' + 3 y = 2 e 3 *, 
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10. y = cie* + cae 2 * + cae 3 *. 4ws. y"' - 6y" + lly'- 6y = 0. 

11. r = c sin 0. Atis. r cos = r' sin 0. 

12. r = e**. -Ans. r log r = r'0. 

13. Assuming the differential equation found in Ex. 1, indicate the 
values of y'( = — x/y) at a large number of points (x, y) by short 
straight-line segments through each point in the correct direction. 
Continue doing this at points distributed over the plane until a set of 
curves is outlined. Are these curves given in Ex. 1? 

14. Proceed as in Ex. 13 for the equation y' = y/x. Do you recog- 
nize the set of curves? Can you prove that your guess is correct? 

16. Draw a figure to illustrate the meaning of y' — x 2 . Find y. 
Generalize the problem to the case y' = f(x). 

16. Find that curve of the set given in Ex. 1 which passes through 
(1,2). Find its slope (value of y') at that point. Do these three values 
of (x, y, y') satisfy the differential equation given as the answer in No. 1? 

17. Proceed as in Ex. 16 for the equation of Ex. 2. 

18. Proceed as in Ex. 16 for the first equation of Ex. 15. 

19. Find the differential equation of all circles having their centers 
at the origin. 

20. Find the differential equation of all parabolas with given latus 
rectum and axes coincident with the £-axis. 

21. Find the differential equation of all parabolas with axes falling 
in the z-axis. 

22. Find the differential equation of a system of confocal ellipses. 

23. Find the differential equation of a system of confocal hyperbolas. 

24. Find the differential equation of the curves in which the sub- 
tangent equals the abscissa of the point of contact of the tangent. 

25. A point is moving at each instant in a direction whose slope 
equals the abscissa of the point. Find the differential equation of all 
the possible paths. 

26. Write the differential equation of linear motion with constant 
acceleration; of linear motion whose acceleration varies as the square of 
the displacement. The same for angular motion of rotation. 

27. A bullet is fired from a gun. Write the differential equations 
which govern its motion, air resistance being neglected. How must 
these equations be modified, if air resistance is assumed proportional to 
velocity? 
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176. General Statement We shall now consider methods for 
solving differential equations. Since the most common proper- 
ties of curves involve slope and curvature, and since in the 
theory of motion we deal constantly with speed and ac- 
celeration, the differential equations of (he first and second 
orders are of prime importance. 

Ordinary differential equations of the first order and first 
degree have the form 

(1) M + #^ = 0, or M dx + N dy = 0, 

where M and N are functions of x and y. 

No general method is known for solving all such differential 
equations in terms of elementary functions. We proceed to 
give some standard methods of solution in special cases. 

177. Type I. Separation of Variables. It may happen that 
M involves x only, and N involves y only. The variables are 
then said to be separated and the primitive is f ound by direct 
integration: 

fMdx+ fNdy = C, 
C being an arbitrary constant. 

Example 1. A particle is falling through air such that the resistance 
is proportional to the speed. If the particle starts from rest, what is 
its speed at any time? 

Since acceleration is dv/dt, and since this is equal to g diminished by 
a term proportional to v, we have 

dv 



Separating variables: 
Integrating: 



dv =dt. 



g — av 



log (g — av) = t + k, 

g — av= e"* <*+*>. 
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Since the particle starts from rest we have v ^ when t = 0. Sub- 
stituting these values in the last equation we have g = e -0 *; 
hence g — av = e~ fU ~ ak = 06"°*, 

or v = (g/a)(l — e -0 *). 

Example 2. Given (x 2 + 1) (?/ + 1) dy + xy*dx = 0. Determine 
the relation between x and y. 

Separating: 2 dy + 2 da; =* 0. 

Integrating: log 2/ — l/y + log Vx 2 + 1 = k. 
Let A; = — log c, rearrange and combine terms; the result is 

log(c yVx 2 + l) = 1/y 

or cyVx 2 + 1 =e 1 /v. 

178. Typell. Homogeneous Equations. When M and iV 
are homogeneous * in x and y and of the same degree, the 
equation is said to be homogeneous. If we write the equation 
in the form 

dy _ __ M- 
dx~~ N' 

and make the substitution 

dy . xdv 

we obtain a new equation in which the variables can be 
separated. 



Example 1. 




(1) (xy + 2/ 2 ) dx + (sy -s 2 ) (fy * 


= 0, 


or 

/ox dy _xy-\-y 2 
dx x 2 — xy 
Substituting as above : 





* Polynomials are homogeneous in x and y when each term is of the 
same degree. In general, / (x, y) is homogeneous if / (kx, ky) = k n f(x, y) for 
some one value of n and for all values of k. 
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(3) . v + x 


dv vx 2 -+- iPx 2 v + v 2 
dx" X 2 -vx 2 l-v f 


or 


dv 2V 2 
X dx ~l-v' 


separating variables, 


1 — v , dx 
2* * " x ' 


Integrating: 


-^- v -\^v = \o iX +c. 


Replacing v by y/x, 


~^ - § Iog I =logZ+C ' 


or 


logxy = -|-2c; 


hence 


(4) 


xy = e-*'v-**, 


or 


xy — ke-'/v, 


where 


k = e-*. 


Check: Differentiating both sides of (4) with respect to x f we find 


(5) 


ydx + xd V =ke-"<.[- ydx - xdv ~\; 



dividing the two sides of (5) by the corresponding sides of (4) respectively 

(6) [ydx+xdy]+xy = - ydx - xdy ; 

show that (6) agrees with (1). 

EXERCISES 

Solve the following exercises by separating the variables: 
1. x dy + y dx = 0. Ans. xy = c. 



2. xVl + y 2 dx - yVT+x 2 dy = 0. Ans. Vl +x 2 = Vl + y* + c. 

3. sin dr + r cos d0 = 0. Ans. r sin = c. 

4. xVl + y dx = yvT+x Jy. 

Solve the following homogeneous equations 

5. (x + y) dx + (x — 2/) dy = 0. Ans. x 2 + 2 xy — j/* = c. 

6. (x 2 + y 2 ) dx = 2 xy dy. Ans. x 2 - y 2 = ex. 

7. (3 x 2 — y 2 ) dy = 2 xy dx. Ans. x 2 — y 2 = cy3. 

8. (x 2 + 2 xy - i/ 2 ) dx = (x 2 - 2 xy - y 2 ) dy. 

Ans. x 2 H- y 2 = c(x -f J/). 



Digitized by 



Google 



XIX, § 178] DIFFERENTIAL EQUATIONS 319 

The following Exs. 9- 18 are intended partially for practice in recog- 
nizing types: 



9. Vl — y 2 dx + Vl — x 2 dy = 0. Ans. sin" 1 x + sin" 1 2/ = c. 

10. a?cfc + (3x 2 2/+22/3)<fy = 0. 4ns. x 2 + 2 y 2 = cVx 2 + y 2 . 

11. dy + 2/ sin x dx = sin x dx. 12. r d0 = tan dr. 

13. (y-l)dx = (x + l)dy. 14. y dx + (x - y) dy = 0. 

15. x(l+y 2 )dx=2/(l+s 2 )<fy. 16. (9 x 2 + y 2 ) dx = 2 xy dy. 

19. In Ex. 1 above, draw a figure to represent the direction of the 
integral curves at various points. Hence solve the equation geomet- 
rically. 

20. A point moves so that the angle between the x-axis and the di- 
rection of the motion is always double the vectorial angle. Determine 

the possible paths. A xy . . n 

^ * Ans. 9 , o = cx',c> 0. 

x 2 +y 2 

21. Proceed as in Ex. 20 for a point moving so that its radius vector 
always makes equal angles with the direction of the motion and the 
x-axis. Ans. r = c sin 0. 

22. The speed of a moving point varies jointly as the displacement 
and the sine of the time. Determine the displacement in terms of the 
time. Ans. s=ce~*°° 8 '. 

23. Find the value of y if its logarithmic derivative with respect to 
x is x 2 . 

24. Determine the curve whose subnormal is constant and which 
passes through the point (2, 5). 

25. Determine the curve whose subtangent at any point (x, y) is 
(1 -f- x), and which passes through (0, 3). 

26. Determine the curve passing through (5, 4) such that the length 
of the normal at any point (§ 30) equals the distance of the point from 
the origin. 
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27. When a wheel is driven by a belt the tension at P and the angle 
are connected by the equation dT/dO = kT, 
k being a known constant. 

Ti = 200 lb., 
k = 0.1, 
ACB = 60°, 




Fig. 87. 



Ti = 500 lb., 
T 2 = 550 lb., 

and ACB = 90°, 

what is k? 



28. In a chemical reaction A is the quantity of active matter originally 
present, q the quantity of product at time t; these are related through 
the equation dq/dt = k (A — q). 

Express q as a function of it. 

29. In a bimolecular chemical reaction the original amounts of ac- 
tive substances are A and B; the product q formed in time t is to be 
determined from the equation 

dq/dt = k(A-q)(B- q). 
Express q in terms of t. Consider the special case A = B 

30. The differential equation of the adiabatic expansion of a gas 
is kp dv + v dp = 0. Show that p = cv~ k . Find c if k = .001, and 
v = 100 when p = 10. 

31. The rectilinear motion of a particle under the action of a central 
force which varies as the inverse square of the distance from a fixed 
point is v dv/dt = A; 2 A 2 , where v is the speed and t the time. Express 
v in terms of t. 

32. Solve Helmholtz's equation for the strength of an electric cur- 
rent, C =E/R— (L/R) (dC/dt), E> L and R being constants. If 
C = when t = 0, show that C = (E/R) (1 - e~^ L ). 

179. Type HI. Linear Equations. This name is applied 
to equations of the form 

(i) £+*>-«. 
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where P and Q do not involve y, but may contain x. Its solu- 
tion can be obtained by first finding a particular solution of 
the reduced equation, 

(10 f + *S-o, 

where y is a new quantity introduced for convenience in what 
follows; and where Q is replaced by zero. In (1') the vari- 
ables can be- separated (see § 179), and we get 

as a particular solution, the constant C of integration being 
given the particular value 0. 

If we make the substitution 
(2) y y = v-y, 

where v is a function of x to be determined, the equation (1) 
becomes 

The first term vanishes by (!') leaving 



Hence 

and 
(3) 



y^jL = q ; or dv = Qdx = [QeS'«3dx. 
v=f^dx + c=J[Qe^' p ' u \dx + c 
y = vy = e S p ** j §\Qef pi *\ dx + c j 



This equation expresses the solution of any linear equation. 
It should not be used as a formula; rather, the substitution 
(2) should be made in each example. 
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Example. Given 

(1) d £ + 3x 2 y=x*, 

the reduced equation in the new letter y = y/v is 
(10 -^ + 3 x 2 y = 0, whence y = er*. 

Hence the substitution y = v -y becomes 

dv dv 

(2) y = v e^*\ whence j- = e-**-z 3 vx 2 e-**, 

and (1) takes the form 

This reduces, as we foresaw in general above, to the form 

.dv c dv , . 

e-*' t- = x b , or -7- = x* e* . 

dx ' dx ' 

whence v =J % x*e?'dx + c = J fcr 3 e*' — e*'] + c, 

or, returning by (2) to y: 

(3) y = t>e-«» = J [at - 1] + ce^ a . 
Check. Differentiating both sides, 

(4) ^ = x 2 -Zx 2 ce-*; 
ax 

ehminating c by multiplying (3) by 3 x 2 and adding to (4), 

The result (3) may also be obtained by direct substitution from (1). 
Sufficient practice in the direct solution, as in the preceding example, 
is strongly advised. 

180. Equations Reducible to Linear Equations. Certain 
forms of equations may be reduced to linear equations by a 
proper change of variable. No general rule can be given, 
and the proper substitution is usually to be formed by 

trial. 

dv 
Example. sec 2 y -~ + 3 x 2 tan y = x 6 . 

ax 

Letting tan y = 2, we have 

^+3x 2 s=a* 
dx * 

which is linear in 2 and has the same form as the example solved in 

§179. 
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The equation 

dxi 

-f- + Py = Qy n , (n a constant.) 

called the. extended linear equation is always reducible to 
the linear type by putting y l ~ n = z. 
Example. Given 

I = - 2 "- 8 S>°<l = - vi- 
llus -(l/2)^^+|=^ 

and ^_ 2 £ = -2x. 

ax x 

Here P = - -, yVcZx = - 2 logs, e^^ = x -* ; 

so that a = x 2 (f- -dx + cj = - 2 x 2 log x + ex 2 = y~*, 

and finally x 2 ^ 2 (c — 2 log x) = 1. Check this result. 

EXERCISES 

Solve the following equations and check each answer. 

1. ~ - xy = e*72. 3. ^| + y cos x •= sin 2 x. 

2. g+3x 2 2,= 3x*. 4. xg+^logx. 

5 . d J>+y = y*. 7. |-2r0 = ^*3. 

cte x * dd 

6 . |+, = ^. 8. ^g-*-*. 

9. cos 2 a;g+y = tanas. 10. r j $ = (1+ r*) sin 0. 

11. !=-. + , *g + »-~ 

13. dy — y dx = sin x dx. 14. sec dr + (r — 1) do = 0. 
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16. (x 2 + 1) dy = (xy + k) dx. 16. x dy + y dx = xy 2 log x dx. 

17. The equation of a variable electric current is 

Lf t +Ri = e, 

where L and R are constants of the circuit, i is the current, and e the 
electromotive force of the circuit. Calculate i in terms of t, 1°, if e is 
constant; 2°, if e = eo sin co<. 

Ans. 2° i = — e ° sin (orf — 0) + ce~**/ L , <f> = arc tan (w L/R). 

181. Other Methods. Non-linear Equations. A variety of 
other methods are given in treatises on Differential Equa- 
tions; some of these are indicated among the exercises which 
follow. Noteworthy among these are the possibility of 
making advantageous substitutions; and — what amounts 
to a special type of substitution — the possibility of writing 
the given equation in the fdrm of a total differential, dz = 0, 
where z is a known function of x and y which leads to the 
general solution z = constant (see Exs. 5-12, below). 

Equations not linear in y r may often be solved. If the 
given equation can be solved for y', several values of y' may 
be found, each of which constitutes a differential equation: 
the general solution of the given equation means the totality 
of all of the solutions of all of these new equations. 

EXERCISES 
Solve the following equations, using the indicated substitutions: 

1. y L dy + {y*+x)dx = §. (Put v = yK) 

2. 8 dt - tds = 2 s (t - s) dt. (Put s = tv.) 

3. xdy^ydx— (x 2 — y 2 ) dy. (Put y - vx.) 

4. u 2 v 1 (u dv + v du) = (v + 1£) dv. (Put w = x f v = y.) 
6. Solve the equation (3 x 2 + y) dx + (x + 3 y 2 ) dy = 0. 

[Hint. If we put z = x 3 + xy + 2/ 3 , this equation reduces to dz = 0; 
for dz = (dz/dx) dx + (dz/dy) dy. But dz = gives z = const., hence 
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x z + xy + y z = c is the general solution. Such an equation as that 
given in this example is called an exact differential equation.] 

6. Solve the equation xdy — ydx = 0. 

[Hint. This equation can be solved by previous methods; but it is 
easier to divide both sides by x 2 and notice that the resulting equation 
is d (y/x) = 0; hence the general solution is y/x = c. A factor which 
renders an equation exact (1/x 2 in this example) is called an integrating 
factor.] 

7. Solve the equation (x 2 + 2 xy 2 ) dx>+(2x 2 y + y 2 ) dy = 0. 
^Hint. Put z = xV3 + x 2 y 2 + y»/3 J ' 

8. Solve the equation (s + 1 sin s) ds + (t — cos s) dt = 0. 

[Hint. Arrange: s ds + [* sin s ds — cos s dt] + 2 (ft = 0; integrate 
this, knowing that the bracketed term is — d (t cos s).] 

9. Solve the equation xdy—(y — x)dx = 0. 

[Hint. Arrange: [x dy — y dx] + x dx = 0; divide by x 2 f and com- 
pare Ex. 6.] 

10. Show that [/ (x) + 2 xy 2 ] dx + [2 x 2 y + &)] <fy = can always 
be solved by analogy to Ex. 7. 

11. Show that [/ (x) + y] dx — x dy can always be solved by analogy 
to Ex. 9. Solve (x 2 + y) dx — x dy = 0. Ans. x — y/x — c. 

12. Solve the equation (r — tan 6) d$ + (r sec + tan 0) dr = 0. 
[Hint. Multiply both sides by the integrating factor cos 0; — sin 

d0 + r dr + d (r sin 0) =0; integrate term by term.] 

13. When a family of curves crosses those of another family every- 
where at right angles, the curves of either family are called the orthog- 
onal trajectories of those of the other family. 

Find the orthogonal trajectories of the family of circles 
x 2 + y 2 = r 2 . 

[Hint. If the differential equation of the first family be dy/dx = 
/ (x, y), then the differential equation of the orthogonal trajectories is 
dx/dy = — /(x, y), for any point of intersection (x, y) the slope of the 
curve of one system is the negative reciprocal of the slope of the curve 
of the other. 

In this example the differential equation of the given family is x dx + 
ydy = Q. It is evident that the differential equation of the orthogonal 
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family is obtained by replacing dy and dx by — dx and dy, respectively; 
hence the desired equation is x dy — y dx = 0, whence the curves are 
y = ex, i.e. the family of all straight lines through the origin.] 

14. Find the orthogonal trajectories of the exponential curves. 
y = e* + k. 

[Hint. The differential equation is dy/dx = e*. The orthogonal 
family is defined by the equation dy/dx = — e~*, whence the trajec- 
tories are y = e~* + c. Draw the figure.] 

Determine the orthogonal trajectories of the following families, and 
draw diagrams in illustration of each: 

16. x +y = k. 18. x 2 + r/ 2 = 2 logs +c. 

16. xy = k. 19. 2x 2 +2/ 2 = c2. 

17. ^^(s + fc). 20. 32+2/2 = fcc. 



PART II. ORDINARY DIFFERENTIAL EQUATIONS 
OF THE SECOND ORDER 

182. Special Types. We first .consider some very special 
forms of equations of the second order that are most fre- 
quently used in the application of mathematics to physics, 
namely: 

[I] £^ = ± tfy [k = constant.] 

[II] A § + B^ + Cy - [A, B, C, constants.] 

[III] A^ 2 + Bp x + Cy = F(x). [A, B, C, constants.] 

These are all special forms of the general equation of the 
second order <j> (x, y, dy/dx, d 2 y/dx 2 ) = 0. 

[IV] We shall consider other special forms also, some of 
which include the above; namely, the cases that arise when 
one or more of the quantities x, y } dy/dx, are absent from the 
equation. (See § 186, p. 334.) 
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183. Type I. This type of equation arises in problems on 
motion in which the tangential acceleration cP s/dt 2 is propor- 
tional to the distance passed over: 

a) w = ± k2 °> 

a form which is equivalent to [I], written in the letters s and 
t If we multiply both sides of this equation by the speed 
v = ds/dt and then integrate with respect to t, we obtain 

but we know that 

and 

f± kh^dt = ± tff^ds = ± ^s 2 + c'; 
hence (2) becomes* 

Case 1. If the sign before ft 2 is +, (3) becomes 

(4) .v = j t = WW+~C U 

whence I , = = I k dt + C2, 

J Vs 2 + Ci J 

(5) log (s + Vs 2 + Ci) =fa + C 2 ; 
or, solving for s, 

(6) s = i4e^ + 5e-«. 

* This is often called the energy integral, for if we multiply through by 
the mass m, the expression mv 2 /2 on the left is precisely the kinetic energy 
of the body. 
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where 2 A = e Ct and 2 B = — Ci e" ' ar§ two new arbitrary 
constants. 

By means of the hyperbolic functions sinh u = (e u — e~ u )/2 
and cosh u(e u +e~ u )/2 this result may also be written in 
the form 

(7) s = a sinh (kt) + b cosh (kt), 

where 6 + a = 2 A and b — a = 2 B. 

Case 2. If the sign before k 2 is — , Ci must be negative 
also, or else v is imaginary; hence we set Ci = — a 2 and write 



or 
whence 



/vfe"/" ,+C! > 



(6a) sin_1 W = M + C ^ 

or solving for s: 

(6 2 ) s = a sin (fcf + C 2 ) = A sin M + B cos fcf, 

where A = a cos C2 and B = a sin C2 are two new arbitrary 
constants. 

Equation (62) is the characteristic equation of simple har- 
monic motion; the amplitude of the motion is a, the period is 
2 ir/k, and the phase is — C2/A;. 

The differential equation (1) was first found in § 88, p. 155. 
We now see that the general simple harmonic motion (6 2 ) is 
the only possible motion in which the tangential acceleration 
is a negative constant times the distance from a fixed point; 
i.e. it is the only possible type of natural vibration under the 
assumptions of § 76, p. 125. 
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EXERCISES 






Solve each of the following equations: 






1. 


cPs 


3. 


dP 


— 8. 


2. 




4. 


d?s 

dP " 


-9s. 



5. Find the curves for which the flexion (dPy/dx 2 ) is proportional to 
the ordinate (y). 

6. Determine the motion described by the equation of Ex. 1 if the 
speed v ( = ds/dt) and the distance traversed s are both zero when t = 0. 

7. Proceed as in Ex. 6 for Ex. 3, and explain your result. 

8. Write the solution of Ex. 1 in terms of sinh t and cosh t. Deter- 
mine the arbitrary constants by the conditions of Ex. 6, and show that 
the final answer agrees precisely with that of Ex. 6. 

9. Determine the motion described by the equation of Ex. 3 if 
v = 2 and s = 10 when t = 0; if v = and 5=5 when t = 0. 

184. Type II. Homogeneous Linear Equations of the Second 
Order with Constant Coefficients. The form of this equation is 

where A, B,C are constants. 

The type just considered is a special case of this one. Fol- 
lowing the indications of the results we obtained in § 183, it 
is natural to ask whether there are solutions of any one of the 
types we found in the special case. 

Trial of e**. If we substitute y = &* in (1) we obtain the 
equation: 

(2) [Afc2 + Bfc + C]e** = 0. 

The factor e* x is never zero; hence k must satisfy the quad- 
ratic equation 
(1*) Ak 2 + Bk + C = 0, 
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which is called the auxiliary equation to (1). If the roots of 
(1*) are real and distinct, i.e. if 

(3) D^-4AC>0, 

then these roots k x and k% are possible values for k, and the gen- 
eral solution of (1) is 

(4) y = Cie*i* + C a e*2*, 

since a trial is sufficient to convince one that the sum of two 
solutions of (1) is also a solution of (1); and that a constant 
times a solution is also a solution. 

Trial of y = e KX • v. If (3) is not satisfied, the substitution 

(5) y = e'*.v 
changes (1) to the form 

(6) A^ 2 + [2kA+B]~ + [Ak' + Bk + C]v = 0, 

which becomes quite simple if we determine k so that the 
term in dv/dx is zero: 

(7) 2 k A + B = 0, whence k = - B/2 A; 
then (6) takes the form 

(8) tf" 4 A> «=- K2 «> 

where K = ^±AC-B*/(2 A) = V^D/2 A is real if 

(9) DEES 2 -4 AC ^0, 
which is the case we could not solve before. 

If D< 0, the solutions of (8) are 

(10) v = d sin (Kx) + C 2 cos (Kx), 

by (62), § 183, p. 328; hence the solutions of (1) are 

(11) y = e«* . v = e K * [C t sin (Kx) + C 2 cos (Kx)], 

where k = - B/(2 A) and K = V^D/(2 A) ; these values of 
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k and K are most readily found by solving (1 *) for k, since 
the solutions of (1*) are k=(-B±VD)/(2 A)=k±KV^1. 

If D = 0, K = 0, and the solutions of (8) are 

(12) v = Cix + C%; 
hence the solutions of (1) are 

(13) y=e**. t> = e*MCiX + C 2 ], 

where k = — B/{2A) is the solution of (1 *); since when 
D = 0, (1*) has only one root k = - B/(2 A). 

It follows that the solutions of (1) are surely of one of the 
three forms (4), (11), (13), according as D = B 2 — 4:ACis 
+, — , or 0; that is, according as the roots of the auxiliary 
equation (1*) are real and distinct, imaginary, or equal) in 
r6sum6: 



D = B*-4AC 


Character op 
Roots of (1*) 


Values of Roots 

OF (1*) 


Solution of (1) 


+ 


Real, unequal 


hi, fa 


(4) 


- 


Imaginary 


K ±KV^1 


(11) 





Equal 


K 


(13) 



We illustrate by some examples put, for convenience of 
comparison, in tabular form. 



Examples 


l 


2 


3 


Equation (1) 


Sy"-4y'+y=0 


3y"-4y'+|y=0 


Sy"-4y'+2y=0 


Auxiliary equa- 
tion (1*) 


3fc 2 -4fc+l=0 


3fc 2 -4fc+f=0 


3fc 2 -4A;+2=0 


Roots of (1*) 


1, 1/3 


2/3, 2/3 


i (2 ± V- 2) 


Solution of (1) 


y=cie x +c 2 e x/3 


2/=e 2x/3 (ci+c 2 x) 


y = e 2*/3 ( Cl cos 

V2 , . y/2 x 
-g-x+C2Sin-^-a;) 
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EXERCISES 

1. 2/"-4y' + 3 2/=0. * 9. y"-9y' + 14y = 0. 

2. y" + Sy' + 2y = 0. 10. 2y"-Sy' + y=0. 

3. 52/"-42,' + y = 0. 11. 6y"-132/' + 62/=0. 

4. 9 y" + 12 2/' +4 y = 0. 12. y"-3 2/' = 0. 

5. 2/"-2y'+y=0. 13. y" — 4 y = 0. 

6. 2/" + 2/' + 2/=0. 14. 2/" + 92/ = 0. 

7. 2/"-22/' + 3y=0. 15. y" + ky' = Q. 

8. 3 2 / ,, + 52/' + 2 2 /=0. 16. y"±% = 0. 

17. If a particle is acted on by a force that varies as the distance and 
by a resistance proportional to its speed, the differential equation of its 
motion is 

d?x/dP + b dx/dt + ex = 0, 

where c > if the force attracts, and c < if the force repels. Solve the 
equation in each case. 

18. If in Ex. 17, b = c = 1, and the particle starts from rest at a 
distance 1, determine its distance and speed at any time t. Is the 
motion oscillatory? If so, what is the period? Solve when the initial 
speed is v . 

19. If in Ex. 17, 6 = 1 and c = — 1, discuss the motion as in Ex. 18. 

185. Type m. Non-homogeneous Equations. This type is 
of the form: 

w A i$ +Bd I +c y= F M> 

where A,B,C, are constants, and F (x) is a function of x only. 
We proceed to show that this form can be solved in a manner 
exactly analogous to § 179, p. 320. First write down the 
reduced equation in the new letter v: 
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and solve (1*) by the method of § 184. Let v = <t> (x) be any 
one particular solution of (1*) (the simpler, the better, except 
that v = is excluded). Then the substitution 

(2) y = v :u 
transforms (1) into 

(3) (Av" + Bv' + Cv)u + (2 Av' + Bv)~ + Av^ = F(x); 

but, since v satisfies (1*), the first term of (3) is zero; and 
if we now set du/dx = w temporarily, this equation can be 
written as the linear equation: 

„ N dw , \2 Av' + Bv\ F(x) 

(4) Tx+i Av \ W = ^T> 

which is precisely of the form solved in § 179. Comparing 

(4) with (1), § 179, we have 

2Av' + Bv Q _F(x) 

(5) P ~ Av ' Q -~Kv~' 

Having found w by § 179, we have 

u = j wdx + c a , y = uv = v\ j wdx + c% , 

which is the required solution of (1). 
Example 1. Given the equation 

we write the reduced equation 

a*) S+ 3 !+ 2 » = °; 

this is easily solved by the method of § 184; the simplest particular solu- 
tion is v = er*. Substituting v = er* in the general work above, we find 

D 2 Av' ± B v , .- F(x) 

P= Av =landQ = ^Z = e»sma ; ; 
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hence eJ* Pdx = e*, and 

w ~ e ~*\ J^ X sm x ^ ~*~ ^ l = "e ^ (2 sin a; - cos x) + Cie - *, 

/I 
w dx -f C2 = y~ e* (sin a; — 3 cos x) — de~ x + C2, 



= w * v ~ Tft ( sm ^ ~~ 3 cos x) — de _2x -f C2fi~ 



EXERCISES 

1. y" — 3y' + 2y = cos a;. 

-Ans. 2/ = A (cos a; — 3 sin x) + Cie* + C26 2 *. 

2. 2/"-42/' + 22/ = x. 

^ns. y = i (x + 2) + cie<*+- v 2)* + c*<*- V2 >». 

3. y" + 3 1/' + 2 y = e*. 4ns. 2/ = e*/6 — cie -2 * +• C2e-*. 

4. y" — 2y' + y = x. Ans. y = a; + 2 + e*(ci -fcax). 
6. y" -f y = sin x. ^.rw. y— — \x cos x + Ci sin a; 4- C2 cos x. 

6. y" — y' — 2y = sin x. 

Ans. 2/ = A ( cos x — 3 sin x) + cie~* 4- cge 2 *. 

7. 2/" + 4 y = x 2 + cos x. 

Ans. y = i (2 x 2 — 1) + J cos x -f d cos 2 x + C2 sin 2 x. 

8. 2/" -2^=^ + 1. Ans. y = Jx (e 2 * - 1) + ci + c*? 2 *. 

9. 2/" — 4 y' + 3 2/ = 2 e 3 *. Ans. 2/ = a* 3 * + cie* + C26 3 *. 

10. If a particle moves under the action of a periodic force through a 
medium resisting as the speed, the equation of motion is 
cPs/dt 2 + Ads/dt = B sin Ct. 

Express s and the speed in terms of t. If A = B = C = 1, what is 
the distance passed over and the speed after 5 seconds, the particle 
starting from rest? 

186. Type IV. One of the quantities x, y, y f absent 
Type TV a : <t>(y") = 0. Solve for y", to obtain a solution, 
say y" = a. Then integrate twice. The general solution 
for each value of y" is of the form y = | ax 2 + C\X + eg. 
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In problems of motion, this type is equivalent to the statement that 
<t> ti T ) - 0, where j T = cPs/dfi = dv/dt. Hence j T may have any one of 
the several constant values which satisfy 4> (J T ) = 0; but if j T = k t 
s = hfi/2 + cit + 02 (see Ex. 24, p. 64). 

Type IV&: y missing. <t>(x, y ', y") = 0. The substitution 
m = y f = dfy/dx, dm/dx = d?y/dx? = t/", reduces the given 
equation to an equation of the first order in m, x } dm/dx. 
Solving, if possible, one gets a relation of the form 

/ (m, x y c) = 0. 
This is again an equation of the first order in x and y, and 
may be integrated by methods given in Part I, §§ 177-181. 

The interpretation in motion problems is particularly vivid and 
beautiful. Thus v — ds/dt and j T = dv/dt = cPs/dP; hence any equa- 
tion in j T1 v, t, with s absent, is a differential equation of the first order 
in v. Solving this, we get an equation in v and t; since v =■• ds/dt, this 
new equation is of the first order in 5 and t. 

Example 1. 1 +x +*?-£ = 0. 

ax* 

Setting dy/dx =m, 1 + x + x 2 -r- = 0. 

ax 

1 -\-x 
Separating variables, — dm = — %- dx. 

Integrating, — m = h log x + a. 

Integrating again, y = log x — x log x + (1 — a) x — C2. 

Interpret this as a problem in motion, with s and £ in place of y and x, 
andjV = <&>/<# = cPs/dP. 

Example 2. In a certain motion the space passed over s, the speed 
v, and the acceleration jr are connected with the time by the relation 
1 -f v 2 — jr — 0; find s in terms of t. 

Placing jr = <&/eft, the equation 

is of the first order. The variables can be separated, and the integral is 
tan -1 v = t + c\ or v = tan (2 + ci), 
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which is itself a differential equation of the first order if we replace v by 
ds/dt. Integrating this new equation: 

Jds =J tan (t + Ci) dt -f C2, or s = — log cos (t + ci) -f C2. 

In such a motion problem we usually know the values of v and s for 
some value of t. If v = and s = 10 when t = 0, for example, Ci must be 
zero (or else a multiple of x) and C2 must be 10; hence 
a = — log cos £ -f 10. 

Example 3. 1 + x^ + ^0 = = 1 +*™> + &^' 

This can be written dm/dx -f m/x = — 1/x 2 , 
which is linear in m and x, the solution being 

m = logx H 

a; B x 

The second integration gives 

y = — h [log x] 2 +ci log x + C2. 
Interpret this as a motion problem, and determine c\ and C2 to make 
y = 10 and m = 3 when x = 1. 

Type IVc: x missing. <^(y, y' , y") = 0. The substitution 

m = y' gives 

, „ dy' dy' dy dm 

y=m > y =dx = i-£=df m > 

and the transformed equation is an equation of the first g 
order in y and m. We solve this and then restore y' in place 
of m, whereupon we have left to solve another equation 
(in x and y) of the first order. • 

This is precisely the way in which we solved Type I, § 183, 
Type I being only an important special case of Type IV. 

Example 1. If the acceleration j T is given in terms of the distance 
passed over (compare § 188), we have 

d?s , s dv . x 

•^ = ^ = *(*)> or d« = *«- 

This is transformed by the relation 

• _ 4? — ^4f _ Q 
Jt ~ dt " dsdt ~ds v ' 
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(which is itself a most valuable formula) into 

dv , * 

ds V = * {8) 
in which the variables can be separated; integration gives 

1 r 

-v 2 =J <t>(s)ds+c, 

which is called the energy integral (see footnote, p. 327). 

The work cannot be carried further than this without knowing an 
exact expression for <t> (s). When <t> (s) is given, we proceed as in § 183, 
replacing v by ds/dt and integrating the new equation: 

J ^2S<t>(s)ds + 2c 
Unfortunately the indicated integrations are difficult in many cases; 
often they can be performed by means of a table of integrals. One case 
in which the integrations are comparatively easy is that already done 
in § 183. 

EXERCISES ' 

1. y'V- 4 x 2 = 0. Ans. y = ± 1/3 x* + ax + c 2 . 



2. y" = V 1 + y* 2 . Am. 2 y = cie* + e~*/ci + C2. 

3. xy" -f y' = x 2 . Ans. y = xV9 + ci log x + ci. 

4. s d 2 */*** 2 + ds/dt = 1. 4ns. s 2 = * 2 + ci* + C2. 

- cfo 1 fl ^2/ . 12 

• 7 ^= e 2*. 8 ^- = e* 

cte 2 * * efc 2 

0. -rf =3* cos s. 10. -7-|='x + 3sin:c. 

<fo 2 dx z 

13. Show that Ex. 12 is equivalent to the problem, to find a curve 
whose radius of curvature is unity. 

14. The flexion (cPy/dx 2 ) of a beam rigidly embedded at one end, and 
loaded at the other end, which is unsupported, is k (I — x), where A; is a 
constant and I is the length of the beam. Find y } and determine the 
constants of integration from the fact that y = and dy/dx = at the 
embedded end, where x — 0. 
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16. Find the form of a uniformly loaded beam of length I, embedded 
at one end only, if the flexion is proportional to P — 2 Ix + x 2 , where 
x = at the embedded end. 

16. Find the form of a uniformly loaded beam of length I, freely 
supported at both ends, if the flexion is proportional to P — 4 x 2 in each 
half, where x is measured horizontally from the center of the beam. 



PART III. GENERALIZATIONS 
* 187. Ordinary Equations of Higher Order. An equation 
whose order is greater than two is called an equation of higher 
order; the reason for this is the comparative rarity in 
applications of equations above the second order. We shall 
state briefly the generalizations to equations of higher order, 
however, since they do occur in a few problems, and since 
it is interesting to know that pratically the same rules apply 
in certain types for higher orders as those we found for 
order two. 

188. Linear Homogeneous Type. The work of § 184 can be 
generalized to any linear homogeneous equation with constant 
coefficients: 

a) g+".£3+-+«.-.g + ^-o. 

Thus if we set y =? e**, as in § 184, we find 
(1*) k n + a x k n ~ l + - • • + an- x k + a n = 0, 

again called the auxiliary equation. Corresponding to any 
real root k x there is therefore a solution e* lZ ; if all the roots are 
real and distinct, the general solution of (1) is 
(2) y = de*i* + C 2 e** + • • • + C n e**, 

where k u k 2 , • • •, k n are the roots of (1). Curiously enough, 
the chief difficulty is not in any operation of the Calculus; 
rather it is in solving the algebraic equation (1*). 
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It is easy to show by extensions of the methods of § 184 
that any pair of imaginary roots of (1*), k = k ± K V— 1 cor- 
responds to a solution of the /ormf 

(3) y = e KX [C sin (Kx) + C" cos (Kx)] y 
which then takes the place of two of the terms of (2). 

Finally, if a root k = k of (1*) occurs more than once, i.e. if 
the left-hand side of (1*) has a factor (k — k) p , the cor- 
responding solution obtained as above should be multiplied by 
the polynomial 

(4) * Bo + B x x + B 2 x 2 + • • • + B v .tf>-\ 

where p is the order of multiplicity of the root (i.e. the expo- 
nent of (k — k)*), and where the B's are arbitrary constants 
which replace those lost from (2) by the condensation of 
several terms into one. 

The proof is most easily effected by making the substitution y = e KX - u, 
whereupon the transformed differential equation contains no derivative 
below d p u/dxP' f hence u = the polynomial (4) is a solution of the new 
equation, and y = e** times the polynomial (4) is a solution of (1). This 
work may be carried out by the student in any example below in which 
(1*) has multiple roots. X 

t This fact is often made plausible by the use of the equations 
6 «V-l = cos u + V— 1 sin u, e~ u V-i = cos u — V— 1 sin u; 
these equations can be derived formally by using the Taylor series for e v , 
cos u, sin u, with v = wV- 1, but they remain only plausible until after a 
study of the theory of imaginary numbers. The solutions «** JcV-i are 
indicated formally by (2) ; hence it is plausible that (3) is correct. 

A more direct process which avoids any uncertainty concerning imagi- 
naries is almost as easy. For the substitution y = e^-u (see 5184) gives a 
new equation in u and x which, together with its auxiliary* has coefficients 
of the form (d n A( k)/d k n ) -i-nl, where A (k) represents the left-hand side 
of (1*). Now Ky/— 1 is a solution of the new auxiliary by development of 
A(k) in powers of (k — *c); hence u = sin (Kx) and u =cos (Kx) are solu- 
tions of the new differential equation, as a comparison of coefficients dem- 
onstrates. This process constitutes a rigorous proof of (3). 

% To avoid using imaginary powers of e, if that is desired, substitute 
y = e** [cos (Kx) + V — 1 sin (Kx)]u, when the multiple root is imaginary, 

k = K + KV=l. 
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These extensions of § 184 should be verified by the student by a direct 
check in each exercise. 



Example 


i 


2 


s 


(1) 


y"'-y> = 


^+62/" , H-12 2 /' , H-82/ , = 


2/' // +8 2 / = 


(1*) 


A*-fc = 


k* + 6k? + 12k 2 + Sk = 


fc 3 +8=0 


k = 


o, 1, - 1 


0,-2,-2,-2 


- 2, 1 ± VsV^i 


y 


ci+cte'+ctf-* 


ci + e -2 * (c 2 + c*x + C4S 2 ) 


cie~ 2x +e*(ci cos VSx 
+ c s sinV3a;) 



189. Non-homogeneous Type. The non-homogeneous type 



(1) 



^/j_„ dn ~ l y 1 



+ a n . 1 ^ + o n = F(x) 



cannot be solved in general by an extension of § 185. But in 
the majority of cases*which actually arise in practice,* a suffi- 
cient method consists in differentiating both sides of (1) re- 
peatedly until an elimination of the right-hand sides becomes 
possible. The new equation will be of higher order still: 



(2) 



dz m ~ h l dx m ~ 1 ' 



T" A m -i -j- + A m — 0, 



but its rightr-hand side is zero. Solve this equation by § 188 
and then substitute the result in (1) for trial; of course there 
will be too many arbitrary constants; the superfluous ones 
are determined by comparison of coefficients, as in the 
examples below. 

Example 1. y'" + y' = sin x. 

Differentiating both sides twice and adding the result to the given 
equation: 

ir + 2y" / + y / = 0. 

* For more general methods, see any work on Differential Equations; 
e.g. Forsyth, Differential Equations. 
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The auxiliary equation ft 5 -f 2 A; 3 + A; =0 has the roots k = 0, k = ± 
V— 1 (twice). Hence we first write as a trial solution y t the solution 
of the new equation: yt = c\ -f fe + c&) cos x + (04 + csx) sin x; sub- 
stituting this in the given equation, we find — 2cz cos x — 2 C5 sin z = 
sin x, whence C3 = and C5 = — 1/2; substituting these values in the 
trial solution yt gives the general solution of the given equation: 

y = c\ + C2 cos x + (04 — x/2) sin x. 
\ 

EXERCISES 

1. V 1 " — 3 y" - 0. 4ns. 2/ = ci + c 2 s -f C36 3 *. 

2. y'" - 2/" - 4 2/' + 4 y = 0. 4ns. y = c\& + c** 2 * + c 3 e- 2a? . 

3. t/ iv — 16 y = 0. Ans. y = Cie 2 * + c^ -2 * + c% cos 2 Z+C4 sin 2 £. 

4. y iv — 6 y" + 9 = 0. Ans. y = e? V3(ci + C&) + e^Vlfo + C4«). 

5. ir+6y"' + 9y' = 0. 

Arw. y = ci -f fe + cax) cos Vs x -f (04 + c&) sin V3 x. 

6. 2^-162/'" + 64J/ = 0, A; = 2, 2, - 1 ± iVs, - 1± i V3. 
Ans. y = ^(ci + C2X) + e^* [(03 -f c&) cos V3 x + fe + c&) sin V3 z. 

7. y" - 5 2/' + 4 2/ = e 2 *. Ans. 2/ = cie* «- (l/2)«^ + c*? 4 *. 

8. 32/"+4y' + 2/=sinx. 10. y'"- 2/"- 4 2/' +4t/ = e*. 

9. 2/ ,,, -3 2/" + 2 2/ / = x. 11. y*-by" + 42/ = e 2 *. 

12. Solve the equation 2/'" + 2/' = by first setting y' = p. 
Solve the following equations by setting y' = p or else 2/" = £• 

13. 3 y' n -4 2/" + y' =0. 16. 2/'" + 3 2/" + 2 2/' = e*. 

14. 2/'"+2/" + 2/'=0. 17. 2/iv-2,"=0. 

15. 2/'" + 2/' = sin a;. 18. y* + 2/" = *. 

The following equations, though not linear, may be solved by first 
setting y' = p or 2/" = g or y'" = r. 

19. 2/' = 2/" + vT+7 72 . 21. l+s + aty"' = 0. 

20. 2/"+2/'"s = (2/") 2 s 4 . 22. *2/ iv + 2/'" = s 2 . 
23. Solve the equation s 2 2/" + xy' — y = log 3. 

[Hint. Put 3 = C*; then 

dx~ dz dx ~ x dz J dx 2 ~ dz \xdz) dx x 2 \dz 2 dzj' 
so that the transformed equation is 

-t| — y = 3, whence 2/ = cie* + 026"* — 3 = Cix + C2X" 1 — log a;.] 
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Solve the equations, 

24. x 2 y" -xy'-Zy = 0. 26. xy" - y' = log x. 

26. (* + l)V'--4(* + l)v'+6y = *, (* + 1 ->). 

27. (a + bx)*y" + (a + te)y' - y - log (a + te), (a + fcr = «•). 

28. xV"-62/=H-x. 

190. Systems of Differential Equations. Let us finally con- 
sider systems of two equations, and let us suppose the equa- 
tions to be linear in the derivatives, that is, to involve only 
the first powers of these derivatives. 

191. Linear System of the First Order. Let the equations be 

(1) y' = ax + by + cz + d y 

(2) z' = a x x + b x y + c x z + d u 

where the coefficients are constant. We wish to determine 
y and z as functions of x. 
Differentiating (1) with respect to x gives 

(3) y" = a + ty' + <*'; 

then the elimination of z and z' between the three equations 
(1;, (2), (3), gives a differential equation of the second order 
in y, which should be solved for y. 

192. dx/P = dy/Q = dz/R. Here P, Q, and R are functions 
of x } y, z. Let X, n, v be any multipliers, either constants or 
functions of x, y, z. Then, by the laws of algebra, 

, . *dx __ dy __ dz __ Xrfg + m^2/ + v dz 

W P~ Q~~ R~ \P + txQ+vR ' 

Suppose that we can select from these ratios (or from these 
together with others obtainable from them by giving suitable 
values to X, /*, v) two equal ratios free from z, i.e. containing 
only x and y. Such an equation is an ordinary differential 
equation of the first order in x and't/. Solving it, we obtain 
(2) /(*,», ci) =0. 
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Suppose that a second pair of ratios can be found, free from 
another of the variables, say y. The result is an equation of 
the first order in x and z. Let its solution be 

(3) F(z,z,c 2 ) = 0. 

Then (2) and (3) form the complete solution of the system. 
Conversely, differentiating (2) and (3) with respect to x, 
eliminating d and c 2 , and solving for dx :dy : dz, we find a 
system like (1). In selecting the second pair of ratios, the 
result (2) of the first integration may be utilized to eliminate 
the variable whose absence is desired. 

Example 1. dx/x 2 — dy/xy - dz/z 2 . 

The first two ratios give dx/x — dy/y, whence y = ax. Putting this 
value of y in dy/xy = dz/z 2 gives dy/fay 2 ) = dz/z 2 , so that 

1 1 . 

= - + C2, 

c\y z " ■ 



/Ax VA 



Ay 



or, z = c\y + C\Ciyz = x + c$zz. Hence 
the solutions are given by the two 
equations y — C&, z = x + c&z. 

Interpreted geometrically, the solu- 
tions represent a family of planes and 
a family of hyperboloids. These are 
the integral surfaces of the differ- 
ential equation. Each plane cuts 
each hyperboloid in a space curve, 
forming a doubly infinite system of -pio. 88. 

curves, the integral curves of the 

differential equation. The system may be written dx:dy:dz =x 2 :xy:y 2 . 
But the direction cosines of the tangent to a space curve are proportional 
to dx, dy, dz. Thus the given equations define at each point a direction 
whose cosines are proportional to x 2 , xy, y 2 . Our solution is a system of 
curves having at each point the proper direction. What curve of the 
above system goes through (4, 2, 3)? What are the angles which the 
tangent to the curve at this point makes with the coordinate axes? 
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-no dx dy dz 
Example 2. = — — = 

y — z z — x x — y 

Let X = fi = v = 1. Then each of the above fractions equal 
dx + dy + dz 

But since the given ratios are in general finite, this gives 
dx + dy + dz — 0, whence x + y + z = ci. 
Again, let X = x, *t = y, v = 2. This gives 

xdx +ydy +zdz = 0, whence x 2 + y 2 + 2 2 = C2. 
Thus the integral surfaces are planes and spheres, and the integral 
curves are the circles in which they intersect. 

In this example the multipliers X, /i, v have been chosen so as to get 
exact differentials. 

_ dx dy dz 

Example 3. = — ■*— = — • 

x—y x+y z 

The first two ratios are free from z and give 



arc tan (y/x) = log [cix 2 /Vx 2 + j/ 2 ]. 
Using the multipliers X = x, n - y f v = 0, and equating the ratio thus 
obtained to the last of the given ratios, we find ' 

xdx+ydy = dz wteMeaMV _ <w . 

x 2 +y 2 a ' * 

EXERCISES 

1. x dx/y 2 = y dy/x 2 = dz/z. Ans. x 4 — y 4 = a', a 2 = eg (x 2 + y 1 ). 

2. dx/x = dy/y — — dz/z. Ans. yz — ci; y = c$r. 

3. dx/2/2 = <fy/x2 = dz/(x + y). 

Ans. z 2 = 2 (x + y) + ci; x 2 — p 2 = c&. 

4. dx/(y + 2) = <fy/(x + 2) = <fc (x + y). 

Ans. (x — y) = ci (x — a) 

(x-2/) 2 (x + 2/ + a) = cs. 

5. <*x/(x 2 + y 2 ) = <fy/(2 xi/) = <fe/(x2 + 2/2). 

Ans. 2 y = ci (x 2 — y 2 ); x + y = c&. 

a 4k - 2xy . ete _ 2x2 
dx~x 2 -y 2 -z 2] dx~a?-y 2 -z 2 ' 

Ans. y = ci3 = ca (x 2 + j/ 2 +z 2 ). 
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7 dy __ a — 3 s . dte _ 2x — y 
" dx "3^-22' cte~32/-2 3* 

Ans. x-\-2y + 3s = ci; s 2 -fy 2 + S 2 = c&. 

8. dx = — ky dt; dy = kx dt. 

Ans. x — A cos Art + B sin Atf ; 2/ = A sin Art — 5 cos Art. 

9. dx/d* = 3 x — y; dy/dt = x +y. 

Ans. x = (A +Bt)P; y = (A- B + BQe". 

10. Determine the curves in which the direction cosines of the tan- 
gent are respectively proportional to the coordinates of the point of 
contact; to the squares of those coordinates. 

11. A particle moves in a plane so that the sum of the pxial compo- 
nents of the speed always equals the sum of the coordinates of the 
particle, while the difference of the components is a constant A;. De- 
termine the possible paths. Ans. x + y = c\&\ x — y =kt-\-C2. 

12. If the particle in Exercise 11 is at (1, 1) when t = 0, where is it 
Jrtien t = 5? Approximately how far has it traveled? 
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Tr 
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90 
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Tu 
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Ii 
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$0 
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XX 
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AX 
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Mu 
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TABLES 



[Roman page numbers refer to the body of the text ; italic page numbers refer to these 
Tables.] 

TABLE I 
SIGNS AND ABBREVIATIONS 

1. Elementary signs assumed known without explanation . 

+ ; ±; T; — ; =; a x b = a- b = ab-, a + b = a/b = a.b = - j 
a 2 ; a 3 ; a» ; cr* = l/a» ; a 1 '" = \/a ; aP'i = Va? ; a = 1 ; ( ) ; [ ] ; 
a', a", ..., a( n > (accents) ; oi, a*, ..., a n (subscripts). 

2. OtAer elementary signs : 

=£, not equal to. >, greater than or equal to. 

>, greater than. <, less than or equal to. 

<, less than. n\ (or |n), factorial n = »(n— 1) ••• 3 . 2 • 1. 

q.p., approximately. | a |, absolute or numerical value of a. 

3. Signs peculiar to The Calculus and its Applications: 

(a) Given a plane curve y = f(x) in rectangular coordinates (x, y) ; 
m = slope = dy/dx =f(x) =y f = first derivative ; see p. 19. 
[Also occasionally D z y, f x , y, p, by some writers.] 
a = angle between positive se-axis and curve = tan -1 m. 
Ay, A 2 !/, ..., Any, first, second, •••, n th differences (or increments) of y, 
dy =f(x) . Ax, cPy =f'(x) • Ao?, — , d n y = /< n >(z) . Ax 11 , first, second, 
— , 71 th differentials of y. 

r r = relative rate of increase, or logarithmic derivative ; see p. 114 ; 

=/(*) + /(*) = (dy/dx) +y = d (log y)/dx = r p - 100. 
r p = percentage rate of increase = 100 • r r . 

b = flexion = d 2 y/dx 2 =f f (x) = y n = second derivative ; see p. 62. 
dny/dx* =f(»)(x) = y< n > = n th derivative. 

K= curvature = 1 -*- B ; B = radius of curvature = 1 + IT; p. 140. 

1 
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Sf(x) dx = indefinite integral of f(x); see p. 83. 
I f(x) dx = I f(x) dx = definite integral of f(x); see p. 87. 

J a Jx = • 

-tx = b 

8 = length of arc ; s = arc between x = a and x = b. 

Jx = a 

]b -ii=6 

= A\ = area between y=0,y = f(x), x = a,z = b; see p. 90* 
a Jx = o 

(6) Giaen a cwrae p =f(0) in polar coordinates (p, 0) : 
ty = Z. (radius vector and curve) = ctn -1 [(dp/dd) -r- />] 

= ctir l [d (log />)/<#]. 
4> = Z (circle about O and curve) = tan" 1 [(dp/dd) -h />] 

= tan-i[d(logp)/^]. 
A = A\ = area between p = /(0), 6 = a, 6 = p ; see p. 150. 

Ja J0 = a 

(c) For problems in plane motion: 

s = distance. v x = horizontal speed = projection of v on Ox. 

t = time. v v = vertical speed = projection of v on Oy. 

m = mass. j x = horizontal acceleration = proj. of J on Ox. 

v = speed. j y = vertical acceleration = proj. of J on Oy. 

v = velocity (vector), j s = normal ace. = proj. of J on the normal. 

j = ace. (vector) . j T = tangential ace. = proj. of j on the tangent. 

$ = angle (of rotation), a = angular acceleration. 

co = angular speed. g = acceleration due to gravity. 

(d) Problems in space; functions z =/(&, y, •••) of several variables • 
Previous notations are generalized when possible without ambiguity, 

exceptions are p = dx/dx=fx - q = dz/dy=fy . 

r = d*z/dx* =/„; s = d*z/dx dy =f xv =f vx ; t = d*z/dy* = f vv . 
[The notation (dz/dx), used by some writers for dz/dx is ambiguous.] 

4 Other letters commonly used with special meanings : 

t = ratio of circumference to diameter of circle = 3. 141 69-. •. 

e = base of Napierian (or hyperbolic) logarithms = 2.71828--. 

M= log™ e = modulus of Napierian to common logarithms = 0.434-- 

^T = " sum of such term as " ; thus : X .~*0< 2 = a \ + a 2 + ••• a %* 

(a, 0, 7), — direction angles of a line in space. 

(Z, m, n), — direction cosines ; Z = cos a, etc. 

S. H. M. — simple harmonic motion. 

e or e, — eccentricity of a conic ; also phase angle of a S. H. M. 
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a, — amplitude of a S. H. M. 

(a, 6), — semiaxes of a conic ; (a, b, c), semiaxes of a conicoid. 

A = difference (of two values of a quantity). 

p = density ; also radius vector, radius of curvature, radius of gyration. 

5. Trigonometric, logarithmic, hyperbolic, and other transcendental 
functions : See Tables, II, A ; II, F, 3 ; II, G ; II, H ; and consult Index. 

6. Inverse function notations : 

If y = f(x), then f~ l (y) — x ; / -1 denotes an inverse function. [This 
notation is ambiguous ; confusion with {/(x)}" 1 = 1 -*-/(£)•] 

sin -1 x or arc sin x, — inverse of sin x, or anti-sine of x, or arc sine x, 
or angle whose sine is x. [Other inverse trigonometric functions, and 
hyperbolic functions, follow the same notations. See Tables, II, G, 18 ; 
H,7.] 

TABLE II 

STANDARD FORMULAS 

A. Exponents and Logarithms. 

(The letters B, b, etc. indicate base; L,l,*-* indicate logarithm; N, n, 
••• indicate number; base arbitrary when not stated. See § 69, p. 99.) 

Laws of Exponents Rules or Logarithms 

(1) N = B L ; in particular (1)' L = log*iV, i.e. N = B 10 ***; andr 

1=5°; J5=fli; \/B=B-\ log 1 = 0; \og B B=l; log B (1/J?)=-l. 

(2) B^B = BM. (2)' log (2V . n) = log N + log n. 

(3) B L + Bi = BL-K (3)' log (N+ n) = log JV- logn. 

(4) (BL) n = B»*<. (4)' log (i\T») = n log iV. 

(5) N=B**,B = b k ,N= b kI *. (6)' log,, N = logt B . log* N. 

B=e, 6 = 10 gives *=0.4342945= Jf=log 10 «; log 10 JV-if- log, iv". 
J?=10, b=e gives *=2.8025&5=l^Jf=log,10; log.^V^lH-JOlogio^- 
^iV gives L=\/k, l=lop6#- log*6; «.p., log«10=l-i-log 10 «. 
L=a» gives 10*=<?*-rJr ; ^x^lO** 
^r=a» gives log l0 a5=J/".log,»; log, a? =(1+ if) log 10 a>. 

(6) y = cs n gives v = nu + Jc, u = logio x, a = log 1( >y, A; = log™ c. 

(7) y = ce°* gives i? = ma; + fc, = logi o y, m = «tagi e = cilf, 
* = log xo c. 
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B. Factor*. 

(1) a 2 - 6 2 = (a - b)ia + 6). (2) (a ± &) 2 = a 2 ± 2ab + ft 2 . 

(3) a n - 6» = (a - 6)(a»-i + a»" 2 6 + a"- 8 6 2 + — + ft"" 1 ). 

(4) a 2 "* 1 + 6 2n+1 = (a + 6)(a 2 » - a 2 ""^ + ••• + 6 2w ). 
See also Tables, IV, Nos. 16, 20, 21, 49, 50. 

(6) Polynomials: if /(a) = 0, f(x) has a factor a; — a; in general: 
/(x) ■+• (x — a) gives remainder /(a) . 

(6) (a ± &)» = a* ± -a^b + *l!Lzil a n-2&2 + ... + ( ± i)»&». 
See II, E, 1, p. 7. l * ' 2 

C. Solution of Equations. 

(1) ax 2 + 6x + c = 0, roots: x = - A ± ^^i^ = - ± ± ^R. 
w ' 2a 2a 2a 2a' 

where 

D = ft 2 — 4 ac ; roots of (1) are 



real 

coincident 

imaginary 





[>°1 


when D 


= 




[<oJ 



(2) z» + Pi& n ~ 1 +P2« ,, ~ 1 + •• +J>»-ix+P» = 0. Roots: xi, x*, •••, x„; 
then ]^x, = — Pi, 5) X| ' ac ' = - P21 ^^j 35 * = — P8» etc. 

(3) /(x)— #(x)=0: roots given by intersections of y =/(x), y=<f>(x). 
(Logarithmic chart often useful. ) Find roots approximately ; redraw 
figure on larger scale near intersection. (Generalized Horner Process.) 

(4) Simultaneous Equations : /(x, y) — 0, #(x, y) = : roots (x, y) 
are points of intersection ; redraw on larger scale as in (3). 



(5) Linear Equations : 

(a) 2 equations in 2 unknowns : 



aix 
a2X 



+ b\y = ci 1 
4- b 2 y = c 2 J 



Solutions : x = I Cl&l I -- I aibl I = (ci& 2 - C2&1) -?- (ai& 2 - a 2 6i), 

I C 2 6 2 I I #2&2 I 

y = I 0lCl I + I a ^> I = (oid - «**) + (aA - aj&O. 
\a$c$i |a 2 o 2 J 
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FORMULAS OF ALGEBRA 



(fc) n equations in n unknowns : a,«i + 6,x 2 -f ••• + kiX n = p< ; i = 1, 
2, -,n. 

• Jfci 



Solutions : st,- = 



where 



axbi — pi- 
«2 6 2 ••• J?2 • 



a* 6» •••!)„••.*« 



-i- 7> J ^ olumn of P' 8 replaces column ofl 
\ coefficients of oh*. J 



z>= 



ai6i» 


•*i 




6 2 . 


• k 2 


a 2 62 • 


•• & 2 


= ai 


63. 


•*8 


<*»6 n . 


••*» 




6 W . 


•*« 



-a 2 



61 — fci 
6 8 -"fc 8 



6»...&. 



+ -+(-l)*- 1 a B 



6i...&i 
6 2 ••• & 2 



6n- 



[Coefficient of «. skips ith row of D. The last formula is a general 
definition of a determinant.] 

D. Applications of Algebra. 

1. Interest. (P = principal ; p = rate per cent ; r=p-*-100; n = 
number of years ; A n = amount after n years.) 

(a) Simple interest : A n = P(l + nr). 

(6) Yearly compound interest: A„ = P- (1 + r) n . 

(c) Semiannually compounded : A n = P ( 1 + r/2) 2 *. 

(d) Compounded once each with part of year : A n = P(l 4- r/rn) m *. 

(e) Continuously compounded : A„ = P lim (1 + r/m) mn = Pe nr . 

mioo 

2. Annuities. Depreciation. (7= yearly income (or depreciation or 
payment or charge) ; n = number of years annuity, or depreciation, runs.) 

(a) Present worth Pof yearly annuity I: 

P= /[(l + r)* - l]-*-[r(l + r)»]. 

(6) Annuity /purchasable by present amount P; or, yearly deprecia- 
tion J of plant of value P : 

J=P[r(l+r)»] + [(l + r)»-l]. 

(c) JYiiaJ value ^4 n of n yearly payments : 

4i = /(l + r)[(l + r)»-l]+r. 
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6 STANDARD FORMULAS [II, D 

3. Permutations P n , r , and Combinations C„, r , of n things r at a time, 
without repetitions : 

(a) P n , r = n(n- 1) ••• (n-r+ 1)= n! -f-(n -r)\ 

(b) C^ r = P^ r *rl=[n(n-l)...(n-r + l)]+rl 

4. Chance and Probability. 

(a) Chance of an event = (number of favorable cases) -s- (total number 
of trials) <1. 

Chance of successive (independent) events — product of separate chances < 1. 
Chance of at least one of several (independent) events = sum of separate chances. 

(6) Probable value v of an observed quantity : 

p = (^m t )-7-n= arithmetic mean of n measurements wii, ro 2 , •••, 

m n ; probable error in v — ± .6745 ^ ( *S (v — m») 2 J + n(n — 1). 

(If the observations are unequally reliable, count each one a number of times, p it which 
represents its estimated reliability ; p { = " weight " of »i .)• 

(c) Probable value of k in formula v = kx : 

A; = X ^i •+• a^> from n measurements (zi, Vi), (a^, v 2 ), ••-, (a^,, « B ) ; 

probable error in A; = ± .6746 J V (&z, - v,) 2 -*- (n — l)Vx,- 2 . See Exs. 
37, p. 68 ; 28, p. 309. 

(d) Probable values of &, Z, m, •••, in formula v = kx + ly + m« + — 
are solutions of the equations : 

k 5}*<* + * 2^ *#•' +w^ a^z, + -. = ^x { Vi 
fc ^x^ + I ^y* + m ^ yiZi+ ... = ^y,0» 

fc 2^*< + * 2} y* Zi + m X** 2 + "" = 2) W 



See also Exs. 37-42, p. 68, Example 2, p. 292, and Exs. 24-31, p. 308. 
(Rules for Least Squares. See also Observational Errors, No. Ill, J.) 
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II, E] SERIES 7 

E. Series. 

1. Binomial Theorem: Expansion of (a + &)*• 

(a) n a positive integer : (a + b) n = a n +^\ r==n i C„ tr a 1 ^- r b r ; 

[Cn,r: see No. II, D, 8, p. 0, and also II, B, 6, p. A.] 

(6) n fractional or negative, | a | > | b \ : 

(a +6)»=a» + ^a«- 1 b + '-^-^a«- 2 6 2 + ... + C»,r« w - r & r + - (forever) 
11 2 1 

(e) Special cases : 

_L_ =(1 ± aj)-i = 1 + as + «* T «*+ «* T — ; ( | a | < 1). (Geometric progression.) 
1±» 

Vr^^±,)V2 = i±l,-^±-Li«»-...;(|.|<l). 

^. a± ^V»-i T l« + ^^Tl^*+.--;(|.|<i). 

2. Arithmetic series : a + (a + <Z) + (a + 2 d)+ ••• +(a + (n- l)d); 
last term = I = a + (w — l)d ; sum = * = n(a + 0/ 2 - 

3. Geometric series -. a + ar + ar 2 + ar* + •*-. 

rl — o i* 11 — 1 

(a) n terms : I = ar"- 1 ; s — = a • 

v J r— 1 r— 1 

(6) infinite series, | r | < 1 : s = a/(l - r). 

4. 1 + 2 + 3+4+ ... +(n-l)+n = n(n + l)/2. 

5. 2 + 4 + 6 + 8 + ... + (2 n - 2) + 2 n = n(» + 1). 

6. 1 + 3 + 5 + 7+ ... +(2n-3) + (2.n-l)=n 2 . 

7. l 2 + 2 2 + 3 2 + ... + (w- l) 2 +n 2 = n(n + l)(2n+l)-s-3! 

8. 18 + 23+38+ ... +(n-l) 8 + n« = [n(» + l)/2] 2 . 

9. i + i/i ! + 1/2 ! + 1/3 ! + .- = lim ( 1 +i V = e = 2.71828 .. 

n-»» \ n J 

10. & = 1 + x/1 ! + x 2 /2 ! + s 8 /3 ! — ; ( aU *);«* = «* loga - 

11. log e (l ± s) = ± a - sc 2 /2 +« 8 /3-« 4 /4±a;VS ^; (-l<x<+l). 

12. log,[(l+x)/(l-x)]=2[x + xV 3 + a;5 / 5 + •••]; (-!<*< + !)• 
[Computation of log N-. setiV=(l + «)/(! - x)\ then a =(^- l)/(iV+ 1); use II, A, 5'.] 
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8 STANDARD FORMULAS [II, E 

13. sin x = x/1 1 - x*/S ! + s 5 /5 ! - x 1 /! !+...; (all x). 

14. cos a; = 1 -s 2 /2! + z*/4 ! - x«/6 !+...; (all x). 

15. tanz = a; + a^/3 + 2^/15 + 17a; 7 /315 + •••; ( | a: | < *-/2). 
General term : 2»» (2*» - l)B 2n -i -5-(2n)! ; see B n , Tables, V, N, p. 60. 

16. ctn a= 1/as - aj/3 - «Y45 - ^2 -B 2 »-i(2 x) 2 *-! + (2 n) ! ; 

(0<|*|<ir). 

17. sec x = 1 + z 2 /2 ! + 5 a*/4 ! + ^ [5 2tt a;2»/(2 »)!];( | a |< x/2). 

18. csc«=l/«+a;/3! + ^[2(22»+i-l)J52 n+ ia;2»+i/(2w+2)!]; 

(0< | a;|<»). 

19. Bin-iaj=ir/2-co8-iaj=aj+fl5V(2-3) + 1.3fl^/(2.4.§)+...;(|a!|<l). 

20. tan-ix = ir/2-ctn-i« = a;-x 8 /3 + ar 5 /5-icV7 4-...; (|jc|<1). 

21. (e* + e-*)/2 = cosh a: = 1 + x 2 /2 ! + a^/4 ! + xfi/6 I + ... ; (all x). 

22. (e« - «-»)/2 = sinh a; = g + a*/3 ! + a*/5 ! + aj 7 /7 !+'...; (all a;). 

23. €-* 8 = l-a;2 + ^/2!-a*/3! + a^/4! ; (alia;). 

24. /(*) =/(a) +/(a) (* - a) +/'(«) (x - a) 2 /2 ! + ... 

+/<»- I >(a)(« - a)"-V(n - 1) ! +E H . 

Taylor's Theorem ; Remainder E n : \ E n \< [Max. | /(")(») | ] | (x - a) n | ■+• n ! ; 
^n =/ n [a+i>(a5-a)](a5-a)n^- w ! ; E n =(1 -_p)«-l/(n)(; a +i>(a5 _ o) j (a5 __ a)n/n , . 

Ii>l<l. 

Set a - : /(«) =/(0) +/'(0)a> +/"(0) ojy2 ! + »• +/< B - 1 >(0)a>»- 1 /(n-l) • +^ n ; 

[Maclaurin\ 
Set x - r + h, a - r : /(r + /<■) -/(r) + A/'(r) + h*f"(r)/2 ! + ... + #„. 

25. /(a + h, y + A) -/(», y) + [A/ X (a5, y) + kf y (x, y)] 

+ \.Wxx + 2 hkf xy + k*f yy ) -*- 2 ! + ... + JE; ; 
I ^i* I < •*"( I h I + I * I ) n -s- » 1, M — maximum of aboolute values of all /1 th derivatives. 

26. It /(as) =» ao/2 + Oj cos 05 + a t cos 2 cb + a 8 cos 3 a? + ... 

+ 6 t sin a + 6, sin 2 a -f b s sin 8 a? + ••• ; (- ir <x < + ir). 

«n = - I /(«) cos tt» rfa? ; 5 n = - I /(») sin waj dx. Fourier Theorem. 

11 J*=—n n Jx=—w 

F. Geometric Magnitudes. Mensuration. 

I = length (or perimeter) ; A = area ; V= volume. 
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H, Fl 




2. Trapezoid. 



3. Circle. 



£OEB = 

ZOBT=90°; 

£FBT=a\ 

/ FBO — 90° - a 

~ = Z. FTB ; 




MENSURATION 

Dimensions or Equations 



Formulas 




Sides: a,6,c. Angles: A,B,C. 
Altitude from A on a — h a . 

« = (a + ft + c)/2; 

ir = ^ + ^+C=180°; 



£ + j£-l, (origin at 0). 

or pssa i-fcos*' 

(pole at F) ; 
Foci, ^, /" ; Center ; 0. 



r =V(«-a)(«-&)(*-o)-r-« 

- (* - a) tan (.4/2) ; 
c = b cos A + a cos J? ; 
c* = a 8 + &* - 2 aft cos C. 



h = height. b u b t = bases. 



r = radius ; d = diameter ; 

a = COB at center 

arc CB . .. x 

== (radians) 

r 

180 arc (72? ,_ N 

= — . (degrees) ; 

it r 

a/2 = CEB, <j> = 2 a «- 2>0^ ; 

sin a = Fff -s- r = 1 -*- csc a ; 

cos a = 0/^ -4- r = 1 -*- sec a ; 

tan a = TB -*- r = 1 + ctn a ; 
vers a = FC+ r = 1 - cos a ; 
exseco = {77'-T- r = sec a— 1. 
tan (a/2) -=BF+EF = si n a/(l 4- cos a ) ; 
sin (a/2) = BF+EB =V (1 - cos a)/2 ; 
cos (a/2) = EF+EB =V(1 + cos a)/2. 



l = a + fc + c = 2«; 
ul - aA a /2 - &/<b/2 - c^ c /2 
= (l/2)o6sin C, etc. 
«- r« =V« («-o)(*-6)(«-c); 
sin .4 sin 2? _ sin 6 > > 



tan 



B-C b- 



b + c 



ctn- 



^^A^ + ftj)/^ 



l = 2nr=>ird=*2A/r\ 
A=*nr* = nd*/4 =» I r/2 ; 
arc C2? =- r • a, (a in radians) 

— nra/180, (a in degrees); 
Chord DB = 2 r sin a 

= 2rsin(<f»/2); 
Sector ODCB = -^z irr\ (a in 

degrees) ; 



Triangle DOB =» r* sin a cos a 

= (l/2)r*sin2a; 
Segment DFBC=> r* [tto/180 

-(sin2a)/2]. 



a, 5, semiaxes ; r, r', radii, 
c =\V - ft* ; 
e = c/a =V«2 _ ^2/a, 

(eccentricity); 
p = 1A/c = a(l - e 2 )/e ; 

a — tan" 1 (^ ) = eccentric 
angle ; 
x = a cos a, y = 6 sin a ; 

2^ , .25. 

a? = a sin <f>, y = & cos <f> ; 
<£ = ir/2 — a. 



f + r 7 = const. = 2 a. ,4. => iraft : 
2 2 a 



Arc^P 



Jx * a* 



doa 



a 2 — a? 
[Tables.] 

= rt J v^l - «s cos» a da : 
where cos a = x/a. 

-•'(s-.O 

= a f Vl-e*sin»<M<f> 
<f> = ir/2- a ; sin <£ — a/a. 
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STANDARD FORMULAS 



[II,* 



Dimensions or Equations 



Formulas 



5. Hyperbola. 

«>1; 




6 


Parabola. 
V P^ 


<S = 1. 




^ 










P 









(f 




M 










X 






L 







7. Prism. 



8 Prismoid(§124, 

p. 2U2). 



a, b : semiaxes ; 

r, r'-. radii ; 

c - vV + 6' ; » 

e - c/rt = Va* + 6»/a ; 

p = &»/c = a(«*-l)/«. 

£-^=l,or 
a* 6« 

P 2—, 

1 — e cos 

(origin at O) (pole at F). 



Foci : F r F' 



p = LF/2; 
LN = latus rectum. 
OF=p/2=LN'/4. 
y» =» 2^>a», (origin at O) ; 
V 



P- 



1— cos 



(pole at /*). 



Focus : F 



B = area of base ; 
h = height. 



B = lower base (area) ; 
M — middle section ; 
r= upper base ; A = height. 



r' — r — const. = 2 a ; 



S-Sector 0FP - 2* log (2 + 2) 
2 \a ft-' 

<9» 



.^cosh-ir*)^^ 



05— acosh^, y = ftslnh— ; 
ab ab 



or if 



tan 4» — sinh 



25 
5?' 



05 =» a sec^, y — b tan $. 



Area ONPM= § V2 a**/>u* ; 
Arc OP-f~ W VI +{y/ppdy- 
(See Tables, p. £0, No. 46 (a). 



F=^.A. 



F--(-B + 4Jf+ 7*). 
6 

(See also Tables, IV, G, p. 47.) 



[The volume of each of the solids mentioned below, except (16), follows this formula, 
though not all are prismoids.] 



0. Pyramid (any 
sort) . 

10. Right Circular 
Cylinder. 



A = area of base ; 
h = height. 



r — radius of base ; 

h =* height ; 2?= base (area). 



V=A.7i/S. 



A (curved) = 2 irrh ; 

A (total) = 2 irrh + 2 irr* ; 

V=irr*h= Bh. 
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Dimensions ob Equations 



11 



Formulas 





r = radius of base; 
A = height ; B = base ; 
« = slant height ; 
a = half vertex angle. 




11. Bight Circular 


« = \Z r j + fit ; 


Cone. See Fig. 19, p. 75. 

tan a=r/h ; 
cos a=A/a ; sin a=r/s. 


-4. (curved )= irr VV» + A* = »rr« ; 
^4(total)~irr(«+r); 
V=nrV,/3 = Bh/8. 




r = radius lower base ; 
R = radius upper base ; 
h = height; «= slant height. 




12. Frustum of 
Cone. 
2?= lower base (area); 
7'= upper base. 


8 = Xf(R- r)» + A« ; 
.4. (curved) = ns(R + r); 
V = irA (i?» + Rr + r»)/3. 


13. Sphere. 

(a) Entire Sphere. 


(«5 - ov* + {y - yo)» 

r *= radius ; rf = diameter ; 
C= great circle (area). 


u4»4nr» = ird« = 4C; 
F = 47rr»/3 = »rd»/6 
= ^1 . r/8 = 4 0/8. 


(b) Spherical Seg- 
ment. 

Other notations as 
above. 


a «= radius of base of seg- 
ment ; 
h = height of segment. 


a* = A(2r-A); 
^ — 2 irrh = «■ (a* + A*) ; 
F= irA(8rt» + A«)/6 
- ttA» (3 r - A)/3. 


(c) Spherical Zone. 


h = height of zone ; 
o, 7> = radii of bases. 


A = 2 wrA ; 

F= ttA (3 a» + 3 b* + A*)/6. 


id) Spherical Lune. 


o = angle of lune (degrees'*. 


^4 = irr*a/90. 


(e) Spherical Tri- 
angle. 

Sides a, 0, y. 
Angles A, B, C. 


E=A + B + C- 180°; 
S={A + B+C)/'l\ 

8 = (a + + y)/2. 


A = irr*E/180 y 
sin ^. sin i? _ sin C .. 
sin a sin sin y ' 
cos a =» cos cos y 


Jc, = V[sin (« - a) sin (* - 0) sin (« - y)l/sin * ; 


+ sin sin y cos .4 ; 


iT = V - cos £/[cos (S - A) cos (£ - B) cos (5 - C) ] . 


+ sin B sin C cos a ; 
tan (A/2) = fc/sin (* - a) ; 
tan (a/2) = K cos (5 - 4). 


14. Ellipsoid. 

Semiaxes, a, b, c. 


«Va* + y»/&* + e»/e» = 1. 


F=4ira5c/8. 


15. Paraboloid of 
Revolution. 

&+&*=*% pz* 


r = radius of base; 
A = height. 


F-7iT*A/2=irpA*. 


16. Anchor Ring. 


r = radius, generating cir- 
cle; 
R — mean radius of ring. 


F=2 7r»i2r«. 



[See also Standard Applications of Integration, Tables, IV, H, p. 48."] 
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G. Trigonometric Relations. For Trigonometric Mensuration For- / 
mulas, see II, F, 1, 3, 13 e, p. 9. 

1. Definitions. See also II, F, 3, p. 9. 

sin A = y/r ; cos A = x/r ; tan A = y/x ; 

esc A = r/y ; sec .4 = r/se ; ctn A = r/y ; 

vers A = 1 — cos A ; exsec .4 = sec -4 — 1. 

2. Special Values, Signs, etc, for sine, cosine, and tangent. 



Angle 


0° 


30° 


46° 


60° 


90° 


180° 


270° 


360° ±A 
or 0°± A 


90° ±A 


180° ±A 


270° ±A 


Bin 


±0 


1/2 


V2/2 


Vs/2 


1 


±0 


-1 


±s\nA 


+ cos^l 


Tain A 


— cos>4 


cos 


1 


Vd/2 


V2/2 


1/2 


±0 


-1 


±0 


+ cos A 


Tsin^l 


— cos A 


±sin4 


tan 


±0 


Va/3 


1 


V3 


±00 


±0 


±00 


±\ja.nA 


TctnA 


±tan^l 


Tctn4 



[± and ± oo indicate that the function changes sign.] 

3. esc A = 1/sin A ; sec A = 1/cos J. ; tan -4 = 1/ctn A. 

4. a: 2 +y 2 =)- 2 : cos 2 ^4+sin 2 ^4=l; 1+ tan 2 A= sec 2 A; ctn 2 ^4+l=csc 2 .4. 

5. sin (.4 ± B) = sin .4 cos B ± cos J. sin B. 

6. cos (.4 ± B) = cos .4 cos B =F sin ^4 sin B. 

7. tan (^4 ±B) = [tan ^4 ± tan#]-=-[l q= tan ^4 tan #]. 

8. sin 2 .4 = 2 sin A cos A ; sin a = 2 sin (a/2) cos (a/2). 

9. cos 2 ^4 = cos 2 ^4 — sin 2 ^4 = 1 - 2 sin 2 A = 2 cos 2 A — 1 ; 
cos a = cos 2 (a/2) — sin 2 (a/2) ; see also II, F, 3, p. 9. 

10. sin 3 A = 3 sin A — 4 sin 8 A. 11. cos 3 A = 4 cos 8 -4 — 3 cos A 

12. tan 2 ^4 = 2 tan A -4- [1 - tan 2 4]. [See also II, F, 3, p. 0], 

13. 2 sin ^4 cos 5 = sin (^4 + B) + sin (^4 - B) ; 

sin a ± sin = 2 sin [(a ± £)/2] cos [(a ^ j3)/2]. 

14. 2 cos AcosB = cos (^4 - B) 4- cos (^4 + B) ; 

cos a + cos £ = 2 cos [(a + /3)/2] cos [(a - j3)/2]. 

15. 2 sin A sin J5 = cos (^4 — #) — cos (^4 + B) ; 

cos a - cos j3 = - 2 sin [(a + /3)/2] sin [(a - £)/2]. 
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16. sin 2 A — sin 2 B = cos 2 B — cos 2 A = sin {A + B) sin {A — B). 

17. cos 2 A - sin 2 J? = cos 2 B — sin 2 A = cos (^4 + B) cos (^. - J?). 

18. Definitions of Inverse Trigonometric Functions : 

(a) y = sin- 1 x = arc sin x — angle whose sine is x, if x = sin y ; 
usually y is selected in 1st or 4th quadrant]. 
(6) y = cos" 1 a; = arc cos x* if x = cos y ; [take y in 1st or 2d quadrant], 
(c) y = tan -1 x = arc tan x, if a; = tan y ; [take y in 1st or 4th quadrant] 



19. sin- 1 x = t/2 — cos- 1 x = cos" 1 VI -x 2 = tan" 1 [a/ VI - x 2 ] 



= esc- 1 (1/x) = sec-^1/ VT^x 2 } = ctn-^ Vu^/x]. 
20. cos" 1 x = t/2 — sin- 1 a = sin" 1 Vl — x 2 = tan- 1 [ Vl - x 2 /x] 



= sec- 1 (1/x) = esc- 1 [1/Vl-x 2 ] = ctn- 1 [x/ Vl - x 2 ]. 



21. tan- 1 x = t/2 - ctn-ix = ctn- 1 (1/x) = sin" 1 [x/ Vl + x 2 ] 



= cos* 1 [1/ Vl + x 2 ] = sec- 1 Vl + x 2 = esc" 1 [Vl +x 2 /x]. 
22. Special values, correct quadrants, etc., for inverse functions. 



Value 


+ 


- 





1 


-1 


1/2 


V2/2 


V8/2 


V8/3 


>1 


-fc 


sin-la? 


UtQ 


4th Q 





tt/2 


-tt/2 


tt/6 


tt/4 


ir/8 


0.62 




-sin-lf+fc) 


cos-laj 


UtQ 


2dQ 


7T/2 





IT 


ir/3 


t/4 


ir/6 


0.96 




ir — COS-l(+ifc) 


tan-la? 

I 


UtQ 


4th Q 





t/4 


-ir/4 


0.46 


0.62 


0.71 . 


ir/6 


>t/4 


-tan-l(+*) 



H. Hyperbolic Functions. 

1. Definitions. (See figures III, E, J 2 , pp. 22, SO ; and V, C, p. 54. 
sinh x = (e* — e-*)/2 ; cosh x = (e* + e~*)/2 ; 

tanh x = sinh x/cosh x = (e* — e~*)/(e* -f «"*) ; 

ctnh x = 1/tanh x ; sech x = 1/cosh x ; csch x = 1/sinh x. 

^ = Gudermannian of x = grd x = tan" 1 (sinh x) ; tan <f> = sinh x. 

= tan- 1 [(e x - e-*)/2] = 2 tan-V — t/2 

2. cosh 2 x — sinh 2 x = 1. 3. 1 — tanh 2 x = sech 2 x. 

4. 1 — ctnh 2 x = csch 2 x. 

5. sinh (x ± y) = sinh x cosh y £ cosh x sinh y. 
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14 STANDARD FORMULAS [II, H 

6. cosh (x ;fc y) = cosh x cosh y ± sinh x sinh y. 

7. y = sinh^x = arg sinh x = inverse hyperbolic sine, if x = sinh y 
[Similar inverse forms corresponding to cosh x, tanh x, etc.] 

8. sinh^x = cosh-* Vx 2 + 1 = csch x (1/x) = log (x + Vx 2 + 1). 

9. cosh -1 x = sinh -1 Vx 2 — 1 = secli -1 (1/x) = log (x + Vx 2 — 1). 

10. tanh-ix = ctnh-i (1/x) = (1/2) log [(1 + x)/(l - x)]. 

11. If <f> = gd x, sinh x = tan <f>, cosh x = ctn <f> y tanh x = sin <p. 

I. a. Plane Analytic Geometry 

[(a% y) or (a, b) denote a point ; (a*!, y,) and (a*,, y,) two points ; etc.J 



1. Distance I = PiP 2 = V(xs - Xi) 2 + (y 2 - 2/i) 2 = Vax j + Ay 2 . 

2. Projection of PiP 2 on Ox = Ax = x 2 — x\ = I cos «, where 

« = Z(Ox, PiP 2 ). 

3. Projection of PiP 2 on Oy = Ay = y 2 — y x = Z sin a. 

4. Slope of PiP 2 = tan a = (y 2 — yO/fo — x x ) = Ay /Ax. 

5. Division point of PiP 2 in ratio r : (xi + r Ax, yi + r Ay). 

6. Equation .4x + By -f C = : straight line. 
(a) y = mx -f b : slope, m ; y-intercept, b. 

(&) y — yo = w (x — x ): slope, m ; passes through (xo, yo). 

(c) (y-yi)/(y 2 -yi)=(x-xi)/(x2-xi): passes through («i,y x ), (X2,y 2 ). 

(d) x cos a + y cos £ = p : distance to origin, p ; a = Z (Ox, n) ; 
= Z(Oy, n); n = normal through origin. • 

[General equation Ax+ By + (7=- reduces to this on division by \^A* + £*.] 

7. Angle between lines of slopes wi, m 2 =tan _1 [(mi— w» 2 )/(l+mim 2 )]. 
[Parallel, if mi = ra 2 ; perpendicular, if l+wiw» 2 =0, i.e. if mi = — l/wi 2 .] 

8. Transformation x = x' -f A, y = y' + A:. [Translation to (h, jfc).] 

9. Transformation x = ex', y = ley'. [Increase of scale in ratio c on 
x-axis ; in ratio k on y-axis. ] 

10. Transformation, x = x f cos — y' sin 0, y = x' sin -f y r cos 0. 
[Rotation of axes through angle 0.] 

11. Transformation to polar coordinates (p, 0) : x = p cos 0, y = p sin 0. 
Reverse transformation : p = Vx 2 + y 2 , = tan -1 (y/x). 
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II, J] ANALYTIC GEOMETRY 15 

12. Circle : (x — a) 2 + (y — b) 2 = r 2 ; center, (a, b) ; radius, r ; or 
(x — a) = r cos 0, (y — 6) = r sin 0. (0 variable.) 

13. Parabola : y 2 = 2px : vertex at origin ; latus rectum 2 p. 

14. Ellipse : x 2 /a 2 + y 2 /b 2 = 1 : center at origin ; semiaxes, a, 6. 
(See II, F, 4, p. 9.) 

15. Hyperbola : x 2 /a 2 — y 2 /b 2 = 1 ; center at origin ; semiaxes, a, b ; 
asymptotes, x/a ± y/b = 0. See II, F, 5, p. 10. 

(a) If a = 6, x 2 — y 2 = a 2 ; retangular hyperbola. 

(b) xy = k, rectangular hyperbola ; asymptotes : the axes. 

(c) y = (ax+6)/(cx+d), rectangular hyperbola ; asymptotes : x = —d/c, 
y = a/c. 

16. Parabolic Curves : y = a + a\x + a 2 x 2 + ••• 4- a»x H . 
[Graph of polynomial ; see also Figs. A, B, pp. 19, 20.~\ 

17. Lagrange Interpolation Formula. Given y = /(as), the poly- 
nomial approximation of degree n — 1 [parabolic curve through n points, 
(sit ^i)» (*2, 2k), — , (*„, 2/J] >s 

1/ = JP(a>) = y t p t (x) + y 2 p 2 fr) + '" + VnPnix), 

where the polynomials p\(x), i>2(x), — , l>n(x) are 

Pi (x) = J X .~ 3Cl )(?_-*2) — (« - Xf-i)(x -Xf-n)--.(x-x n ) 
(x< - xi)(a< - x 2 ) ••• (x,- - Xi-i)(Xi - Xi+i) ••• (x< - x n ) 

[Numerator skips (x — x<) ; denominator skips (x< — x<). Proof by 
direct check.] 

[For a variety of other curves, see Tables, III, pp. 19-34. ] 

I. b. Solid Analytic Geometry. 

[(z* y, *0 denotes a point ; (xi, y u z{) and (x 2 , 2/2, 22) two points, etc. 
O denotes the origin, (0, 0, 0).] 

1. Distance : P X P 2 = V(x 2 - X1) 2 + (2/2 - 2/i) 2 + (*2 - *i) 2 . 

2. Distance from the origin : OP = Vx 2 + y 2 + z 2 . 

3. Direction cosines of a line L : cos a, cos/3, cos 7, if a, 0, 7 denote 
the angles L make3 with the x, ?/, z axes, respectively ; and we have 

cos 2 a + cos 2 /3 -f cos 2 7 = 1. 

4. Direction cosines proportional to given numbers : 

If a : b : c = cos a : cos/3 : cos 7, and i2 2 = a 2 + b 2 -f c 2 , then 
cosa = a/R, cos/3 = 6/i£, cos 7 = c/ 12. 
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16 STANDARD FORMULAS [II, I 

5. Angle between lines L and L' with direction cosines (J, m, n) and 
(«', m', n') : 

cos = M' + mm' + nn'. 

Lines parallel if M ; -f mm' -f nn' = 1, or if I = J', m = m', n = n'. 
• Lines perpendicular if M* -f mm' = nn' = 0. 

6. Direction cosines of a plane P = direction cosines of any line 
perpendicular to P. 

7. Equation of a plane P : 

Iz + my + nz = p, or x cos a + y cos j3 -f z cos? = p, 
where (f, m, n) are the direction cosines of P, andp is the length of the 
perpendicular from to P. 

8. General equation of a plane : Ax + By + C2 + D = 0. 

If R* = 42 + 32 + a*, I = cosa = A/R, m = B/R, n= C/R, p=-D/R. 

9. Plane with intercepts a, 6, c, on the axes : 

x/a + y/b + z/c = 1. 

10. Plane determined by (x u Vu Zi), («2, 2/21 22), («3» 2fo» 23): 
x y z 1 
Xi yi zi 1 

£2 Vl %2 1 
&3 2/3 «3 1 

11. Angle between two planes (J, m, n ; p), (Z, m, n ; p): 

cos 6 = 11'+ mm' + nn'. 

12. Angle between planes Ax + By -f C« + D = and 

A'x + 2*'y + C'2 + D' = : 
cos = AA ' + BB ' + CG \ #2 = 42 + & + 02, E'2 = 4'* + £'2 + C» 

Planes parallel if M' 4- mm' + nn' = 1, or if A = 4', B= B', C= C. 
Planes perpendicular if .44' + 55' -f CC = 0. 

13. Distance d from point (xi, y b Zi) to plane (J, m, n ; p): 

d = lx\ + myi + nzi —p. 

14. Distance d from (xi, 3/1, Zi) to Ax + -Si/ + C2 + D = : 

d = Ax l + By 1 + C Zl + D £2 = 42 + 2*2+0*. 

15. Direction cosines (2, m, n) of a line determined by two planes 

Ax + By + Cz + D = 0, 4'x + 5'y + C'z + D' = ; 

I:m:» = | B6 '|:| 0A |:|^ B f |; see 4. 

5' c 1 c i' Li' 5' r 
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II, J] ANALYTIC GEOMETRY 17 

16. Line through (x x , Vu Zi) and (x 2 , 2/2» z 2 ) • 

x-xi __ y — yi __ z — Zi 
*2 - «i V2 - V\ z 2 — «i 

17. Line through (xo, y , Zo) in direction (J, m, n) : 

x-xp = y-yo _ z- z 
J m n 

18. Line through (xo, yo, Zo) perpendicular to plane Ax + By + Cz = : 

a — so _ y — yo _ z - z 
A B G 

19. Plane through (Xi, yi, z{) perpendicular to line of formula 17 : 

A (x - xi) + B (y - y{) + C (z - z x ) = 0. 

20. Sphere of center (a, 6, c) and radius r : 

(x - a)2 + (y - 6) 2 + (z - c)* = r*. 

21. Cones with vertex at : 

& £ Z? = Q 

a* 6* c* 
Imaginary ', if all signs are alike ; otherwise real, and sections parallel to 
one of the reference planes are ellipses. 

22. Ellipsoids and hyperboloids with centers at (see Tables III 

Ni, 2, 3). 

Signs on left : 

All -f : ellipsoid 

One — : hyperboloid of one sheet 

Two — : hyperboloid of two sheets 

All — : surface imaginary 

23. Paraboloids on z-axis with vertices at (see Tables III N4, 5) : 

X 2 V 2 \ Signs on left: 

± — ±~ = cz { Alike : elliptic paraboloid 

[ Different : hyperbolic paraboloid 

24. Contour lines on curved surface F(x, y, z)= : 

Sections by z = a are F(x, y, a) = 0. 
26. Curves in space : 

(a) Intersection of two surfaces : Fi(x, y, z)= 0, F 2 (x, y, z)=0. 

(6) Solve for y and z : y = /(x), z = #(x). 

(c) Parameter forms : x =f(t), y = <p(t), z = \f/(t). 
26. General cylinder with elements parallel to z-axis : /(x, y) = 0. 



* * * = 1 

a» 6* c* 
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J. Differential Formulas. 

1. y = /(a?) : dy = /'(x) dx, /'(x) = dy - dx = dy/dx. 

2. jP(aj, y) = : F,dx + F„dy = 0, or dy = -[F x - F y ]dz. 

3. «=/(*), V = 4>{f): 

(a) dx -/'(0 d£, dy = 0'(£) d£, Jy/tZx = 0'(j) -?- /'(*). 

(6) dty/dz* = ^[^A7x]/(Zx = d[0' -h/']/dx = [</>"/' -/"<£'] -f- (/') 8 . 

(c) cPy/dx3 =d[cPy/dx^/dx = d [(>"/' -/"</>') + (/') 3 ]M +/'. 

4. Transformation oc — fit) : y = <t>(x) becomes y — <f> (/(£)) = ^ (0« 
(a) %/dx becomes dy/dt -*-/'(0 ; [see 3 (a)]. 

(6) (*Vd*2 becomes [(d*y/dt*) -f f (t) - (dy/dt) f»(fi] -j- [/'(OP; 
[see 3 (6)]. 

5. Transformation x=f(t,u), y = <j>(t, u): y = F(x) becomes 
u = $(t). 

(a) dy/dx becomes ^ + £ or fM + 24 . *H + fSf + §£ . **! 

7 d* d* La* sm dd U< an d*J 

(b) cPy/dx 2 becomes d[dy/dx]/dt -h dx/dt ; [compute as in 5 (a)]. 

6. Polar Transformation x = p cos 0, y = p sin . 

dx = cos0dp — p sin0d0 ; dy = sin0dp + pcos0d0, 
cPx = cos0d?p-2 sm 0dpd0 - p cos 0d02, 
cPy = sin d 2 p + 2 cos dp d0 — p sin d0 2 . 

7. z = F(x,y): dz = F x dx + F y dy=pdx + qdy; [see I, 3(d), 
p. *]. 

8. Transformation x =/(«, v), y = </>(w, w) : « = F(x, y) = *(u, v). 

Sm dxdw dydtt' dv dxdv dy dv ' 

(b) ?Z = A^ + B^, te =c te +D dz^ 
dx du dv dy du dv 

[A, B, C, D found by solving 8 (a) for dz/dx and dz/dyj] 

w as 2 ax Vex/ ax\ a« aw 

du \ du dv) dv\ du dvj 

[Similar expressions for d 2 z/dy 2 and higher derivatives.] 
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TABLE III 

STANDARD CURVES 

A. Curves y = x n , all pass through (1, 1) ; positive powers also through 
(0, 0); negative powers asymptotic to the y-axis. Special cases : n = 0, 1 
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are straight lines ; n = 2, 1/2 are ordinary parabolas ; n = — 1 is an 
ordinary hyperbola ; w = 3/2, 2/3 are semi-cubical parabolas. 

The curves pr m = c occur in the theory of gas expansion, where p = pressure ; 
v = volume ; c and in constants. In isothermal expansion (p. 105) m — 1, whence pt> — o 
or p = cff— 1 ; (n = — 1 in Fig. A). Choose scales so that y = j>/c and « «- x. In adiabatio 

expansion of air, m =1.41 (nearly). The area I pdv = work done in compressing 
the gas from any given volume r t to a volume v x . *^ n 

B. Logarithmic Paper ; Curves y — tc n , y = kx n . Logarithmic 
paper is used chiefly in experimental determination of the constants k and 
n ; and for graphical tables. In Fig. B, k = 1 except where given. 
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Fig. B 

[See g 139, p. 234, above; also William s-Hazeu, Hydraulic Tables; Trautwine, En- 
gineers* Handbook ; D'Ocagne, Nomographic^ The line y = x— 1 gives the reciprocal* 
tf a umhern by direct readings. 
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C. Trigonometric Functions. The inverse trigonometric func- 
tions are given by reading y first. 
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Fig. C 

D. Logarithms and Exponentials : y = \og 10 z and y = log e x. 
Note log e a; = logioa; log, 10 = 2.303 logio x. The values of the expo- 
nential functions x = 10^ and x = e v are given by reading y first. See E. 
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R Exponential and Hyperbolic Functions. The catenary 

(hyperbolic cosine) [y = cosh x = (e x + 6-*)/2] and the hyperbolic 
Bine [y = sinh x = (e x — e~*)/2] are shown in their relation to the ex- 
ponential curves y =e x ,y = e~ x . Notice that both hyperbolic curves 
are asymptotic to y = e*/2. 




Fig. E 

The curve y = e~ x is the standard damping curve ; see Fig. F 2 , and §67, 
p. 108. 

The general catenary is y =(rt/2)(W a + *-*/«)= a cosh («•/«) ; it is the curve in 
wh<ch a flexible inelastic cord will hang. (Change the scale from 1 to a on both axes.) 
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F. Harmonic Curves. The general type of simple harmonic curve 

is y = a sin (Jcx + *) : 



Curve 


a sin (fcoe + t ) 


sin « 


COS OB 


sin 2 as 


(1/2) sin (6 x- 1.2) 


amplitude 


a 


1 


1 


1 


1/2 


wave-length 


2ir/k 


2ir 


2ir 


«■ 


ir/8 


phase-angle 


-«/* 





tt/2 





0.2 



A compound harmonic curve is formed by superposing simple har« 
monies : in Fig. ¥ u y = sin 2 x + (1/2) sin (6 a; — 1.2) is drawn. 
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Fig. Fi 



Such curves occur in theories of vibrations, sound, electricity. 
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The simplest type of damped vibrations is y = e~ cx sin kx : Fig. F 2 
shows y = e~ x/2 sin 3 x. The general form is y = ae~ cx sin (kx + c) . Such 
damped simple vibrations may be superposed on other damped or un- 
damped vibrations. 
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Fig. Fi 



Q. The Roulettes. 

A roulette is the path of any point rigidly connected with a moving 
curve which rolls without slipping on another (fixed) curve. 

The Cycloid 




O M N 



Fig. Gi 



Figure Gi shows the ordinary cycloid, a roulette formed by a point 
P on the rim of a wheel of radius a, which rolls on a straight line OX 
See also Fig. 36, p. 144. The equations are 



ix = ON— MN z=a6—a sin 0, 
[ y = NC — KG = a — a cos 0. 



where = ZNCP 
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Figure G 2 shows the curves traced by a point on a spoke of the 
wheel of Fig. H, or the spoke produced. These are called trochoids ; 
their equations are 

f x = ad — b sin0, 
f = a — b cos 0, 




Fig. G 2 



The Trochoids 



where b is the distance PC, If b > a, the curve is called an e pi trochoid, 
if b < a, a hypotrochoid. 

Figure G 8 shows the epicycloid ; 

x=(a + b) costf - &cosp-±-^0~], 

y]= (a + b) sin - b sin |"2-±£ 0~l 




Fig. G 3 



formed by a point on the circumference of a circle of radius b rolling on 
the exterior of a circle of radius a. 
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Fig. G 4 

Figure G 5 shows the hypocycloid : 

x = (a - b) cos0 + b cos pjrJ? el 
y = (a - b) sin e - 6 sin pL=i $1 



formed by a point on the circumference 
of a circle of radius b rolling on the 
interior of a circle of radius a. 

Hypocycloid 



STANDARD CURVES [III, G 

Figure G 4 shows the special epicycloid, a = b, 

f x = 2 a cos $ — a cos 2 0, 
{ y = 2 a sin — a sin 2 0, 

which is called the cardioid ; its equation in 
polar coGrdinates 0, <f>) with pole at CK is 
/> = 2a(l — cos0). 





Fig. G 6 



Fig. G* 
Figure G 6 shows the special hypocycloid, a = 4 6, 

fsc = acos 8 0, 

{basins*, 0r *" + H™ = aM f 

which is called the four-cusped hypocycloid, oi 
astroid. 

U 



H. The Tractrlx. This 
curve is the path of a particle 
P drawn by a cord PQ of fixed 
length a attached to a point 
Q which moves along the 
ic-axis from to±oo. Its 
equation is 



The Tractrix. 




Fra. H 



y 
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I. Cubic and Quartic Curves. 

Figure It shows the contour lines of the surface z = a? — Sx — y 2 cut 
out by the planes z = k, for k = — 6, — 4, —2,0, 2,4; that is, the 
cubic curves x 8 — 3 x — y 2 = k. 

The surface has a maximum at x = — 1, y = ; the point » = 1, y = is also a critical 
point, but the surface cuts through its tangent plane there, along the curve k = — 2 ; 
y a = a5» - 8 a + 2. 

These curves ar e draw n by means of the auxiliary curve q=>x*—8 x, itself a type of cubic 
curve ; then y —s/q — k, is readily computed. 




Fig. Ii 



Fig. Is 



Figure I 2 shows the contour lines of the surface z=x*— 3x+y 2 (x— 4) 
for z = k = — 6, — 4, - 2, 0, 2, 4 ; that is, the cubic curves 

y *=(x*-3x-k)/(4-x). 

The surface has a maximum at (- 1, 0). At (1, 0) the horizontal tangent plane * — -2 
cuts the surface in the strophoid y*= (ip 3 - Sx + 2)/ (4 - x) whose equation with the 
rew origin O* is y* — a?' 2 (3 + x') / (3 - «')• The line «• = 4 is an asymptote for each of the 
curves. 
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Figure I 3 shows anothei cubic : the cissoid, 

Ciasoid / \g famous for its use in the ancient problem of 

the " duplication of the cube." Its equation is 




s 8 



2a — x 



, or p — 2 a tan 6 sin 0. 



It can be drawn by using an auxiliary curve as above ; 
or by means of its geometric definition : OP = QB, when 
Oy and AB are vertical tangents to the circle OQA. 



Fig. I» 



Figure I4 shows the conchoid of Nicomedes, used by the ancients in 
the problem of trisection of an angle. Its equation is 

I/ 2 = — a: 2 + [— ^— V, or p = asec0±6. 



Conchoid 





Folium 

of 
Descartes 



Fio. I4 



Fig. h 



Figure I 6 shows the cubic « 8 -f y 8 — 3 axy = 0, called the Folium 
of Descartes ; see Example, p. 45. 



The ' 
Witch v^* 


2a ^^^^. 


* z* +4a* 







X 



FlQ.lt 

Figure I 6 shows the witch of Agnesi : y — 8 a*/(x 2 + 4 a J ) ; see Exs. 
I, 36, p. 131 ; 52, p. 162 ; and see III, J, below. 
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Figure I 7 shows the Cassinian ovals, defined geometrically by the 
equation PF • PF± = k 2 ; or by the quartic equation, 



[(» - a) 2 + y 2 ] l(x + a) 2 + y 2 ] = **. 



where a = 02^ (= 1 in Fig. I 7 ). The special oval k 2 = a 2 is called the 
lemmlflcate, (x 2 + J/ 2 ) 2 = 2 a 2 (a; 2 - y 2 ) or p 2 = 2 a 2 cos 2 0. 



1 1 1 II 1 II 1 1 1 1 
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Xemnlscatet Jk 2 = a. 2 loc £3?- PF f = jfc 2 l 







Fig. I 7 



The ovals are also the contour lines of the surface 



«• = [(*- o) 2 + 2/ 2 ] [(* + o) 2 + 2/ 2 ], 



which has minima at (x = ± a, y = 0), and a critical point with no 
extreme at origin. 
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J. Error or Probability Curves. 

Figure J x is the so-called curve of error, or probability curve 

vw where h is the measure 

of precision. See Tables, 
IV, H, 148, p. SO ; and V, 
G, p. 56. 

Figure J 2 shows the very 
similar curve 

y = sech oo = 2/(e* + <r*). 

In some instances this curve, or the witch (Fig. I 6 ), may be used in place 
of Fig. J 1# Any of 
these curves, on a 
proper scale, give 
good approximations 
to the probable dis- 
tribution of any ac- 
cidental data which 
tend to group them- 
selves about a mean. 



MuMMi 



lESEIEEr 




Fig. J s 

K. Polynomial Approximations. 
Figure Kt shows the first Taylor polynomial approximations to the 

function y = sin x. (See § 147, p. 253.) 




*ig. K* 
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Figure K 2 shows the Simpson-Lagrange approximations : (1) bj 
a broken line; (2) by an ordinary parabola; (3) by a cubic, which 
nowever degenerates 
into a parabola in this 
example. (Lagrange 
Interpolation For- 
mula, Tables, p. 15.) 

The fourth approxi- 
mation is so close that it 
cannot be drawn in the 
figure. In practice, the 
division points are taken 
closer together than is 
feasible in a figure. 



1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ! 1 1 1 1 1 1 1 
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$ ■fTsinJ sinx-^«iy 7 




-,^ -NQ.-8- - -J-Nc8' ^ J 


-p, J* j-JJtu-o- ^~~ "- 






y / - - i 3 2 3E it' ^ 


I 


7" _[ 



No.l. 
No. 2. 



No. 3. 



y=»-a?, 0<«<-; y = -±(x- 
jt 2 it 



Fig. K, 

ir), £<»<*. 
2 



ir it* 



1.273 a; -. 405 «», 0< x < ir. 
(Division points : x n = 0, a* t = ir/2, a? a = ir.) 

0-«3 = 1.245 s»- 0.895 x*. 



.. 9n/ 8~ 9N/8 . 
y 4 n 4 ir* 



(Division points : x o = 0,x l = ir/3, a5 2 — 2 »r/3, «r 3 — ir.) 
No. 4. y = 15.38 «5 - 7.642 x* - 2.86 ** + 0.876 x*. 
(Agrees too closely to show in the figure.) 

Trigonometric Approximations. 
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Fig. L 
Figure L shows the approximation to the two detached line-segments 
y = — t/2, (— ir < x < 0), y = t/2, (0 < x < t) by means of an expres- 
sion of the form a + a\ sin x -f a 2 sin 2 x + ••• + a n sin nse. See II, E, 2ft 
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Logarithmic" 

Spirals 
p* ke** 



Note: 

fc-C^andfcs-O 
Coincident Carve* 



Fig. Mi 




Fig. Mi 
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1*1 Spirals. 

Figure Mi shows the logarithmic [or equiangular spirals p = ke ad ] 
tor several values of k and a. Note that k = e n and A; = — 1 give the 
$ame curve. 



\ - 


90° 

X / 


/W/is* ^s 


X. \ % i 


/ .^Hyperbolic 
yS \ Spiral 

1| 0° 




\ 


p0=aj; a- 1 



Fig. Mb 

Figures M 2 and M 8 represent the Archimedean Spiral p = ad, and the 
Hyperbolic Spiral pO = a, respectively. 



N. Quadric Surfaces. 

These are standard figures of the usual equations. 

Hyperboloid of one Sheet 



Ellipsoid *! 


). — .y. — ;_«_ — :u. 







Fig.Ni 



a* 6* c* 
Fia. N, 
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£l — Si _*!=i 



Fig. N, 



Fig. N. 



Elliptic Paraboloid 




FlQ. tt« 
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TABLE IV 

STANDARD INTEGRALS 
Index ; 

A. Fundamental General Formulas, p. 35. 

B. Integrand — Rational Algebraic, p. 36 

C. Integrand Irrational, p. 39. 

(a) Linear radical r = Vckb + 6, p . 39. 

(b) Quadratic radical V± x 2 ± a 2 , p. 39. 

D. Binomial Differentials — Reduction Formulas, x 41 

y 

E. Integrand Transcendental, p. 41- 

(a) Trigonometric, p. 41' 

(6) Trigonometric — Algebraic, p. 44> 

(c) Jnverse Trigonometric, p. 45- 

(d) Exponential and Logarithmic, p. 45. 
P. Important Definite Integrals, p. 46. 

O. Approximation Formulas, p. 47< 
H. Standard Applications, p. 48. 

A. Fundamental General Formulas. 

1 „ If ^M = ™L then U = V + constant. [Fundamental Theorem.. 
dx dx 

2. If (u dx = J, then 5= = U. [General Check.] 

J doc 

3. \cu dx = c\u dx. 

4. ([u + v] cfce = \udx + \vdx. 

5. f W dV = UV— \V dU. [Parts.] 

8. [f/(tO«it«l _ =J/[*(«)]^^^^« ;Snbstltntion.J 



35 



Digitized by 



Google 



36 . STANDARD INTEGRALS [IV, B 

B. Integrand— Rational Algebraic. 
7. (x n dx = ^^, n=t-l, see8. 

Notes, (a) /(Any Polynomial) dx, — use 3, 4, 7. 

(ft) /(Product of Two Polynomials) dm, — expand, then use 8, 4, t» 
(c) /cda5 = o», by 8, 7. 

8. f ^ = lege a; = (log 10 »)Gog. 10) = (2.302585) log 10 x. 

Notes, (a) / (l/x m ) dx, — use 7 with n=*-mifm=£l; use 8 2?m = 1. 
(ft) I ((Any Polynomial)/*" 1 ] dx, — use short division, then 7 and 8- 



9, 



, f^- = Iarctan^ = Itan-i^ = Ictni« 



= --Ctn-l-[+ const.]. 

a a 

/o. f-^ = -Li 0g ^^ = _L l0& «zL^ [+con8t . ] . 

J Jx*-a2 2a^*x + a 2 a B a + as L J 

Note. All rational functions are integrated by reductions to 7, 8, 9. The redac- 
tions are performed by 8, 4, 6. No. 10 and all that follow are results of this process. 

11. f (ax + 6)» dx = - ( ax + 6 ) n+1 , n=£ - 1. (See No. 12.) [From 7.] 
J a n + 1 

12 « f dx =l\ g(ax + b). [From 8.1 
J (ax + 0) a 

Notes, (a) r X + Ji dx, — use long division, then 7 and 12. 
1 f-T ■+• 6 

(ft) , Any Polynomial da5> _ uge } divi8ion then 7 and 12 
J a» + ft 

Notes, (a) f "** da>, — combine .4 times No. 14 and B times No. 18, m = 2. 
* (aaj + ft) 2 

(b) , (ADy Polynomial) ^ _ Ufle long divisioil> then 7 and u ( . Qp uge 16 
J (a» + ft) 1 
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15. I" (F{x,ax + b)ax"\ =iyWH:i&, u\du. [FromG.] 

Notes, (a) Restatement : put u for ax + 6, 2£_n£ for a,— for da. 

a a 

(6) >/(«« + W^, -use 15. ^.l[-I + ^] tt=fl46jB . 

(c) f (Any Polynomial)^ _ uge 15 then g (6) 
J (a» + 6) 8 

(d) , (Any Polynomial) ^ _ uge 15 unleg8 m<g) . but see 12 (ft)> u (6) 
J (ax + 6) m 

(6) Ja5 n (aa5 + &) TO «to, — use 15 If m>n\ use 7 (6) if m<n; see also 51-54. 

16 1 i r a c " I 

(aa5 + &)(cas + d) ad — bclax + b cx + dj 

Notes, (a) f — , — use 16, then 12. Special cases, — see 10 and 16 (b\ 

*(ax + b)(cx + d) 

(b) f ^ = 1 f [~- — Idx. (Special case of 16 (a).) 

( C ) f Ax + B ^a,— use 16, then long division, 12. 

w i(ax + b)(cx + d) 

(d) , (Any Polynomial)^ _ U8e 16 then long divisioI1| 7, 12. 
J (ax + b)(cx+d) 

(e) If ad - be = 0, 18 can be used. 

Notes, (a^ Restatement: 

Put „ for 2SL±» ; -A-foro,; -»*- for a* + & ; -^^- for <*,. 

rM f <** = 1— f ( tt " a)W+n ~ 2 ^ ; then use 8&. 

1 ' J x n (ax + b) m b m + n ~ u w m 

f <fg ^ tt-alogtt ..> f dx u*-4au + 2a*logu _ 

{C) *xHax + b) b* ' K) *x*(ax + b) 2b* 

18. f_^_ = _l_taii-ix\^,if a>0, 6>0. [See 9.] 
Jax* + b y/ab *& 

- 1 log Vg£ = V^,ifq>0, &<0. [See 10.] 



2V-ab Vax+V-6 
NoTW - («) J^^.-^18(2ndpart); 6 — c. (ft)J-J^-- JjJSL-. 
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19 - f^TT = ir- 1 °g(« a;2 + 6 )- 

Jax 2 -f& 2a 

Notes, (a) f — — — T , — use long division, then 18. 
J asc* + o 

(&) t Ax±B d „ 8e 18 19 

(c) J ny ^^ m — -dxt — nse long division, then 18, 19. 

20. - = 1 f m 2 __ wtx — n "[ ^ 

(m + n)(ax 2 + 6) aw 2 + bm 2 Lmx + n ax 2 + 6 J " 

NoTE8 ' (o) f (^oW) *"* ~ U8e 20 ' then 12 > 18 > 19 ' 

(ma + n) (ax* + 6) a«W) + « maa^ + ft" 1 "^ a in) (mx+n)(a4K*+b) * 

. . , Any Polynomial , 

(C) i (mx + n){ax* + b) dX > ~ U8e long divl8ion » then 20 *> 12 » 18 > 20 «• 

21. «x2 + 6 a; + c = ar a; + Al 2 _^Li«£. 

L 2aJ 4a 

No ™ w/[i^],..,>-J - to ^^ 

(6) \\F{x, ax* + bx + c)dx] b „ f f(u - A , at*» - h * ~ 4 q< ^ tf«. 

L _Ju=aH * ** *» <* ' 

2 a 

(c) f a^^Tc^ rfa5 ' "~ l0Dg divi8ion » then 7 » 21 » 21 6 » 18 « and 19 - 

,„ r Any Polynomial 

J — Any Cubic — dx ^~ lon & division, then find one real factor of cubic, then use 

81, 21 b. [If the cubic has a double factor, set u = that factor, then use 17 o. J 

22 f xdx = 1 1 

J (ax 2 + 6)2 2 a ax 2 + b 

23 f <fa - g , J_ f <to . fll __ 1ft 
' J(ax 2 + 6)2 2&(ax2 + & ) + 2^Ja* 2 + & , ^ 

25. (* *** = - 1 x . 2m-3 f da; 

J (ax 2 +&)»» 2 6(m-l) (ax 2 + &)—i "*" 2(m - 1)6 J (ax 2 + 6)«-i 

iJoTEs. (a) Use 25 repeatedly to reach 23 and thence 18. 

(b) Final forms in partial fraction reduction are of types 12, 24, 25 (by use of 21) 
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C. (a) Integrand Irrational : involving r — Vax + 6. 

26. [ f F(x 9 VaxTb)dx] j ;= (f(^^ 9 r) ^dr. 

27. I y/ax+ b dx = \r— dr = r— r 8 , r = Vax -f b. 
J J a 3a 

28. J-,V^TS^ = l|(H-^) rf r = ^[^|]. 

29. f <** = gfdr = gr. 

30. f g = f -^- ; use 9 or 10. 

31. f gg = 2 a f , a * ; «se 23. 

J x* y/ax + b J 0' 2 - *>) 2 

Note. Vaa + ft = (a* + b)/y/ax + b ; (VW+l*) 3 — (aa + 6) >/«« + ft. 



(b) Integrand Irrational : involving V±x 2 ±a 2 . 

32. f-T^r^- ; = arc8ing=sin-ig = -cog-ig+ [const.] 

33. f -«*•£— = log(a&+Va*±a») = sinhi- [+ const.] for +, 

J \Zx*±a* a 

or cosh-i - [+ const.] for -. 
a 

34. f dx =s in-i/^^ > |=-cos-i^^r+consU 
J V2ax-x* \ a J <* 

= vers- 1 (x/a) -f- const. 

35. f — jg = Isec" 1 ^ = Acos-i^ =- Icsc-i^ [+ const.]. 
J x y/ x 2 ~ a 2 a a a x a a 

36 f xdx = -Vtf=x*. 38. (xVa*^dx=^(Va 1 i=x*y i . 

' J y/a*-X* J 3 

37. f *<** = Vs 2 + a 2 . 39. f s Vx 2 + a 2 as = J ( Vx 2 + a 2 ) : . 
J Vx 2 ± a 2 •> 

Notes, (a) 82 and 83 furnish the basis for all which follow. 

(b) 36, 37, 88, 89 follow from xdx = d(x* + const.)/2. 
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40 STANDARD INTEGRALS [IV, C 

40. f_^ == _?V^^2 + «! sin -iE. 
J Va* - x 2 2 2 a 



4i. f g = -ii 0g r q +^^" 2 i. 

•^Va^ix 2 « L x J 

42. f <*g = ,|^Cj a , 

•> x 2 Va 2 - x 2 a 2 * 

43. (a) f Va 2 - x 2 dx = - Va* - s 2 -f — sin-i^. 

J 2 2 a 

J X X 

, x f Va 2 — x 2 j Va 2 — x 2 . ,x 

(c) 1 •— — dx = — — « - sin-i - • 

v J J x 2 x a 

44. f s 2 <& = gyx 2 ±a 2 T-logfxWx 2 ±a*). 
J Vx 2 ± a 2 2 2 

45. f dx = :f Vx 2 ±a 2 
^ x 2 \/x 2 ± a 2 a2x 

46. (a) (Vx 2 ± a 2 dx =- Vx 2 ± a 2 ± - log(x + Vx 2 ± a 2 ). 

«/ 2 2 



47. 



(6) f Vx2 =fc g>i dx = Vx 2 ± a 2 ± a 2 f — jjg . then 36 or 41. 

J x J x Vx 2 ± a 2 

(c) f ^IZ<fe = _ ^*±* + f <** , then 32 or 33. 

C dx __ x 48 f dx ±x 

J (Va 2 -x 2 )* a?Va*-& J (Vx 2 ±a 2 )» a^v^i^ 



Notk8. Trigonometric Substitutions. If the desired form is not found In 82-48, try 
79. Then use Nos. 65-79, see 79. (b) See also D 51-54, below. 



49. -\/±(a& + 6x + c) = Va V±u 2 ± A: 2 , where 

u = x + Aandfc 2 = ^=i^. 
2a 4a 2 
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IV, E] REDUCTION FORMULAS 41 

50 -\ l ax + & = . ax + b V(ax + b)(cx + d) m 

*cx + d y/(ax + b)(cx + d) ,cx + d 

Notes, (a) Integrals containing \/\ax + b)/{cx + d) : use 60, then 49, then 82-48. 

(b) Substitution oft* =V(aa5 + b)/{cx + d) is successful without 60. 

D. Integrals of Binomial Differentials — Reduction Formulas. 

Symbols : u = ax n + b; a, 6, p, w, n, any numbers for which no de« 
nominator in the formula vanishes. 

51. (x m (ax n +b)Pdx = [x^+^p+npb (x tn u^- 1 dx\ 

J m + np + 1 J 

52. §x m (ax n + b)Pdx 

= — — - [- a»»+itti>+i + (m + n + np + 1) (x m uP +1 dx\ 

bn(p 4- 1) J 

53. faj w (aaj w +6)Pcfx 

= - — - [a^+^+i — a(w+ra + np + l) { x mJ,rn uP dx]. 

(w + 1)6 •/ 

54. j^™(aa? w + &)*efcc 

= - [ x m-n+l uP +l _ t m _ n + 1)5 f arjm-n w p ^i 

a(w + np + 1) J 

Notes, (a) These reduction formulas useful when p, m, or n are fractional ; 
hence applications to Irrational Integrands. 

(fi) Repeated application may reduce to one of 32-48. 

(c) Do not applj* if p y m, w, are all integral, unless n ^2 and p large. Note 11, 16, 17-25, 

Ba. Integrand Transcendental: Trigonometric Functions. 

55. (sin ap dx = — cos a?. 

56. ( sin 2 se&e = — \ cos x sin x + J x = — £ sin 2 a + } x* 
Note. J* sin* kx dx, — set kx = u, and use 56. Likewise in 55-78. 

67. Un»xdx =- 8in °~' * cos * + ^li f sin ^g<fa.. 

Mote. If w. is odd, put sin*se = 1 — cos* a; and use 62. 
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42 STANDARD INTEGRALS [IV, B 

58. f cos x d x = sin x . 

5Q. ( cos 2 x<Zx = J sin xcos x + $ x = £ sin 2 x + |x. 

60. f cos-ads = C08 "~' * sin * + rLzl Ccosr-ixdx. 
J n n J 

Notk. If w Is odd, put cos* «5 — 1 — sin* as and use 63. 

61 . (sin x cos x dx = — J cos 2 x = i sin 2 as [ .+ const.]. 

62. \smxcos n xdx= — ^^—^,n=^-l. 
J n + 1 

63. fsin»xcosxdx = ^— ?, w=£-l. 
./ n + 1 

64. f«ln»acotf»s<fa = 8in^ 1 ^cos^q ; + m- 1 _l C s[n n x cosm -2 x dx 
J m + n m + nJ 

— sin w - , iccos m + 1 a; , n — 1 r o i^2«„« »«^ 
= 1 I sin* 1 ^ x cos m xax. 

m + n m + nJ 

Note. If « is an odd integer, set sin* x = 1 — cos* a; and use 62. If m is odd, use 63. 

65. f sin (mx) cos (nx) dx =- cos t (m ± n > *3 - C08 ^ m " n) *3 , 
J v y v ' 2(m + n) 2(m-n) 

m =^= ± n« 

66. fsin(mx)sin(nx)cfr = sin E( m -^ 

J K J v 2(«i-n) 2(m + n) 

67. f cos(mx)cos (nx)dx= sin ^ " ") *3 + sin C(» + ») *3 f m # ± n. 
J v ' v ' 2(ro-n) 2(m + n) 

68. {"tanxdx = — log cos x. 69. (tan 2 xdx = tanx — x. 

70. J"tan"xdx = tanw ~ lx - f tan*- 2 xdx. 

71. fctnx<fx = logsinx. 72. fctn 3 xdx =— ctnx— x. 

73. Jctn«xdx=-^^-j"ctnn- 2 xdx, 

74, (secxcfo = logto (-4-^-J = log (secx + tan x)[+ const.]. 
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IV, E] TRIGONOMETRIC 43 

75. (esc x dx = log tan - : = — log (esc x + ctn x) [ + const. ]. 
J 2 

76. f sec 2 xdx — tan x. 77. ( esc 2 xdx = — ctn as. 

78. f sec TO x csc w xdx— \ — (See also 64.) 

J J sin" x cos m x 

= — - — sec 1 *- 1 x csc*~ l x + m + n ~" 2 J sec m - 2 x csc n xdx 
m — 1 m— 1 J 

= - — sec*- 1 x esc"- 1 x -f m + n "" f sec m x esc**-* xdx. 

n- 1 n- 1 J 

Noras, (a) In 64 and 78 and many others, m and n may have negative values. 

(ft) To reduce J[sin n a5/co8*»a5]d«5 take m negative in 64. 

(c) To reduce J* [cos 1 * as/sin* 1 x] dx take n negative in 64. 

79. Substitutions: 





u = 


du 


sin as 


cos as 


tanas 


as 


dx 


(1) 


since 


cos x dx 


it 


Vl - u* 


n 


sin -1 w 


du 


vT^lT. 


(2) 


COSS0 


— An xdx 


Vl - u* 


w 




cos -1 u 


du 


Vi-t^ 


(3) 


tana? 


sec* x dx 


M 


1 


t* 


tan -1 t* 


du 
l+«* 


Vl + M« 


Vl + u* 


(4) 


sec 85 


sec x tan a? efcc 




1 




sec -1 u 


tfi* 


V«» - l 
u 


Vw«- I 


«Vm»- 1 


(5) 


tan- 


-sec*! rise 


2m 

1 + m* 


1 -t/» 

1 + u* 


2« 
1 - w* 


2 tan -1 u 


2rfu 
1 + w* 



Replace ctn x, secx, cscx by 1/tanx, 1/cosx, 1/sinx, respectively. 
Notes, (a) J /*(sin ») cos x dx, — use 79, (1). 

(6) J* F(cos aj) sin x dx, — use 79, (2). 

(c) J/'(tanaj)sec*a5da), — use 79, (8). 

(d) Inspection of this table shows desirable substitutions from trigonometric to 
algebraic, and conversely. Thus, if only tanas, sin 2 as, cos* a? appear, use 79, (3). 
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44 STANDARD INTEGRALS [IV, E 

80. f g*— = 1 S in-i 6 + qsinx < ifg2>&2 ; 

J a -f b sin x Va 2 — 6 2 a + 6 sin x 

= 1 log t-^^ + 't"^), if aS< 62. 
V& 2 -a 2 6 + V6 2 - a 2 + o tan (z/2) 



81. f f5_ = 1 tan-> fJ«EItanq, « 2 >& 2 ; 

Ja + bcoax Va 2 - 6 2 L^a + 6 2J 



V6 2 - a 2 Vft + a-Vd-atanC*^)' 



82. 



. (W-^ = X k> g tan*±i*, « = sin-i 5 

J a sm x + b cos x ^2 ^.52 2 Va 2 + ft 2 

. T . . r cos a? <? a? _. . . . 1 , . _ , 

Notes, (a) J & gin - , — use 79, (1), = ^ log (a + ft sin a). 

r ^ + ^8ina ; +(7c08 a ^^ / >r_cos»v^ + g|-^ + ,4ft-^ f tfo, 

WJ a + b Bin x J a + U sin a? b J 6 J a+ft sin a? 

then use 82 a, 80. 

(a) Many others similar to (a) and (&) ; e.g. J[sln a?/(a + b cos a>)] da>, — use 79, (2). 

(d) [ . , . — -^r — and like forms, — use 79, (8) ; see 79, note d. 

7 J fl* sin* x + ft» cos* 85 ' ' ' ' 

(e) As last resort, use 79, (5), for any rational trigonometric integral. 

Ed. Integrand Transcendental : Trigonometric-Algebraic. 

83. t^sinxdx =—x m cosx + m Ca^cosxdx. 

84. j x w cos x dx = X™ sin x — m 1 a;™- 1 sin x dx. 

Notes, (a) J*05 sin a? da? *= — a> cos a? + Jcos x dx % — use 58. 

(b) Jx m sin a> das, —repeat 88 to reach 68. 

(c) J (Any Polynomial) sin x dx, — split up and use 88. 

(d) For cos 85 repeat (a), (&), (c). 

85 rgin£fe = -sins + _1_ f eg* ^ „ # L 

./ x™ (m— l)x"»- 1 iB-Ua?"- 1 

86. f CQ8 *<*x = ™^ L_f5lE£dx, m^l. 

J x m (w — 1) X" 1 " 1 Wl — 1 J X" 1 " 1 
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IV, E] TRANSCENDENTAL 45 

87. C*™*dx= f[i_£ + *i ~]dx; see II, E, 13, p. 8. 

J x J L 3! 6! J 

88. J^<ta=/[i-| i + ^-...]<fe;seeII,E,U,p.& 
Note. Other trigonometric-algebraic combinations, use 5 ; or 79 followed by 89-94. 

Be. Integrand Transcendental : Inverse Trigonometric. 

89. ("sin-* xdx = x sin" 1 x + Vl — x 2 . [From 6. ] 

90. f cos -1 xdx = x cos -1 x — Vl — x 2 , 

91. f tan- 1 xdx = x tan" 1 x - \ log (1 + x 2 ). 

92. (Vsin-isds ^"* 18 * 11 ' 1 * - JL C^l^ % then63or54,32,36. 
J n-f 1 n+lJ Vl— x 2 

93. (V cos-i x dx = * n+lcos ' la; + -J- f *^L , theo 63 or 64, 32, 36. 
J w+1 »+l J Vl— a; 2 

94. Gn tan-i x ^ x = x^H^x 1_ Cx^dx ^ 1Q > 

J w + 1 n + lJl+a; 2 w 

Notes, (a) Replace ctn -1 a5 by — - tan-* a? ; or by tan - * (1/ce) and substitute 1/x — t*. 

(ft) Replace 8ec"~*a; by co8 _1 (l/0!), C8c -1 a? by ain~ l (\/x) and substitute 1/x^u. 
(c) /(Any Polynomial) sin'^xdx, split up and use 92. (Similarly for cos-»aj, etc.) 
(rf) J /(ft) sin - ia?da5, - use (5) with u — sin _ i». (Similarly for cos-ifl? and tan-*pv) 
(«) Other Inverse Trigonometric Integrands, use 79 or 5. 



Ed. Integrand Transcendental : Exponential and Logarithmic 
96. f a*dx = -2*- = -^- log 10 e = -^- 0.4343. 

96. (e*dx = &*. 

Notes, (a) J e**dx = e** -?- *. (ft) Notice a* = «0«V)« - e to , * - log, a. 

97. f x n e**cfo = -x n e** - - (x n -*<**dx. 
J k kJ 

Notes, (a) ^xeJ^dx = ere**/* - e to /#». (ft) /aV^da, —repeat 97 to reach 97 C«) 

(c) /(Any Polynomial) t* x dx t split up and use 97. 
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46 STANDARD INTEGRALS [IV, E 

98, f S dx = - 7 ^ "1 + —^-l f-^T <** (repeat to reach 99). 

J x m (m — 1) se*- 1 m — 1 J x m ~ 1 ' 

"• § e -x~ dx = j [I + * + ^[ + fi + -] dw ' w = te > 8ee raW «. v > H 

100. (>sinnsds = ^* sinn *-" cos " x . 
J k* + n 2 

101. f e*» ™« ^ ^ r - c*» * cos m + m sin ma; 

102. J \ogxdx = x\ogx — x. 

103. f(logx)-* = fl9E*i!t 1 , n *-\. 
J x n + 1 

104 ' /l^ = j^' u = l °Sx; see 99 and TaW**, V, H. 

105. f .r.» log r ,7r - ^-H f i°g g_ - 1 1 

J In + 1 (n + 1)2J ' 

106. f e** logxdx = 1 e** log a; - - (—dx, see 99. 
J k kJ x 

F. Some Important Definite Integrals. 

/•a© fly* i 

107 ' Ji ic™ = m— 1 ' ^ W > * ( otherwise non-existent). 

108. C — = — 

.*> a 2 + 6 2 s 2 2 aft' 

109 - ^^e* dx = T (n + 1) = n ! if n is integral. See V, F, p. 56. 

Notes, (a) In general, r (n + 1) = n • T (n), as for n !, if n>0. 

(6) r(2) = r(i) = i, r<i/2)-v£. r (n + 1) = n (*). 

110. f Wi - y/ )»(fa; - T (m + 1) rpi + 1) 

j0 r(m + n + 2) 

111. j o sinna?- siu ma? cfa? = Pcosna; cos majcfa; = 0, if m^n, 

if m and n are integral. 

112. j o z\r&nxdx = ^w&nxdx = t/2 ; n integral, see 56, 59. 
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tV, G] DEFINITE INTEGRALS 47 

113. fV to dx = l/fc. 114. JJ°[(sinnx)/x](ta = ir/2. 

115. TV** sin nx dx = n/(k* + n 2 ) , if k > 0. 

116. f V** cos mx dx = k/(k 2 + m 2 ) , if A; > 0. 

117. j"V**x» dx = r ^ n + 1 ) = ^ , if n is integral. See 109. 

118. fV* ,x2 dx = V*/(2A;)- 

119. t e-*** 2 cos mx dx = - — — , if k > 0. 

ion f 90 2dx _f° d» ^JL. 121. C(\ogx)»dx = (-l)»n\ 
1 ^°- Jo 6*^+6-** ~" J° cosh A;x 2 A; Jo 

122. if * /S log sin xdx = f * 2 log cos xdx = - 1 log 2. 

123. f 7r/2 8in 2 «+ixdx= f; /2 cos 2 ^ixdx= |^i^M- (n, positive 
Jo Jo 3.6.7...(2n + l) integer>) 

124. f*'W.*d* = f ff/2 cos 2 »xdx = 144^^ | (n,positive 
Jo Jo 2.4.(5.- 2 n J> integer.) 

G. Approximation Formulas. 

125. Cf(x)dx=f(c)(b-a), a<c<b. [Law of the Mean.] 

126. ( h f(x)dx = /W + ^M (6- a). [Trapezoid Rule— precise 
J** 2 for a straight line.] 

127. Cf(x)dx. [Extended Trapezoid Bule.] 

= [/(a)/2 + /(a+Ax)+/(a+2Ax)+ ». +/[a-h(n-l)Ax]+/(6)/2]Ax. 

128. r /W( ^ = ^) + 4/r(a-|-.)/2 1 + /(6) ( ^ a) . 

./a O 

[Prismoid Rule ; or second Simpson- Lagrange approximation; precise 
if /(x) is any quadratic or cubic ; see § 124, p. 202.] 

129. Cf(x)dx = y [/(a) + 4/(a + Ax) + 2/(a + 2 Ax) 

+ 4/(a + 3 Ax)-h 2/(a +4 Ax)+ .- +/(&)]. 
[Simpson's Rule ; or extended prismoid rule. Ex. 13, p. 207.] 



Digitized by 



Google 



48 STANDARD* INTEGRALS [IV, G 

130. Cf(x)dx 

= /(«)+Vr« + A»1+8/[a + 8A«1 + /(6) (6 _ o) . ^ =(J _ 0)/3 

O 

[A ^ird Simpson-Lagrange Approximation. Extend as in 129.] 

131. ( fix) dx 

_ 7/(a)+ 82/fr + Att]+ 12/[a + 2 Aa1+ 82/fo + 8 Att1+ 1/(b) (5 g); ^ =(b ^ a)/4t 

I A fourth Simpson-Lagrange Approximation; see Lagrange interpola- 
tion formula, II, I, 17, p. i5.] 

H. Standard Applications of Integration. 

132. Areas of Plane Figures : id A. 

(a) Strips AA parallel to y-axis : dA = y dx. 

(b) Strips AA parallel to rc-axis : dA = x dy. 

(o) Rectangles AJ. = Aa? Ay : dA = dxdy y A = ffdxdy. 

(d) Parameter form of equation : A =(1/2) f(xdy - ydx). 

(e) Polar sectors bounded by radii : dA — (p*/2) d0. 

(/) Polar rectangles &A — p Ap A0 : dA^pdpdO; A=ffpdpdB. 

133. Lengths of Plane Curves : Ids. 

(a) Equation in form y=f(x):ds = Vl +[/'(»)]* rfa>. 
(ft) Equation in form 85 - <£(y) : rf* — Vl +[0'(y)]*dy. 

(c) Parameter equations : rf« =\/dx* + dy*. 

(d) Polar equation : d* =\/dp* + p*d&. 

134. Volumes of Solids : (dV. 

(a) Frustum (area of cross section ^4) : d F =- .4 dA ; F — fAdh where A is the variable 
height perpendicular to the cross section A. 

(6) Bolid of revolution about a-axis : dV — ny*dx. 

(c) Bolid of revolution about y-axis : d V = nx* dy. 

(d) Rectangular coordinate divisions : d V = d x d y dz ; 

V=Mdzdydx= tfzdydx = f{]zdy}dx=> fAdm. 

(e) Polar coordinate divisions . d V *» p* sin 6 dpd<f> dB. 
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IV, H] APPLICATIONS 49 

135. Area of a Surface : I f sec + dx dy, 

where \p is the angle between the element ds of the surface and its pro- 
jection dxdy. 

(a) Surface of Revolution about #-axis : A=f2iryd8. 

(b) Surface of Revolution about y-axis : A = J" 2 irx ds. 

136. Length of twisted arcs : ids* 

(a) Rectangular Coordinates : d « = V ! d& + dy* + dz*. 

(b) Explicit Equations y =/(»), z = <f> (a?) : ds - Vl + [/' (a?)]a + [0' (a>)p. 

(c) »=/(*), y = <KQ, *= W : d« - Vt/'COp+t^'COJ^^'CO?. 

(d) Polar Coordinates : d« = Vrfp* + ps<fya + p» cos» <f> d«». 

137. Mass of a body: M=(dM=(pdV, 

where p is the density (mass per unit volume). 
(a) If p is constant : JT= p J*d V; see 134. 
(6) On any curve : d F= d «, if p — mass per unit length, 
(c) On any surface (or plane) : d V— dA, if p ■=■ mass per unit area. 

138. Average value of a variable quantity g : A* V* of q, : 

(a) throughout a solid : q —f(x, y,z)\ A.V.ofq.^fq dV-i- J* d V. 

(5) on an area A : A. V. of q. = fqdA -*• fdA. 
(c) on an arc*: A. V. of q. = fqds -f- jds. 

139. Center of Mass, (x, y, z) : sc = fa? <f ilf -f- idM, 
with similar formulas for y and £. See dJf, 137. 

(a) for a volume : dM=* pdV. 

(b) for an area : dM = p rf-4. 

(c) for an arc : dM= p d«. 

139.* Theorems of Pappus or Ouldin : 

(a) Surface generated by an arc of a plane curve revolved about an 
axis in its plane = length of arc x length of path of center of mass of arc. 

(6) Volume generated by revolving a closed plane, contour about an 
axis in its plane = area of contour x length of path of its center of mass. 

140. Moment of Inertia : I = f r2 d M . (See 137, 139.) 

(a) For plane figures, I x + T v = T , where I x , ly, 1 are taken about the avaxis, the 
y-axis, the origin, respectively. 

(6) For space figures, I x + T v + /«= 7 . 

(fi) I x = Ij + (» — x)*Mj where 7 5 is taken about a line || to the oj-axis. 
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50 STANDARD INTEGRALS [IV, R 

141. Radius of Gyration : k» = I -*- M = ( r* dM + (dM. 

(In 140 and 141, r may be the distance from some fixed point, or line, or plane.] 

142. Liquid pressure : JP = \ ph dA 9 

where P is the total pressure, dA is the elementary strip parallel to the 
surface ; h is the depth below the surface ; and p is the weight per unit 
volume of the liquid. 

143. Center of liquid pressure : h— (h*dA -^ (hdA. 

144. Work of a variable force : W —\f cos + ds 9 

where /is the numerical magnitude of the force, ds is the element of the 
arc of the path, and \j/ is the angle between / and ds. 

145. Attraction exerted by a solid : F= k( mdM 9 

where k is the attraction between two unit masses at unit distance, m is 
the attracted particle, dM is an element of the attracting body ; r is the 
distance from m to dM. 

Components F x , F y . F g of /'along Ox, Oy, 0a are : 

F x ~km\ — - — -, Fy-kmj—— — -, F» = km\ , 

where a, 0, y are the direction angles of a line joining m to d Jf. 

146. Work in an expanding gas : W = \p dv. 

147. Distance s, speed v, tangential acceleration jr' 

j T =(vdt=( | (sdt\dt. 
[Similar forms for angular speed and acceleration.] 

148. Errors of observation : 

(a) Probability of an error between x = a and x *= b : P = I y dx, where y is the 
probable number of errors of magnitude x. J* = a 

(6) The usual formula y - (h/\/n)e~ hixt gives: P= (A /V» )J« _W ** dx, where h 
is the so-called measure of precision. 

(c) Probability of an error between x =» — a and x— + a: P(a) — I y dx. 

Jx=-o 

(d) Probable error = (0.477) fh =» value of a for which P(a) — 1/2. 

(«) Mean error — i xydx-r- I y dx = 1 / (h\Zir) 
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V. NUMERICAL TABLES 
A. TRIGONOMETRIC FUNCTIONS 

[Characteristics of Logarithms omitted— determine by the usual rule from the value] 



Radians 


De- 


Sink 


Tangent 


Cotangent 


Cosine 






grees 


Value 


log 10 


Value log 10 


Value 


logio 


Value 


lo*?io 






0000 


0° 


.0000 


— oo 


.0000 —oo 


00 


00 


1.0000 


0000 


90° 


1.5708 


.0175 


1° 


.0175 


2419 


.0175 2419 


57.290 


7581 


.9998 


9999 


89° 


1.5533 


.0349 


2° 


.0349 


5428 


.0349 5431 


28.636 


4569 


.9994 


9997 


88° 


1.5359 


.0524 


3° 


.0523 


7188 


.0524 7194 


19.081 


2806 


.9986 


9994 


87° 


1.5184 


.0698 


4° 


.0698 


8436 


.0699 8446 


14.301 


1554 


.9976 


9989 


86° 


1.5010 


.0873 


5° 


.0872 


9403 


.0875 9420 


11.430 0580 


.9962 


9983 


85° 


1.4835 


.1047 


6° 


.1045 


0192 


.1051 0216 


9.5144 


9784 


.9945 


9976 


84° 


1.4661 


.1222 


7° 


.1219 0859 


.1228 0891 


8.1443 9109 


.9925 


9968 


83° 


1.4486 


.1396 


.8° 


.1392 


1436 


.1405 1478 


7.1154 


8522 


.9903 


9958 


82° 


1.4312 


.1571 


9° 


.1564 


1943 


.1584 1997 


6.3138 


8003 


.9877 


9946 


81° 


1.4137 


.1745 


10° 


.1736 


2397 


.1763 2463 


5.6713 


7537 


.9848 


9934 


80° 


1.3963 


.1920 


11° 


.1908 


2806 


.1944 2887 


5.1446 


7113 


.9816 


9919 


79° 


1.3788 


.2094 


12° 


.2079 


3179 


.2126 3275 


4.7046 


6725 


.9781 


9904 


78° 


1.3614 


.2269 


13° 


.2250 


3521 


.2309 3634 


4.3315 


61366 


.9744 


9887 


77° 


1.3439 


.2443 


14° 


.2419 


3837 


.2493 3968 


4.0108 


6032 


.9703 


9869 


76° 


1.3265 


.2618 


15° 


.2588 


4130 


.2679 4281 


3.7321 


5719 


.9659 


9849 


75° 


1.3090 


.2793 


16° 


.2756 


4403 


.2867 4575 


3.4874 


5425 


.9613 


9828 


74° 


1.2915 


.2967 


17° 


.2924 


4659 


.3057 4853 


3.2709 


5147 


.9563 


9806 


73° 


1.2741 


.3142 


18° 


.3090 


4900 


.3249 5118 


3.0777 


4882 


.9511 


9782 


72° 


1.2506 


.3316 


19° 


.3256 


5126 


.3443 5370 


2.9042 


4630 


.9455 


9757 


71° 


1.2392 


.3491 


20° 


.3420 


5341 


.3640 5611 


2.7475 


4389 


.9397 


9730 


70 D 


1.2217 


.3665 


21° 


.35*& 


5543 


.3839 5842 


2.6051 


4158 


.9336 


9702 


69° 


1.2043 


.3840 


22° 


.3746 


5736 


.4040 60(54 


2.4751 


3936 


.9272 


9072 


68° 


1.1868 


.4014 


23° 


.3907 


5919 


.4245 6279 


2.3559 


3721 


.9205 


9640 


67° 


1.1694 


.4189 


24° 


.4067 


6093 


.4452 6486 


2.2460 


3514 


.9135 


9607 


66° 


1.1519 


.4363 


25° 


.4226 


6259 


.4663 6687 


2.1445 


3313 


.9063 


9573 


(55° 


1.1345 


.4538 


26° 


.4384 


6418 


.4877 6882 


2.0503 


3118 


.8988 


9537 


64° 


1.1170 


.4712 


27° 


.4540 


6570 


.5095 7072 


1.9626 


2928 


.8910 


9499 


63° 


1.0996 


.4887 


28° 


.4695 


6716 


.5317 7257 


1.8807 


2743 


.8829 


9459 


62° 


1.0821 


.5061 


29° 


.4848 


6856 


.5543 7438 


1.8040 


2562 


.8746 


9418 


61° 


1.0647 


.5236 


30° 


.5000 


6990 


.5774 7614 


1.7321 


2386 


.8660 


9375 


60° 


1.0472 


.5411 


31° 


.5150 


7118 


.6009 7788 


1.6643 


2212 


.8572 


9331 


59° 


1.0297 


.5585 


32° 


.5299 


7242 


.6249 7958 


1.6003 


2042 


.8480 


9284 


58° 


1.0123 


.5760 


33° 


.5446 


7361 


.6491 8125 


1.5399 


1875 


.8387 


923(5 


57° 


.9948 


.5934 


34° 


.5592 


7476 


.6745 8290 


1.4826 


1710 


.8290 


9186 


56° 


.9774 


.6109 


35° 


.5736 


7586 


.7002 8452 


1.4281 


1548 


.8192 


9134 


55° 


.9599 


.6283 


36° 


.5878 


7692 


.7265 8613 


1.3764 


1387 


.8090 


9080 


54° 


.9425 


.6458 


37° 


.6018 


7795 


.7536 8771 


1.3270 


1229 


.7986 


9023 


53° 


.9250 


.6632 


38° 


.6157 


7893 


.7813 8928 


1.2799 


1072 


.7880 


89(55 


52° 


.9076 


.6807 


39° 


.6293 


7989 


.8098 9084 


1.2349 


0916 


.7771 


8905 


51° 


.8901 


.6981 


40° 


.6428 


8081 


.8391 9238 


1.1918 


0762 


.7660 


8843 


50° 


.8727 


.7156 


41° 


.6561 


8169 


.8693 9392 


1.1504 


0608 


.7547 


8778 


49° 


.8552 


.7330 


42° 


.6691 


8255 


.9004 9544 


1.1106 


0456 


.7431 


8711 


48° 


.8378 


.7505 


43° 


.6820 


8338 


.9325 9697 


1.0724 


0303 


.7314 


8641 


47° 


.8203 


.7679 


44° 


.6947 


8418 


.9657 9848 


1.0355 


0152 


.7193 


8569 


46° 


.8029 


.7854 


45° 


.7071 


8495 


1.0000 0000 


1.0000 


0000 


.7071 


8495 


45° 


.7854 






Value 


>Sio 


Value log 10 


Value 


l"Pio 


Value 


log 10 


De- 


Radians 






Cosinr 


Cotangent 


Tangent 


Sine 
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1 


2 


3 


4 


5 


6 


7 


8 


9 


D 


10 


0000 


0013 


0086 


0128 


0170 


0212 


0253 


0294 


03^ 


0374 


42 


11 


0414 


0453 


0492 


0531 


0569 


0607 


0645 


0682 


0719 


0755 


38 


12 


0792 


0828 


0864 


0899 


0934 


0969 


1004 


1038 


1072 


1106 


35 


13 


1139 


1173 


1206 


1239 


1271 


1303 


1335 


1367 


1399 


1430 


32 


14 


1461 


1492 


1523 


1553 


1584 


1614 


1644 


1673 


1703 


1732 


30 


15 


1761 


1790 


1818 


1847 


1875 


1903 


1931 


1959 


1987 


2014 


28 


16 


2041 


2068 


2095 


2122 


2148 


2175 


2201 


2227 


2253 


2279 


26 


17 


2304 


2330 


2355 


2380 


2405 


2430 


2455 


2480 


2504 


2529 


25 


18 


2553 


2577 


2601 


2625 


2648 


2672 


2695 


2718 


2742 


2765 


24 


19 


2788 


2810 


2833 


2856 


2878 


2900 


2923 


2945 


2967 


2989 


22 


20 


3010 


3032 


3054 


3075 


3096 


3118 


3139 


3160 


3181 


3201 


21 


21 


3222 


3243 


3263 


3284 


3304 


a324 


3345 


3365 


3385 


3404 


20 


22 


3424 


3444 


3464 


3483 


3502 


3522 


3541 


3560 


3579 


3598 


19 


23 


3617 


3636 


3655 


3674 


3692 


3711 


3729 


3747 


3766 


3784 


18 


24 


3802 


3820 


3838 


3856 


3874 


3892 


3909 


3927 


3945 


3962 


18 


25 


3979 


3997 


4014 


4031 


4048 


4065 


4082 


4099 


4116 


4133 


17 


26 


4150 


4166 


4183 


4200 


4216 


4232 


4249 


4265 


4281 


4298 


16 


27 


4314 


4330 


4346 


4362 


4378 


4393 


4409 


4425 


4440 


4456 


16 


28 


4472 


4487 


4502 


4518 


4533 


4548 


4564 


4579 


4594 


4609 


15 


29 


4624 


4639 


4654 


4669 


4683 


4698 


4713 


4728 


4742 


4757 


15 


30 


4771 


4786 


4800 


4814 


4829 


4843 


4857 


4871 


4886 


4900 


14 


31 


4914 


4928 


4942 


4955 


4969 


4983 


4997 


5011 


5024 


5038 


14 


32 


5051 


5065 


5079 


5092 


5105 


5119 


5132 


5145 


5159 


5172 


13 


33 


5185 


5198 


5211 


5224 


5237 


5250 


5263 


5276 


5289 


5302 


13 


34 


5315 


5328 


5340 


5353 


5366 


5378 


5391 


5403 


5416 


5428 


13 


35 


5441 


5453 


5465 


5478 


5490 


5502 


5514 


5527 


5539 


5551 


12 


36 


5563 


5575 


5587 


5599 


5611 


5623 


5635 


5647 


5658 


5670 


12 


37 


5682 


5694 


5705 


5717 


5729 


5740 


5752 


5763 


5775 


5786 


12 


38 


5798 


5809 


5821 


5832 


5843 


5855 


5866 


5877 


5888 


5899 


11 


39 


5911 


5922 


5933 


5944 


5955 


5966 


5977 


5988 


5999 


6010 


11 


40 


6021 


6031 


6042 


6053 


6064 


6075 


6085 


6096 


6107 


6117 


11 


41 


6128 


6138 


6149 


6160 


6170 


6180 


6191 


6201 


6212 


6222 


10 


42 


6232 


6243 


6253 


6263 


6274 


6284 


6294 


6304 


6314 


6325 


10 


43 


6335 


6345 


6355 


6365 


6375 


6385 


6395 


6405 


6415 


6425 


10 


44 


6435 


6444 


6454 


6464 


6474 


6484 


6493 


6503 


6513 


6522 


10 


45 


6532 


6542 


6551 


6561 


6571 


6580 


6590 


6599 


6609 


6618 


10 


46 


6628 


6637 


6646 


6656 


6665 


6675 


6684 


6693 


6702 


6712 


9 


47 


6721 


6730 


6739 


6749 


6758 


6767 


6776 


6785 


6794 


6803 


9 


48 


6812 


6821 


6830 


6839 


6848 


6857 


6866 


6875 


6884 


6893 


9 


49 


6902 


6911 


6920 


6928 


6937 


6946 


6955 


6964 


6972 


6981 


9 


50 


6990 


6998 


7007 


7016 


7024 


7033 


7042 


7050 


7059 


7067 


9 


51 


7076 


7084 


7093 


7101 


7110 


7118 


7126 


7135 


7143 


7152 


8 


52 


7160 


7168 


7177 


7185 


7193 


7202 


7210 


7218 


7226 


7235 


8 


53 


7243 


7251 


7259 


7267 


7275 


7284 


7292 


7300 


7308 


7316 


8 


54 


7324 


7332 


7340 


7348 


7356 


7364 


7372 


7380 


7388 


7396 


8 
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N 





1 


2 


3 


4 


5 


6 


7 


8 


9 


D 


55 


7404 


7412 


7419 


7427 


7435 


7443 


7451 


7459 


7466 


7474 


8 


56 


7482 


7490 


7497 


7505 


7513 


7520 


7528 


7536 


7543 


7551 


8 


57 


7559 


7566 


7574 


7582 


7589 


7597 


7604 


7612 


7619 


7627 


8 


58 


7634 


7642 


7649 


7657 


76(J4 


7672 


7679 


7686 


7694 


7701 


7 


59 


7709 


7716 


7723 


7731 


7738 


7745 


7752 


7760 


7767 


7774 


7 


60 


7782 


7789 


7796 


7803 


7S10 


7818 


7825 


7832 


7839 


7846 


7 


61 


7853 


7860 


7868 


7875 


7882 


7889 


7896 


7903 


7910 


7917 


7 


62 


7924 


7931 


7938 


7945 


7952 


7959 


7966 


7973 


7980 


7987 


7 


63 


7993 


8000 


8007 


8014 


8021 


8028 


8035 


8041 


6048 


8055 


7 


64 


8062 


8069 


8075 


8082 


8089 


8096 


8102 


8109 


8116 


8122 


7 


65 


8129 


8136 


8142 


8149 


8156 


8162 


8169 


8176 


8182 


8189 


7 


66 


8195 


8202 


8209 


8215 


8222 


8228 


8235 


8241 


8248 


8254 


7 


67 


8261 


8267 


8274 


8280 


8287 


8293 


8299 


8306 


8312 


8319 


6 


68 


8325 


8331 


8338 


8344 


8351 


8357 


8363 


8370 


8376 


8382 


6 


69 


8388 


8395 


8401 


8407 


8414 


8420 


8426 


8432 


8439 


8445 


6 


70 


8451 


8457 


8463 


8470 


8476 


8482 


8488 


8494 


8500 


8506 


6 


71 


8513 


8519 


8525 


8531 


8537 


8543 


8549 


8555 


8561 


8567 


6 


72 


8573 


8579 


8585 


8591 


8597 


8603 


8609 


8615 


8621 


8627 


6 


73 


8633 


8639 


8645 


8651 


8657 


8663 


8669 


8675 


8681 


8686 


6 


74 


8692 


8698 


8704 


8710 


8716 


8722 


8727 


8733 


8739 


8745 


6 


75 


8751 


8756 


8762 


8768 


8774 


8779 


8785 


8791 


8797 


8802 


6 


76 


8808 


8814 


8820 


8825 


8831 


8837 


8842 


8848 


8854 


8859 


6 


77 


8865 


8871 


8876 


8882 


8887 


8893 


8899 


8904 


8910 


8915 


6 


78 


8921 


8927 


8932 


8938 


8943 


8949 


8954 


8960 


8965 


8971 


6 


79 


8976 


8982 


8987 


8993 


8998 


9004 


9009 


9015 


9020 


9025 


5 


80 


9031 


9036 


9042 


9047 


9053 


9058 


9063 


9069 


9074 


9079 


5 


81 


9085 


9090 


9096 


9101 


9106 


9112 


9117 


9122 


9128 


9133 


5 


82 


9138 


9143 


9149 


9154 


9159 


9165 


9170 


9175 


9180 


9186 


5 


83 


9191 


9196 


9201 


9206 


9212 


9217 


9222 


9227 


9232 


9238 


5 


84 


9243 


9248 


9253 


9268 


9263 


9269 


9274 


9279 


9284 


9289 


5 


85 


9294 


9299 


9304 


9309 


9315 


9320 


9325 


9330 


9335 


9340 


5 


86 


9345 


9350 


9355 


9360 


9365 


9370 


9375 


9380 


9385 


9390 


5 


87 


9395 


9400 


9405 


9410 


9415 


9420 


9425 


9430 


9435 


9440 


5 


88 


9445 


9450 


9455 


9460 


9465 


9469 


9474 


9479 


9484 


9489 


5 


89 


9494 


9499 


9504 


9509 


9513 


9518 


9523 


9528 


9533 


9538 


5 


90 


9542 


9547 


9552 


9557 


9562 


9566 


9571 


9576 


9581 


9586 


5 


91 


9590 


9595 


9600 


9605 


9609 


9614 


9619 


9624 


9628 


9633 


5 


92 


9638 


9643 


9647 


9652 


9657 


9661 


9666 


9671 


9675 


9680 


5 


93 


9685 


9689 


9694 


9699 


9703 


9708 


9713 


9717 


9722 


9727 


5 


94 


9731 


9736 


9741 


9745 


9750 


9754 


9759 


9763 


9768 


9773 


5 


95 


9777 


9782 


9786 


9791 


9795 


9800 


9805 


9809 


9814 


9818 


5 


96 


9823 


9827 


9832 


9836 


9841 


9845 


9850 


9854 


9859 


9863 


5 


97 


9868 


9872 


9877 


9881 


9886 


9890 


9894 


9899 


9903 


9908 


4 


98 


9912 


9917 


9921 


9926 


9930 


9934 


9939 


9943 


9948 


9952 


4 


99 


9956 


9961 


9965 


9969 


9974 


9978 


9983 


9987 


9991 


9996 


4 
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e x 


e- 


-X 


sin ha? 


cosh as 


» 


log e o? 


Value 


log 10 


Value 


lo&io 


Value 


K'lO 


Value 


loPio 


0.0 


— 00 


1.000 


0.000 


1.000 


0.000 


0.000 


— oo 


1.000 





0.1 


-2.303 


1.105 


0.043 


0.905 


9.957 


0.100 


9.001 


1.005 


0.002 


0.2 


-1.610 


1.221 


0.087 


0.819 


9.913 


0.201 


9.304 


1.020 


0.009 


0.3 


-1.204 


1.350 


0.130 


0.741 


9.870 


0.305 


9.484 


1.045 


0.019 


0.4 


-0.916 


1.492 


0.174 


0.670 


9.826 


0.411 


9.614 


1.081 


0.034 


0.5 


-0.693 


1.649 


0.217 


0.607 


9.783 


0.521 


9.717 


1.128 


0.052 


0.6 


-0.511 


1.822 


0.261 


0.549 


9.739 


0.637 


9.804 


1.185 


0.074 


0.7 


-0.357 


2.014 


0304 


0.497 


9.696 


0.759 


9.880 


1.255 


0.099 


0.8 


-0.223 


2.226 


0.347 


0.449 


9.653 


0.888 


9.948 


1.337 


0.126 


0.9 


-0.105 


2.460 


0.391 


0.407 


0.609 


1.027 


0.011 


1.433 


0.156 


1.0 


0.000 


2.718 


0.434 


0368 


9.566 


1.175 


0.070 


1.543 


0.188 


1.1 


0.095 


3.004 


0.478 


0.333 


9.522 


1.336 


0.126 


1.669 


0222 


1.2 


0.182 


3.320 


0.521 


0.301 


9.479 


1.509 


0.179 


1.811 


0.258 


1.3 


0.262 


3.669 


0.565 


0.273 


9.435 


1.698 


0.230 


1.971 


0.295 


1.4 


0.336 


4.055 


0.608 


0.247 


9.392 


1.904 


0.280 


2.151 


0.333 


1.5 


0.405 


4.482 


0.651 


0.223 


9.349 


2.129 


0.328 


2.352 


0.372 


1.6 


0.470 


4.953 


0.695 


0.202 


9.305 


2.376 


0.376 


2.577 


0.411 


1.7 


0.531 


5.474 


0.738 


0.183 


9.262 


2.646 


0.423 


2.828 


0.452 


1.8 


0.588 


6.050 


0.782 


0.165 


9.218 


2.942 


0.469 


3.107 


0.492 


1.9 


0.642 


6.686 


0.825 


0.150 


9.175 


3.268 


0.514 


3.418 


0.534 


2.0 


0.693 


7.389 


0.869 


0.135 


9.131 


3.627 


0.560 


3,762 


0.575 


2.1 


0.742 


8.J66 


0.912 


0.122 


9.088 


4.0^2 


0.604 


4.144 


0.617 


2.2 


0.788 


9.025 


0.955 


0.111 


9.045 


4.457 


0.649 


4.568 


0.660 


2.3 


0.833 


9.974 


0.999 


0.100 


9.001 


4.937 


0.690 


5.037 


0.702 


2.4 


0.875 


11.02 


1.023 


0.091 


8.958 


5.466 


0.738 


5.557 


0.745 


2.5 


0.916 


12.18 


1.086 


0.082 


8.914 


6.050 


0.782 


6.132 


0.788 


2.6 


0.956 


13.46 


1.129 


0.074 


8.871 


6.695 


0.826 


6.769 


0.831 


2.7 


0.993 


14.88 


1.173 


0.067 


8.827 


7.406 


0.870 


7.473 


0.874 


2.8 


1.030 


16.44 


1.216 


0.061 


8.784 


8.192 


0.913 


8.253 


0.917 


2.9 


1.065 


18.17 


1.259 


0.055 


8.741 


9.060 


0.957 


9.115 


0.960 


3.0 


1.099 


20.09 


1.303 


0.050 


8.697 


10.018 


1.001 


10.068 


1.003 


3.5 


1.253 


33.12 


1.520 


0.03Q 


8.480 


16.543 


1.219 


16.573 


1.219 


4.0 


1.386 


54.60 


1.737 


0.018 


8.263 


27.290 


1.436 


27.308 


1.436 


4.5 


1.504 


90.02 


1.954 


0.011 


8.046 


45.003 


1.653 


45.014 


1.653 


5.0 


1.609 


148.4 


2.171 


0.007 


7.829 


74.203 


1.870 


74.210 


1.870 


6.0 


1.792 


403.4 


2.606 


0.002 


7.394 


201.7 


2.305 


201.7 


2.305 


7.0 


1.946 


1096.6 


3.040 


0.001 


6.960 


548.3 


2.739 


548.3 


2.739 


8.0 


2.079 


2981.0 


3.474 


0.000 


6.526 


1490.5 


3.173 


1490.5 


3.173 


9.0 


2.197 


8103.1 


3.909 


0.000 


6.091 


4051.5 


3.608 


4051.5 


3.608 


10.0 


2.303 


22026. 


4.343 


0.000 


5.657 


11013. 


4.041 


11013. 


4.041 



log e x. = (log 10 x)+M ; M = .4342944819. log 10 e x +v = log 10 e x -r log 10 ev. 

Sinhx and cosh a; approach e x /2 as x increases (see Fig. E, p.££). The 
formula log 10 (e x / t 2) = M -x — log 10 2 represents log 10 sinhaj and log 10 coshx to 
three decimal places when x > 3.5 ; four places when x > 5 ; to five places when 
x > 6 ; to eight places when x > 10. 
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Jo VI -A:* gin* 6 J© 



VALUES OF 

dx 



V(l-a5*)(l-Jfc*ap8) 
[Elliptic Integral of the First Kind.] 






= sinei 
sin + r 



fc- 


*=5° 


*=10° 


<f>=15° 


*=80° 


0=45° 


*=60° 


*=75° 


K 




= ir/36 


-»/18 


-ir/12 


= ir/6 


-IT/4 


-w/8 


=5ir/12 


0=90° 


















= ir/2 


0.0 


0.087 


0.175 


0.262 


0.524 


0.785 


1.047 


1.309 


1.571 


0.1 


0.087 


0.175 


0.262 


0.524 


0.786 


1.049 


1.312 


1.575 


0.2 


0.087 


0.175 


262 


0.525 


0.789 


1.054 


1.321 


1.588 


0.3 


0.087 


0.175 


0.262 


0.526 


0.792 


1.062 


1.336 


1.610 


0.4 


0.087 


0.175 


0.262 


0.527 


0.798 


1.074 


1.358 


1.643 


0.5 


0.087 


0.175 


0.263 


0.529 


0.804 


1.090 


1.385 


1.686 


06 


0.087 


0.175 


0.263 


0.532 


0.814 


1.112 


1.426 


1.752 


0.7 


0.087 


0.175 


0.263 


0.536 


0.826 


1.142 


1.488 


1.854 


0.8 


0.087 


0.175 


0.264 


0.539 


0.839 


1.178 


1.566 


1.993 


0.9 


0.087 


0.175 


0.264 


0.544 


0.858 


1.233 


1.703 


2.275 


10 


0.087 


0.175 


0.265 


0.549 


0.881 


1.317 


2.028 


00 



E. VALUES OF 



E(k, +)= fVl-fc2sin2ede = f * 
Jo Jo 



"Vl-A;*** 



[Elliptic Integral of the Second Kind.] 



dx, 



J as = sin 1 



fc- 


<f>=5° 


4>=10° 


*=15° 


<J>=80° 


<f>-45° 


0=60° 


<*>=75° 


E 




= ir/36 


-w/18 


-ir/12 


-ir/6 


= ir/4 


-ir/8 


= 6 ir/12 


0=80° 


















-ir/2 


0.0 


087 


0.175 


0.262 


0.524 


0.785 


1.047 


1.309 


1.571 


0.1 


0.087 


0.175 


0.262 


0.523 


0.785 


1.046 


1.306 


1.566 


0.2 


0.087 


0.174 


0.262 


0.523 


0.782 


1.041 


1.297 


1.554 


0.3 


0.087 


0.174 


0.262 


0.521 


0.779 


1.033 


1.283 


1.533 


0.4 


0.087 


0.174 


0.261 


0.520 


0.773 


1.026 


1.264 


1.504 


0.5 


0.087 


0.174 


0.261 


0.518 


0.767 


1.008 


1.240 


1.467 


0.6 


0.087 


0.174 


0.261 


0.515 


0.759 


0.989 


1.207 


1.417 


0.7 


0.087 


0.174 


0.2(50 


0.512 


0.748 


0.965 


1.163 


1.351 


0.8 


0.087 


0.174 


0.260 


0.509 


0.737 


0.9*0 


1.117 


1.278 


0.9 


0.087 


0.174 


0.259 


0.505 


0.723 


0.907 


1.053 


1.173 


1.0 


0.087 


0.174 


0.259 


0.500 


0.707 


0.866 


0.966 


1.000 
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F. VALUES OF H (p) =T(p + 1) = f S- ^Peto 
p A PROPER FRACTION 

[II fn) = T (n + 1) = n !, if n is a positive integer.] 





p-0.0 


p-0.1 


p=0.2 


p=0.3 


p-0.4 


p-0.5 


p=0.6 


p=0.7 


p=0.8 


p=M 


r(/>+i)= 


1.000 


0.951 


0.918 


0.897 


0.887 


0.886=v^/2 


0.894 


0.909 


0.931 


0.962 



r(* + 1) = k T(k), if * > ; hence T(k + 1) can be calculated at intervals of 0.1. 
Minimum value of T(p + 1) is .88560 atp = .46163. 



VALUES OF THE PROBABILITY INTEGRAL: ~ C"e-**dx. 

.Jo 



Vm 



X 


.0 


.1 


.2 


.3 


.4 


.5 


.6 


.7 


.8 


.9 


0. 
1. 
2. 


.0000 
.8427 
.9953 


.1125 
.8802 
.9970 


.2227 
.9103 
.9981 


.3286 
.9340 
.9989 


.4284 
.9523 
.9993 


.5205 
.9661 
.9996 


.6039 
.9763 
.9998 


.6778 
.9838 

QQQU 


.7421 
.9891 
.9999 


.7969 

.9928 

1.0000 



H. VALUES OF THE INTEGRAL C 

[Note break at x = 0.] 








n=l 


n-2 


n-3 


n=4 


n=5 


n=6 


n=7 


n=8 


n-J 


x ==■— n * 
x=— n/10 


-.2194 
- 1.823 


-.0489 
- 1.223 


-.0130 
-.9057 


-.0038 
- .7024 


-.0012 
-.5598 


-.0004 
— .4544 


-.0001 
-.3738 


— .0000 

— .3106 


-.0000 
-.2002 


a: = +n/10 
x=+n 


- 1.623 
1.895 


- .8218 
4.954 


-.3027 
9.934 


+ .1048 
19.63 


.4542 
40.18 


.7699 
85.99 


1.065 
191.5 


1.347 
440.4 


1.623 
1038 



'Note. 



r° e*dx 



=— oo. Values on each side of x = can be used safely. 



X* -^L an d C e —dx reduce to the integral here tabulated ; see IV, 99, 104, p. 46. 
log as J x n 
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Ii. RECIPROCALS OF NUMBERS FROM 1 TO 9.9 



1 


.0 


.1 


.2 


3 


.4 


5 


.6 


.7 


.8 


.9 


1.000 


0.909 


0.833 


0.769 


0.714 


0.667 


0.625 


0.588 


0.556 


0.526 


2 


0.500 


0.476 


0.455 


0.435 


0.417 


0.400 


0.385 


0.370 


0.357 


0.345 


3 


0.333 


0.323 


0.313 


0.303 


0.294 


0.286 


0.278 


0.270 


0.263 


0.256 


4 


0.250 


0.244 


0.238 


0.233 


0.227 


0.222 


0.217 


0.213 


0.208 


0.204 


5 


0.200 


0.106 


0.193 


0.189 


0.185 


0.182 


0.179 


0175 


0172 


0.169 


6 


0.167 


0.164 


0.161 


0.159 


0.156 


0.154 


0.152 


0.149 


0.147 


0.145 


7 


0.143 


0.141 


0.139 


0.137 


0.135 


0.133 


0.132 


0.130 


0.128 


0.127 


8 


0.125 


0.123 


0.122 


0.120 


0.119 


0.118 


0.116 


0.115 


0.114 


0.112 


9 


0.111 


0.110 


0.109 


0.108 


0.106 


0.105 


0.104 


0.103 


0.102 


0.101 



I 2 . SQUARES OF NUMBERS FROM 10 TO 99 








1 


2 


3 


4 


5 


6 


7 


8 


9 


1 


100 


121 


144 


169 


196 


225 


256 


• 289 


324 


361 


2 


400 


441 


484 


529 


576 


625 


676 


729 


784 


841 


3 


900 


961 


1024 


1089 


1156 


1225 


1296 


1369 


1444 


1521 


4 


1600 


1681 


1764 


1849 


1936 


2025 


2116 


2209 


2304 


2401 


5 


2500 


2601 


2704 


2809 


2916 


3025 


3136 


3249 


3364 


3481 


6 


3600 


3721 


3844 


3969 


4096 


4225 


4356 


4489 


4624 


4761 


7 


4900 


5041 


5184 


5329 


5476 


5625 


5776 


5929 


6084 


6241 


8 


6400 


6561 


6724 


6889 


7056 


7225 


7396 


7569 


7744 


7921 


9 


8100 


8281 


8464 


8649 


8836 


9025 


9216 


9409 


9604 


9801 



I 8 . CUBES OF NUMBERS FROM 1 TO 9.9 



1 


.0 


.1 


.2 


.3 


.4 


.5 


.6 


.7 


.8 


.9 


1.00 


1.33 


1.73 


2.20 


2.74 


3.37 


4.10 


4.91 


5.83 


6.86 


2 


8.00 


9.26 


10.65 


12.17 


13.82 


15.62 


17.58 


19.68 


21.95 


24.39 


3 


27.00 


29.79 


32.77 


35.94 


39.30 


42.87 


46.66 


50.65 


54.87 


56.32 


4 


64.0 


68.9 


74.1 


79.5 


85.2 


91.1 


97.3 


103.8 


110.6 


117.6 


5 


125.0 


132.7 


1406 


148.9 


157.5 


1664 


175.6 


1852 


195.1 


2054 


6 


216.0 


227.0 


238.3 


250.0 


262.1 


274.6 


287.5 


300.8 


314.4 


328.5 


7 


343.0 


357.9 


373.2 


389.0 


405.2 


421.9 


439.0 


456.5 


474.6 


493.0 


8 


512.0 


531.4 


551.4 


571.8 


592.7 


614.1 


636.1 


658.5 


681.5 


705.0 


9 


729.0 


753.6 


778.7 


804.4 


830.6 


857.4 


884.7 


912.7 


941.2 


970.3 
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Ji. SQUARE SOOTS OF NUMBERS FROM 1 TO 9.9 





.0 


.1 


.2 


.3 


.4 


.5 


.6 


.7 


.8 


.9 





0.000 


0.316 


0.447 


0.548 


0.632 


0.707 


0.775 


0.837 


0.894 


0.949 


1 


1.000 


1.049 


1.095 


1.140 


1.183 


1.225 


1.265 


1.304 


1.342 


1.378 


2 


1.414 


1.449 


1.483 


1.517 


1.549 


1.581 


1.612 


1.643 


1.673 


1.703 


3 


1.732 


1.761 


1.789 


1.817 


1.844 


1.871 


1.897 


1.924 


1.949 


1.975 


4 


2.000 


2.025 


2.049 


2.074 


2.098 


2.121 


2.145 


2.168 


2191 


2.214 


5 


2.236 


2.258 


2.280 


2302 


2.324 


2.345 


2.366 


2.387 


2408 


2429 


6 


2.449 


2.470 


2.490 


2.510 


2.530 


2.550 


2.569 


2.588 


2.608 


2.627 


7 


2.646 


2.665 


2.683 


2.702 


2.720 


2.739 


2.757 


2.775 


2.793 


2.811 


8 


2.828 


2.846 


2.864 


2.881 


2.898 


2.915 


2.933 


2.950 


2.966 


2.983 


9 


3.000 


3.017 


3.033 


3.050 


3.066 


3.082 


3.098 


3.114 


3.130 


3.146 



J 2 . SQUARE ROOTS OF NUMBERS FROM 10 TO 



1 





1 


2 


3 


4 


5 


6 


7 


8 


9 


3162 


3.317 


3.464 


3.606 


3.742 


3.873 


4.000 


4.123 


4.243 


4.359 


2 


4.472 


4.583 


4.690 


4.796 


4.899 


5.000 


5.099 


5.196 


5.292 


5.385 


3 


5.477 


5.568 


5.657 


5.745 


5.831 


5.916 


6.000 


6.083 


6.164 


6.245 


4 


6.325 


6.403 


6.481 


6.557 


6.633 


6.708 


6.782 


6.856 


6.928 


7.000 


5 


7.071 


7141 


7.211 


7280 


7348 


7.416 


7483 


7.550 


7.616 


7681 


6 


7.746 


7.810 


7.874 


7.937 


8.000 


8.062 


8.124 


8.185 


8.246 


8.307 


7 


8.367 


8.426 


8.485 


8.544 


8.602 


8.660 


8.718 


8.775 


8.832 


8.888 


8 


8.944 


9.000 


9.055 


9.110 


9.165 


9.220 


9.274 


9.327 


9.381 


9.434 


9 


9.487 


9.539 


9.592 


9.644 


9.695 


9.747 


9.798 


9.849 


9.899 


9.950 



K. RADIANS TO DEGREES 





Radians 


Tenths 


Hundredths 


Thousandths 


Ten-thousandths 


1 


57°17 / 44 // .8 


5°43'46".5 


0°34'22 // .6 


0° 3'26".3 


0° 0'20".6 


2 


114°35'29".6 


11°27'33".0 


1° 8'45".3 


0° 6'52".5 


0° 0'41".3 


3 


171°53'14".4 


17°11'19".4 


1°43'07".9 


0°10'18".8 


0° 1'01".9 


4 


229°10 / 59".2 


22°55'05".9 


2°17'30".6 


0°13'45".l 


0° 1'22".5 


5 


286°28'44".0 


28°38'52".4 


2°51'53".2 


0°17'11".3 


0° l'43".l 


6 


343°46'28".8 


34°22'38".9 


3°26'15".9 


0°20 / 37 // .6 


0° 2'03".8 


7 


401° 4'13".6 


40° 6'25".4 


4° 0'38".5 


0°24'03".9 


0° 2'24".4 


8 


458°21'58' / .4 


45°50'11".8 


4°35 / 01 // .2 


0°27'30".l 


0° 2'45".0 


9 


515°39'43".3 


51°33'58".3 


5° 9'23".8 


0°30'56 // .4 


0° 3'05".6 
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L. IMPORTANT CONSTANTS AND THEIR COMMON 
LOGARITHMS 



N= Number 


Value op N 


LoOjo H 


IT 


3.14159265 


0.49714987 


1-^-ir 


0.31830989 


9.50285013 


7f2 


9.86960440 


0.99429975 


V? 


1.77245385 


0.24857494 


e = Napierian Base 


2.71828183 


0.43429448 


M=iog 10 e 


0.43429448 


9.63778431 


l-*-M=\og e 10 


2.30258509 


0.36221569 


180 -f- 7r = degrees in 1 radian 


57.2957795 


1.75812263 


tr -T- 180 = radians in 1° 


0.01745329 


8.24187737 


ir -*- 10800 == radiaus in 1' 


0.0002908882 


6.46372612 


ir + 648000 = radians in 1" 


0.000004848136811095 


4 68557487 


sin 1" 


0.000004848136811076 


4.68557487 


tan 1" 


0.000004848136811133 


4.68557487 


centimeters in 1 ft. 


30.480 


1.4840158 


feet in 1 cm. 


0.032808 


8.5159842 


inches in 1 m. 


39.37 


1.5951654 


pounds in 1 kg. 


2.20462 


0.3433340 


kilograms in 1 lb. 


0.453593 


9.6566660 


g (average value) 


32.16 ft./sec./sec. 


1.5073 




= 981 cm./sec./sec. 


2.9916690 


weight of 1 cu. ft. of water 


62.425 lb. (max. density) 


1.7953586 


weight of leu. ft. of air 


0.0807 lb. (at 32° F.) 


8.907 


cu. in. in 1 (U.S.) gallon 


231 


2 3636120 


ft. lb. per sec. in 1 H. P. 


550. 


2.7403627 


kg. m. per sec. in 1 H. P. 


76.0404 


1.8810445 


watts in 1 H. P. 


745.957 


2.8727135 



M. DEGREES TO RADIANS 



1° 


.01745 


10° 


.17453 


100° 


1.74533 


6' 


.00175 


6" 


.00003 


2° 


.03491 


20° 


.34907 


110° 


1.91986 


V 


.00204 


7" 


.00003 


3° 


.05236 


30° 


.52360 


120° 


2.09440 


8' 


.00233 


8" 


.00004 


4° 


.06981 


40° 


.69813 


130° 


2.26893 


9' 


.00262 


9" 


.00004 


5° 


.08727 


50° 


.87266 


140° 


2.44346 


10' 


.00291 


10" 


.00005 


6° 


.10472 


60° 


1.04720 


150° 


2.61799 


20' 


.00582 


20" 


.00010 


7° 


.12217 


70° 


1.22173 


160° 


2.79253 


30' 


.00873 


30" 


.00015 


8° 


.13963 


80° 


1.39626 


170° 


2.96706 


40' 


.01164 


40" 


.00019 


9° 


.15708 


90° 


1.57080 


180° 


3.14159 


50' 


.01454 


50" 


.00024 



Digitized by 



Google 



60 



NUMERICAL TABLES 



tV,N 



N. SHORT CONVERSION TABLES AND OTHER DATA: 
MULTIPLES, POWERS, ETC., FOR VARIOUS NUMBERS 





n=l 


n=2 n«8 


n=4 


n=6 


n=6 


n=7 


n=8 


n=9 


IT '71 


3.1416 


6.2832 9.4248 


12.566 


15.708 


18.850 


21.991 


25.133 


28.274 


ir . n*/4 


.78540 


3.1416 7.0686 


12.566 


19.635 


28.274 


38.485 


50.265 


63.617 


v . n»/6 


.52360 


4.1888 14.137 


33.510 


65.450 


113.10 


179.59 


268.08 


381.70 


1T-T- n 


3.1416 


1.5708 1.0472 


.78540 


.62382 


.52360 


.44880 


.39270 


.34907 


n-f- TV 


.31831 


.63662 .95493 


1.2732 


1.5915 


1.9099 


2.2282 


2.5465 


2.8648 


(tt/180) . n 


.01745 


.03491 .05236 


.06981 


.08727 


.10472 


.12217 


.13963 


.15708 


(180/ir) • n 


57.296 


114.59 171.89 


229.18 


286.48 


343.77 


401.07 


458.37 


515.66 


e *n 


2.7183 


5.4366 8.1548 


10.873 


13.591 


16.310 


19.028 


21.746 


24.465 


M • n 


.43429 


.86859,1.3028 


1.7371 


2.1714 


2.6057 


3.0400 


3.4744 


3.9087 


(l^-3/).w 


2.3026 


4.6052 6.9078 


9.2103 


11.513 


13.816 


16.118 


18.421 


20.723 


1-r-n 


1.0000 


.50000 .33333 


.25000 


.20000 


.16667 


.14286 


.12500 


.11111 


n 2 


1. 


4. 9. 


16. 


25. 


36. 


49. 


64. 


81. 


n 8 


1. 


8. 27. 


84.. 


125. 


216. 


343. 


512. 


729. 


n* 


1. 


16. 81. 


256. 


625. 


1296. 


2401. 


4096. 


6561. 


n 6 


1. 


32. 243. 


1024. 


3125. 


7776. 


16807. 


32768. 


59049. 


25. 2 n 


64. 


128. 256. 


512. 


1024. 


2048. 


'4096. 


8192. 


16384. 


3 W 


3. 


9. 27. 


81. 


243. 


729. 


2187. 


6561. 


19683. 


V'i 


1. 


1.4142 1.7321 


2. 


2.2361 


2.4495 


2.6458 


2.8284 


3. 


3,- 

\ n 


1. 


1.2599 1.4422 


1.5874 


1.7100 


1.8171 


1.9129 


2. 


2.0801 


n\ 


1. 


2. 6. 


24. 


120. 


720. 


5040. 


40320. 


362S80. 


1-rn! 


1. 


0.5 .16667 


.04167 


.00833 


.00139 


.00020 


.00002 


.000003 


£»* 


I-7-6 


1. 1-7-30 


5. 


l-r42 


61. 


l-r30 


1385. 


5-7-66 


cm. in n in. 


2.5400 


5.0800 7.6200 


10.160 


12.700 


15.240 


17.780 


20.320 


22.860 


in. in n cm. 


.39370 


.78740 1.1811 


1.5748 


1.9685 


2.3622 


2.7559 


3.1496 


3.5438f 


m. in n ft. 


.30480 


.60960 .91440 


1.2192 


1.5240 


1.8288 


2.1336 


2.4384 


2.7432 


ft. in n m. 


3.2808 


6.5617 9.8425 


13.123 


16.404 


19.685 


22.966 


26.247 


29.527 


km. in n mi. 


1.6093 


3.2187 4.8280 


6.4374 


8.0467 


9.6561 


11.265 


12.875 


14.484 


mi. in n km. 


0.6214 


1.2427 1.8641 


2.4855 


3.1069 


3.7282 


4.3496 


4.9710 


5.5923 


kg. in n lb. 


.45359 


.90719 1.3608 


1.8144 


2.2680 


2.7216 


3.1751 


3.6287 


4.0823 


lb. in n kg. 


2.2046 


4.4092 6.6139 


8.8185 


11.023 


13.228 


15.432 


17.637 


19.842 


1. in n qt. 


.94636 


1.8927 2.8391 


3.7854 


4.7318 


5.6782 


6.6245 


7.5709 


8.5172 


qt. in n 1. 


1.0567 


2.1134 3.1700 


4.2267 


5.2834 


6.3401 


7.3968 


8.4534 


9.5101 



* B n = nth Bernoulli number ; see II, E, 15-18, p. 8. 
1 Exact legal values in U. S. 
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[Numbers in roman type refer to pages of the body of the book; those in 
italics refer to pages of the Tables.] 



Absolute value, 14. 

Acceleration, 60, 62; angular, 72; 
component, 63; of a reaction, 78; 
tangential, 60; total, 63. 

Algebraic functions, 24, 41. 

Amplitude of S. H. M., 126. 

Analytic geometry, formulas, 16. 
See also Curves. 

Anchor ring, 11. 

Annuity, 5. 

Approximate integration, 193, 47- 

Approximation. See also Error, La- 
grange, Prismoid, Simpson, Tay- 
lor. 

Approximations, formulas for, 47: 
polynomial, 234, 255, SO; Simpson- 
LaGrange, 31; Taylor, 30; trigono- 
metric, 8, 31. 

Area, polar coordinates, 149; of a 
surface, 302; surface of revolution, 
137, 200. 

Areas, 90, 215, 48. 

Astroid, 26. 

Asymptotes, 188, 189. 

Atmospheric pressure, 111. 

Attraction, 232, 50. 

Average value, 224, 231, 49, 

Bacterial growth, 111. 
Beams, 71, 213. 
Bernouilli numbers, 60. 
Binomial differentials, 184, 41 '• 
Binomial theorem, 269, 7. 

Cardioid, 136, 26. 
Cassinian ovals, 29. 
Catenary, 108, 137, 22. 
Cavalieri's Theorem, 202. 



Center of gravity, 224, 225, 226, 49. 

Center of mass, Ifi* See also Center 
of gravity. 

Center of pressure, 231. 

Centroid. See Center of gravity. 

Chance, 6. 

Circle, 9, 15. 

Circular measure, 119. See also 
Radian. 

Cissoid, 229, 28. 

Coefficient of expansion, 114. 

Combinations, 6. 

Compound interest law, 110. 

Concavity, 65. 

Conchoid, 28. 

Cone, 11. 

Confocal quadrics, 310. 

Constants, 1; of integration, 313; 60. 

Continuity. See Functions, con- 
tinuous. 

Contour lines, 27. 

Conversion tables, 60. 

Cooling, in fluid, 111. 

Critical point, on a surface, 291. 

Critical points, for extremes, 53. 

Cubes, table of, 57. 

Curvature, 139, 154; center of, 142; 
radius of, 141. 

Curves, 19, see also Functions; cubic, 
27; parabolic, 15, 19, see also 
Polynomials; quartic, 27. 

Curvilinear coordinates, 299. 

Cycloid, 136, 143, H- 

Cylinder, 10; projecting, 299. 

Cylindrical coordinates, 233. 



Damping, of vibrations, 24< 
Definite integrals, Jfi. 
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Depreciation, 5. 

Derivative, 19; of a constant, 25; 
of a function of a function, 31 ; of a 
power, 25, 27, 34; of a product, 30; 
of a quotient, 28; of a sum, 25; 
logarithmic, see Logarithmic; par- 
tial, 274, 18; total, 278. 

Derivatives, notation for, 19; second, 
61; of inverse trigonometric func- 
tions, 128; of exponentials, 107; of 
logarithms, 103; of trigonometric 
functions, 120, 121. 

Derived curves, 68. 

Determinant, 5. 

Difference quotient, 6. 

Differential, partial, 283; total, 279. 

Differential coefficient, 19. 

Differential equations, 82, 127, 311; 
exact, 325; extended linear, 323; 
higher order, 338; homogeneous, 
317, 329, 338; linear, 320; linear, 
constant coefficients, 338; non- 
homogeneous, 332, 340; ordinary, 
311; partial, 311; second order, 
326; separable, 316; special types, 
334; systems of, 342. 

Differential formulas, 44, 132, 15. 
See also Derivatives. 

Differentials, 43 ; exact, 325 ; notation 
for, 43; transformation of, 18. 

Differentiation, 20; formulas for, 
35, 44, 132, 15. 

Direction cosines, 16. 

Distribution of data, SO. 

Electric current, 114, 277. 

Elimination of constants, 312. 

Ellipse, 9, 15. 

Ellipsoid, 11, 14. 

Elliptic functions, 55. 

Elliptic intervals, 183. 

Empirical curves, 234. 

Energy integral, 337. 

Envelopes, 284. 

Epicycloid, 25. 

Epitrochoid, 24. 

Equations, differential, see Differ- 
ential; in parameter form, 32, 
see also Parameter ; solution of, 4- 

Error curve, 30, 



Errors, of observation, 50. 
Evolute, 142, 145, 286. 
Explicit functions, 40. 
Exponentials, 107, 22, see also 

Logarithms; differentiations of, 

107; table of, 54. 
Exponents, 3. 
Extremes, 52, 257, 290; final tests 

for, 54, 66, 294; weak, 291. 

Factors, 4' 

Falling bodies, 87, 208. 

Family, of curves, 21. 

Finite differences, 248. See also 

Increments. 
Flexion, 61. 
Flow of water, 308. 
Fluid pressure. See Water pressure, 

Atmospheric pressure, etc. 
Folium, 41, 28. 
Force, work done by, 50. 
Fourier's theorem, 8, 31. 
Frustum, of a cone, 11; formula, 96; 

of a solid, 95. 
Functions, 1; continuous, 11, 15; 

derived, 19; notation for, 1; 

implicit, etc., see Implicit, etc.; of 

functions, 31; algebraic, rational, 

etc., see Algebraic functions, etc.; 

classification of, 24. 

Gamma function, 56. 

Gases, expansion of, 38, 48, 78, 105, 

HO, 50. 
Geometry, of space, 16. 
Graphs, 2. 

Gudermannian, 131, IS. 
Guldin and Pappus, Theorem, 49* 
Gyration, radius of. See Radius. 

Harmonic functions, 23. See also 
Trigometric. 

Helicoid, 300. 

Helix, 300. 

Hooke's Law, 125. 

Hyperbola, 10, 15. 

Hyperbolic functions, 108, IS, 22, 54, 
inverse, see Inverse. 

Hyperbolic logarithm. See Loga- 
rithms. 
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Hyperboloid, 33. 
Hypocycloid, 26. 
Hypotrochoid, 25. 

Implicit functions, 40. 

Improper integrals, 190. 

Increments, 4, 248; method of, 238; 
second, 239, see also Finite 
differences. 

Indeterminate forms, 259, 262. 

Inertia, moment of. See Moment. 

Infinite series. See Series. 

Infinitesimal, 14; principal part, 261. 

Infinitesimals, higher order, 261. 

Infinity, 16. 

Inflexion, point of, 65. 

Integral, as limit of sun, 192, 197; 
fundamental theorem, 86; in- 
definite, 83; notation for, 83. 

Integral curves, 313, 343. 

Integrals, definite, 87, Ifi; double, 
210; elliptic, 183, 9, 55; improper, 
190; infinite limits, 188; infinite 
integrand, 189; multiple, 208, 215; 
table of, 35; triple, 208. 

Integral surfaces, of a differential 
equation, 343. 

Integrand, 83. 

Integraph, 243. 

Integrating factor, 325. 

Integration, 83; approximate, 193, 
see also Approximation; by parts, 
163, 35: by substitution, 158, 35, 
43; formulas for, 156, 35; of a 
sum, 84; of binomial differentials, 
184, 41; of irrational functions, 
129, 39; of linear radicals, 172, 39; 
of polynomials, 84, 158; of quad- 
ratic radicals, 173, 39; of rational 
functions, 165, 36; of trigonometric 
functions, 157, 172, 177-182, 4U 
reduction formulas, 184, 41, 4&! 
repeated, 208; successive, 209. 

Interpolation, Lagrange's formula, 
15. See also Lagrange. 

Inverse functions, 3. 

Inverse hyperbolic functions, 131, 
14, U. 

Inverse trigonometric functions, 128. 

Involute, 146. 



Irrational functions, 25; differen- 
tiation of, 34; integration of, 164, 
172. 

Isothermal expansion, 105. 

Kinetic energy, 231. 

Lagrange interpolation formula, 15, 

47. 
Law of the mean, 247, 47; extended, 

253, see also Taylor's theorem. 
Least squares, 58, 296, 309, 6. 
Lemniscate, 29. 
Length, 133, 48; polar coordinates, 

152; of a space curve, 305. 
Limits, 14; arc to chord, 133; proper- 
ties of , 15; sin d tod, 119. 
Liquid pressure, 50. 
Logarithmic derivative, 115. See ' 

also Rates, relative. 
Logarithmic plotting, 234, 20. 
Logarithms, computation of, 7; 

graph of, 21; hyperbolic, 102; 

Napierian, 102, 54; natural, 102; 

rules of operation, 99, 3; table of, 

52. 

Maclaurin's Theorem, 258. See also 

Taylor's Theorem. 
Mass, 49. 

Mathematical symbols, 1-3. 
Maximum, 6. See also Extremes. 
Mean square ordinate, 231. 
Mensuration, 9. 

Minimum, 6. See also Extremes. 
Modulus, of logarithms, 103. 
Moment of inertia, 219, 221, 49; 

polar coordinates, 220. 
Motion. See Speed, Acceleration, etc. 

Napierian base e, 102. See also 

Logarithms. 
Natural logarithms. See Logarithms. 
Normal, 5, 49; length of, 50; to a 

surface, 298, 300. 
Notation, 1. 
Numbers, e, M. See Logarithms. 

Organic growth, law of, 111. 
Orthogonal trajectories, 325. 
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Pappus Theorem, 49. 

Parabola, 10. See also Curves, 

parabolic. 
Paraboloid, 11, 84.. 
Parameter forms, 32, 50, 134. 
Partial derivative, 274, see also 

Derivative; order of, 275. 
Partial derivatives, geometric inter- 
pretation, 277; transformation, 18. 
Partial differential. See Differential. 
Partial fractions, 165. 
Pendulum, 127, 238, 250. 
Percentage rate of increase, 112. 

See also Rates. 
Period, of S. H. M., 126. 
Permutations, 6. 
Phase, of S. H. M., 126. 
Plane, equation of, 16. 
Planimeter, 243. 
Point of inflexion, 65. 
Polar coordinates, 5, 147; plane area, 

216; moment of inertia, 220; space, 

300. 
Polynomial, approximations. See 

Approximations. 
Polynomials, 24, see also Curves, 

parabolic; differentiation of, 25; 

roots of, 65; integration of, 84, 158. 
Power curves, 19. 
Power series. See Taylor series. 
Primitive, of a differential equation, 

313. 
Prism, 10. 

Prismoid, denned, 205. 
Prismoid rule, 202, 10, 47. 
Probability, 6, see also Least Squares, 

Error curve, SO; integral, 50, 56. 
Pyramid, 10. 
Pythagorean formula, 134. 

Quadric surfaces, 88; confocal, 310. 
Quartic curves, 27. 

Radian measure, table of, 51, 68. 

Radium, dissipation of, 114. 

Radius of curvature. See Curvature. 

Radius of gyration, 220, 50. 

Rates, average, 18; instantaneous, 
19; percentage, 112; related, 74; 
relative, 112, 114; reversal of, 79, 
see also Integrals; time, 10, 60, 



Rational functions, 24; differenti- 
ation of, 28; integration of, 165. 

Reactions, rates of, 78, 114. 

Reciprocals, table of, 67. 

Reduction formulas, 179, 185, 41- 

Relative rate of increase, 112, 114. 
See also Rates and Logarithmic 
derivative. 

Rolle's Theorem, 247. 

Roulettes, 24. 

Semi-logarithmic plotting, 236. 
Series, alternating, 270; convergence 

tests, 266; differentiation of, 272; 

geometric, 265, 7; infinite, 7; 

integration of, 272; precautions, 

269; Taylor, 266. 
Simple harmonic motion, 124, 328, 

28. 
Simpson-Lagrange approximations, 

81. 
Simpson's rule, 207, 47. 
Singular solution of a differential 

equation, 313. 
Slope, 4. 

Solution of equations, 4> 
Speed, 9, 60, 62, see also Motion; 

component, 10; angular, 72; total, 

42, 134; of a reaction, 78. 
Sphere, 11. 

Spherical coordinates, 232, 300. 
Spirals, 82. 

Square roots, table of, 58. 
Squares, table of, 57. 
Strophoid, 27. 
Subnormal, 50. 
Subtangent, 50. 
Summation, approximate, 193 ; exact, 

196. 
Summation formula, 197. 
Surfaces, quadric, 88. 

Table of integrals, 156, 85. 
Tables. See special titles. 
Tangent, equation of, 5, 49; length 

of, 50; to a space curve, 305. 
Tangent plane, to the surface, 289, 

297, 300. 
Taylor series, 266, 80. 
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Taylor's Theorem, 253, 8, see also 

Law of the Mean. 
Time rates. See Rates. 
Total derivative, 278. 
Total differentials, 279. 
Tractrix, 26. 

Trajectories, orthogonal, 325. 
Transcendental functions, 25. 
Trapezoid rule, 4?* 
Trigonometric functions, table of, 

12, 21,51. 
Trigonometry, 9. 
Trochoid, 24- 



Variable, 1; dependent, 1; inde- 
pendent, 1. 

Velocity, 60. See also Speed. 

Vibration, 125, 23; electric, 125. 

Volume, of frustum, 95, 199; of solid 
of revolution, 94. 

Volumes, 94, 95, 210, 48. 

Water pressure, 201, 231, 50. 
Witch, 28. 

Work, of a force, 50; on a gas, 105, 
110. 
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82 ; 114 


; 178 ; 50 + 32 T. 


9. t 


= 5/2 ; 8 


= 100; 


v = 0. 
§11. 


5. 


9. 7. 


- 5/12. 


9. ~: 


15. 


0. 17. 


3/5. 


19. -1/2. 
§14. 



ANSWERS TO EXERCISES 

§ 6. Page 9 

1. y = 2x-3. 3. 8x — y = ll. 5. Sx-y = 2. 7. 3x+y = 4. 
§ 9. Page 12 

5. 2 ; 6 ; 40 ; 2 T. 7. 80 ; 16 ; - 80. 
11. 1 ; 2 1 ; Vl + 4 P. 
Pages 17-18 
•1/2. 11. (o+ 6)/(c + d). ' 13. 1. 
23. 5/3. 25. 2. , 27. y/a/p. 

Pages 22-23 

1. 2x-4. 3. 3-3x2. 5. 8-4x 3 . 7. - l/(x - l) 2 . 

9. -2/«3. ii. 8/(x + 2)». 13. 4x + 9y = 24. 15. Rises 

when | x | > V5~; falls when | x \ < V5 ; slope zero when x = ± V5. 
17. Rises when x > 2 ; falls when x < 2 ; slope zero when x = 2. 
19. Hor. speed, dx/cft = 15 ; vert, speed, dy/dt=— 32 1 + 15. 
21. Sirr; 3a 2 ; 2irrh/S. 

§ 16. Pages 27-28 

1.12x3. 3.20x4. 5. 60 (£4+1). 7. 12«(*2-1). 

9. 18*2(1 +#>). a. 6r(3r + 2). 13. 2 v - 1. 15. 11 v™ + 12 u*. 
17. 13 a^ 2 — 9 0%8. 19 # mkffn-X + n/^n-i 21. 3 w£3n-i -(71 + 2)£ n + 1 . 
23. (- 2, 0). 25. (1, 6). 27. Slopes at x = 0, 2, - 2, 4, - 4 resp. 
are 0, 12, 36, 72, 120 ; slope is 9/2 at x = 3/2 and - 1/2 ; slope is - 3/2 
at x = 1/2. 

§ 17. Pages 29-30 

1. -l/x2. 3. 6/(x + 4)2. 5. -9/x4. 7. - 28 ar* - 4 x~3. 

9. - 04 + 2 0/(* 3 - I) 2 - 11. 4 tt/(u* - 1)2. 13. 16/3 + l/w2. 

15. 0. 17. - 6/z4 - 6 z/(jfl + 1)2. 19. 2(1 - r*)/(r* - r + 1)». 

21. 3(l-6y2 + 2 2/3)/(t3_i)2. 23. -6*-7 + 3*-4. 

25. -(t* + 3«*)/(t>*-l)«. 27. -x/(ox + 6)3. 
29. (y2~2)/(y-l)4. 31. tan-i(-3). 

1 
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2 ANSWERS 

§ 20. Pages 33-34 

1. 6x2-2. 8. 4x + 3. 5. 12x2-5x<-2x. 7. 4x(x«-l). 
9. 6x»(x2-3). 11. 24x(3x2 + 5)3. 13. 4(1 - 8Q(1 + 2 *-3*2). 
15. 3(3 - 1)(«3 - t - 4)2. 17. 8(2 v* + 3 »)(«* + 3 v* - 2). 

19. -6 «*/(*» + 1)3. 21. (6x2 _ 3 X 4 _ I8x)/(x2 + 2)«. 

23. -8*(2«2-3)-3. 26. 6(2 + 4 u 2 - 5t)(3 u - 5)(r2 + 2)2. 

27. 6JH12 * 3 +12 £2+12. 29. 166-108x. 31. (2/5)[3(l-2x)-2+8]. 
33. 3/(2 t). 35. Horiz. tangents at x = 1/2, —4/3, -5/12. 

§ 23. Pages 37-38 

1. (4/3)3*. 3. (4/8)*~*. 5. (3/4)*"*. 7. -Sx^-Sx - "** 

9. (22/3) t* + 7 t*. 11. - 6x~4 - (l/2)x* + (2/3)x~*. 

13. 3 ■ 15. 4 + 9 * . 

2V2 + 3x 2V2 + 3u 

19. 2X - 21. 15a;2 - 16a 

3(1 + * 2 )* " 2V3x-4 

25. * 27. u ~ 2a2 



17 


2J-3 




2Vt2-3t 


23 


2x-l 




2V1 -x + x 2 


29. 


*-3*3 



4 v x + xVx 2u 2 Va 2 -u Vl - 1 2 



81. 2(x_+ vTT* 2 ) 2 / Vl + * 2 . _ Tangents : 33. 3x + 4y = 5. 

35. 2V2y-x = 2. 37. 2V2y = 6x-l. 39. tan-i(5/12). 

41. 4p/<fo=- 1.41 tor**. 

§ 25. Pages 41-42 

1. - 2 y/x or - 2/x3. 3. (2 x — y)jx or 1 + 5/x 2 . 

5. x/4y or x/(2Vx 2 -36). 7. - x*/y* r - * 2 /(a3 - x 3 )*. 

9. 3(1 - x2)/(2 y) or 3(1 - x2)/2V3x-*3. 

11. (2x-y2)/(2y + 2xy) or(2 + x)/2(l+x)i 13. -y/x. 

15. 1/(22/). 17. -Vy/x. 19. 4t;2y = x*. 

21. t ; 27 2/ 2 = 4(x - 1)3. 23. (t 2 - l)/( 2j) ; x 2 + j/ 2 = 1. 

27. cty/dx > when x < and v . v. 29. v = (1/2) V2 + 2 ft. 

§ 27. Pages 46-48 

1. (2ox + 6)dx. 3. 3(2ax + &)(ax 2 +6x+c)2dx. 5. -a(ax+6)-2dx. 
7. -(12i + l)di. 9. *(a - t) 2 (2 a - 5 t)dt. 11. (3 - 2 t)<ft/2V3t-ft. 
13. (9/2)\/^^3T(«2-l)d«. 15. -(l+t))df/(2c + c2)!. 

17. -(l+t)(2 + 8c2 + t?3)d t ,/( V 3„i)2. 19. 42/2(2-2/3)"!^. 
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ANSWERS 3 

21. (1/2) (2 + y)(l + y)~%dy. 23. bnps n ^(a + ba n y- l ds. 
26. - 6nps»-i<k/(a + bs n )p+K 27. dx/[Vx(l - Vx>]. 

29. ydx 31. (2x 3 -gy 2 -a)dg 8 g a(x 2 -f y2)dx 

^ 1 — x * y + xty 2 y(l — ax) 

M /(8W + 2-ax + y)«to. $7. F + 6. = U. 43. Vt/2. 

2y(a— 6x) 

45. _(2 + 0)(l + 0)2/03. 47. 9/(2 r). 49. 2(1 - *2)/(i + *2)2 . 

- 4 t/(l + <2)2 ; 2/(1 + *2). si. du = (6 - v)d>/(p - a/& + 2 a&/i>3). 

§ 31. Page 52 

Tang. Norm. Subt. Subn. Tang. Norm. 

1. 9x + y = 5. x-9y = 37. 4/9. 36. 4V82/9. 4V82. 

3. 9x + 4y = 25. 9y-4x = 32. 16/9. 9. 4V97/9. V97. 

5. x + 3y = 6. 3x-y = 8. 3. 1/3. VIO. \/l0/3, 

7. y = 3. x = 4. oo. 0. oo. 3. 

Tangents : 9. y + V = 2 &xx . 11. xx -f yy = a 2 . 13. 6 2 xx ± a2yy 
= a2&2. 15. axx + b(xy + x ?/) + cyy + d(x + x ) + e(y +y )+f=0. 

§ 35. Pages 56-59 

1. 3. 5. 7. 9. 

Max. x = 0. q=-l. y = 0. n = 1. i = 2/3. 

Min. x = 4. g = 5. y=±V2. n = 3. $ = 1. 

11. 13. 15. 17. 19. 

Max. s = 0. None. x = 4. (1 ± V5)/2. r = 2. 

.Min. 8 = ±V5/2. x = -2. x = 0. (- 1 ±\/5)/2. r=-2. 
21. A square ; area 400. 23. (±7 i: fc7). 26. Ht. = diam. 

27. Width = 2 x depth. 29. Depth =V3 x breadth. 31. x/6+y/8=l. 
33. Max. 3 ; Min. 1 : the variable x does not increase steadily when the 
function D 2 goes through its minimum or maximum, as the general 
theory requires. 39. Compromise: 42^ a foot; average: 42.56^ a 
foot. 45. Width = 1/2 x base of A. 47. Height = (2 V£/3) x radius 
of sphere. 49. Had. = V(5 + V5)/10 x radius of sphere. 51. 2 ab. 

§ 40. Pages 64-65 

1. 2x + 6, 2. 3. 4x-l,4. 5. 2x-5/2, 2. 

7. 6(x2 + x-6),6(2x_+l). 9^4x3-6x2_-Kl0x, 12 x* - 12 x + 10. 

11. 1/2 Vx + x/Vx2 4-l, - l/(4Vx3)+ 1/V(x2 + 1)3. 

13. (x + 2)2(5x2 + 4x- 3), 2(x + 2)(10x2 4-16x+l). 15. a, 0. 
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17. 2 ax +6, 2 a. 19. [ra(x — 6) + n(x _ a)](x - a)"»-i(x — 6)"- 1 , 

[m(m — l)(x — &) 2 + 2ran(x — a)(x — 6)+ n(n— l)(x— a) 2 ] 



x (x — a) m - 2 (x- &)»-*. 

27. m = 2(3x 2 -7x-13)(x + 3)(x-2)2, 

-llOx-10). 



25. m = -l/x 2 , 6 = 2/x3. 
& = 2(x-2)(15x3-10x2 





33. 


35. 


37. 


m: 
b: 

v y : 


d*/6. 
0. 
6. 
d. 


- 2 r 3 . 
6r*. 

l. 

- 2 1-3. 


-(1 + «)*/**. 
2(1 + 07' 8 - 

-t-2. 


v : 
J.: 

J: 


V6* + d 2 - 

0. 

0. 

0. 

0. 


VI + 4 «-•. 
0. 

6M. 
- 12 1-< 


-2(1 + «)-». 

2r 8 . 

2V(i + «)-• + r 6 . 

-2(1 + «)-*- 2*-* 



V* 2 + 4 



V(i + 0" 4 + *" 4 



i 44. Page 70 





3. 


5. 


7. 




Max. 


x = -l. 


- 11/6. 


0. 




Min. 


x = 5. 


5/6. 


±V3. 




Infl. 


x = 2. 


-1/2. 


±1. 








9. 


11. 


13. 


Max. 


- B/(2A), A<0; none, ^1>0. 


None. 


None, 


Min. 


None, A < 


; -B/(2A),A>0. 


None. 


-2. 


Infl. 


None. 




None. 


2^2. 



23. y = 3x 2 + ox + b; x*/3 + 3x 2 /2 + ax + 6 ; ax -h 6. 

27. 29. 

Infl. None. x = 3Z/4. 

Max. Defl. x=±l/2. x = 1(1 + V33)/16. 

§ 46. Page 73 

1. « = 3 £ 2 /1000 degr./sec. ; a = 6 J/1000 degr./secA 
3. « =(- J3/4 _ 1/32) rad./min. =[- *7(8t) -1/(64 »■)] rev./min. 

= (- *3/240 - 1/1920) rad./sec. 
a =— 3*2/4 rad./min. 2 = - 3 fl/8 ir rev./min. 2 =— $2/4800 rad./sec.2. 
7. (ir/720)(*2 - fi/46) ft. /sec. ; (t/860)(« - ^/80) ft./secA 
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§47. Page 76 

1. 1926/(2304 *■) ft./min. 3. Inversely as the cross-sections: 

dh/dt : dh'/dt = r' 2 : r 2 . 5. Inversely as areas of liquid surfaces ; their 

ratio varies as the area of remaining liquid ; — - -4- -- = - r 2 cot a ; 

dt dt 2 

a = half-angle of cone, r = radius of liquid surface in the funnel. 

7. (t/4) VS/6 cu. in./sec. 9. dy/dt = 4(4*- 1) ft./sec; 

12 ft. /sec. ; 44 ft./sec. 11. v y = 3 x 2 » x = 30 x 2 ft. /sec. ; 1080 ft./sec. 
13. 8/ V6 ft./sec. ; 4/V26 ft./sec, 15. 4 ft./sec. ; Nearly 312 ft./sec. 
17. = 17° 41', 15° 18', 10° 22' ; max. h. = 62600 sin 2 20° ft. 

§ 50. Page 82 

1. 2x 2 + c. 3. x 3 + c. 5. -2x 3 + c. 7. — x*/5 + c. 9. 6x 2 /2 
+ 4x + c. ll.s = «V 4 — 2 1 2 + 7 t + c. 13. y = ax 2 /2 + bx + c. 

15. 2/ = .0O2x3-.001x 4 + .0O3x5 + c. 17. y=-x~ 2 /2 + c. 

19. u=-3/t-2/t 2 + c. 21. y=(4/3)x*-6x*+c. 

§ 51. Page 85 

1. y =/(4x 2 + 3x)dx = 4 x»/3 + 3 x 2 /2 + c. 
3. y- Jx-sdx=— x~ 2 /2 + c. 5. y = J(4x + 5)dx = 2x 2 + 6x + c. 

7. y = J9dx = 9x + c. 9. y = /(x* — x 4 )dx = x 4 /4 — x 5 /6 + c. 

11. y = J(x + Vx) <te = x 2 /2 + 2x*/3 + c. 13. x 2 /2 + 6x + c. 

15. 3x*-9x5/6 + c. 17. l5x + x 2 /2-2x3/3 + c. 

19. 2x*-4x5/6 + c. 21. 2x*/7-2xV9+c 

23. x + 3x*/2 + 3x*/5 + c. 25. 4 fi/1 + c. 27. 3 u*/2-2Vu+ c. 

29. -l/tj-l/(2u 2 ) + c. 31. 6^/8 + 6^/2 + c. 

33. 3yV/i3_e y i/7 + c . 35. 12^+c. 37. 3u*/8 + c. 

39. x 2 /2 + (2/6)x*+ c. 41. t*/3 - * 5 /5 + * 43. ax 2 /2 + 6x»/3 + c. 
45. ax»+7(n+l)+&x»+ 2 /(n + 2) + c. 47. - *-i- 6 /1.6 + *~V 2 + c. 

49. (2/3)t* +(4/7)^ + c. 

§ 54. Page 88 

1. 3000 gal.; 1600 gal. 3. s = * 2 /4 + c ; 4 ; 75/4. 5. 46/(8 *■) . 
333/(200ir). 7. 16/6. 9. -940/3. 11. 22/3. 13. -1899. 

15. 7 a/8. 17. 0. 19. 10a3/3. 21. 729/6. 23. -2. 25. 28/3; 
27. .0002 29. 226/4. 31. s = gt*/2 + 10 1 ; 770. 33. 10 0; no. 
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§ 55. Page 93 

1. 1/3; 21. 3. 2/5; 62/5. 5. 2/3 ; - 18. 7. 2(2\/2-l)/3 ; 

2(5V5-2V2)/3. 9. 1/4; -225/4. 11. 6/6; (6/6)ai 13. 15/2. 
15. 32. 17. 11/6. 19. 8/3. 21. 1/3. 

§ 57. Page 97 

1. 128ir/7; 2ir/7- 3. 856ir/105; 16*-/K>5. 

5. For upper half of curve : For lower half of curve: 

0to2; (14/3 + 4V3)ir. (22/3 - 4V3)*-. 

- 1 to 1 ; 4t(1 + 2V2/3). 4ir(l - 2V2/3). 

7. 296 ir/S\ ; ir (3 x* - 6 a* - l)/3 a*]J. 9. 8 w ; ir(x* + 3)/3 x] *. 

11. 4ir. 13. 778ir/5. [15. (2ir/21)(21 + 14V2 + 24v^8). 

17. 32 ir; 48 it; 2*-(&2_ a 2). 19. 4ira&2/3; 4ira2&/3. 21. 20ir/3. 
23. 8V3/5; 2fc/V3. 26. irkrW/2; 2irkr^h. 

§ 60. Page 101 

15. log 10 7/logioll = 0.812 17. 186.4± 19. 3.479 21. 2.862 

§ 65. Page 106 

1. 3Jf 8# _23L. fi# _3_. T =l m 9 2 + 21ogx. 

x l + 2x 1 +X X 

11. ^ 13. *- lo g*, 15. Kl°liL 3 . 17. -.713 

2-5t+3«2 *2 3* 

19. 150.693 21. 2(e3-2)/3+(e-«-l)/6. 23. 0.219 

25. 2.302; logfc. 27. - x~\ 29. Max., none; Min., a = 1 ; Infl., 

none. 31. Max., none; Min., x = ± 2 ; Infl., none. 33. 11.416 

35. -0.396 37. 6.693 39. & 2 logc. 

§ 67. Page 109 

1. 3e3*. 3. e^+7(2vT+x). 5. e*(2x + » 2 ). 7. (31ogl0)10»*+<. 

9. 1. 11. -2x. 13. 2e*(e* + l). 15. (e^ + e^0/4 Vx. 
19. 10.02 ; 2.35 ; sinh a. 

21. 23. 25. 

Max. None. None. x = 1. 

Min. x = — 1. None. None. 

Infl. x=-2. x = 0. x = 2. 

29. 0.632 31. 1.381 33. («w - e-">)/8 - 5/2. 35. 25.762 



Digitized by 



Google 



ANSWERS 7 

§ 69. Page 113 

1. 21 e** ; 3. 3. (1 + a)e* ; (1 + *)/*. 5 - 4 e4 * +6 > 4 - 

7. (kax + kb + a)e k * \ (kax+kb + a)/(ax+6). 
9. (3-4x-6aj2)e-* J ; (3 -4a - 6a 2 )/(3a + 2). 
11. About 963 sec. after = 40°. 

13. k = (1/5830) log (5/4) ; (1/1909) log 1.27 ; 26.7 in. ; 672 min. ; 1806 
ft. ; 1266 m. 15. 50 log 2. 

§ 71. Page 117 

1. -2. 3.3. 5. 10. 7. -2a + 3fca 2 . 9. -2r7(r 2 + l). 
11. [3(l-t 2 +* 4 )(« 2 + l)logl0-2t + 4t3]/(l-«2 + i4 ) . 

13. [1 + log(l + a)](l + xy+*. 15. xv^=v2(l + log Va). 
17. 6 + 22 a + 18 a* 33. ke*-**< 2 . 35. kx n . 37. ke<*. 
§ 74. Page 122 
1. 4 cos 4. 3. -2sec 2 2 0. 5. 4 a* cos a 4 . 7. -3 sin 3 0. 

9. cos a - x sin x. 11. tan a. 13. cos x + 8 sin 2 x. 

15. 2asin(3 - 2a)- 2(1 + a*) cos (3-2 a). 
17. e« cos (3 * - 1) [cos(3 t - 1) - 6 sin (3 * - 1)]. 
19. ^[(l/lO) (cos i - 4 sin 3 1) - (sin t + 12 cos 3 £)]. 21. 1. 

Maximum Minimum Points of Inflexion 

23. a = 2 nir + ir/2. 2 n?r — it. nir. 

25. none. none. riir. 

27. nir - ir/4. n?r + "V 4 * n?r / 2, 

29. 2 nir + *7 4 - (2 n + l)ir + it/ 4 - n,r - 

31. nir - r/12. (2 n + l)r/2 - r/12. (2 n + 1 >/ 4 - «/ 12 - 

33, 35, 37. The functions differ at most by a constant. 

39. 2. 41. - (1/2) cos 2 a + fc. 43. sec t + fc. 

45. sin a - (3/2) cos 2 a + k. 47. (1/2) sin 2 a - a + fc. 

^ Vy v Path. 

53. -6sin2t. 6cos2*. J a 2 + y 2 = 9. 

55. cos«-sin£. cost. Vl - 2 sin t cos £ + cos 2 k a 2 -2 ay + 2/ 2 = 1. 
57. - 2 it ft. /sec. ; ± tV21 ft. /sec. 

§ 76. Page 126 
1. 2cos2«, -4sin2*. 3. cost- cos2«, - sin* + 2 sin2 t 

5. 2 cos 2 t + 0.9 cos 6 t, — 4 sin 2 £ — 5.4 sin 4 £. 
7. ak cos (JM + e), — afc 2 sin(Art + e). 

9. d 2 0/<tt 2 =-20 it 2 sin 10 it*; 0.2; 1/5; ±20ir 2 . 23. a; afccosfct. 

25. S. H. M. because d 2 e/dt* = - W. 
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9. 

15. 



4a» 

vf^x* 
i 

(l + x^tan-ix' 
— cos xe aln9 



ANSWERS 

§ 79. Page 130 
-1 



-1 



* Vx 2 - 1 
x* 



11. 



l+4x 
17. 



Vl-x* 
+ 2 3ctan-i2Vx. 



7. 
18. 



-2x 

1 + x*' 

-1 

1+x 2 ' 



19. 



Vl^Txi 
Vl — x/2 Vx + sin-i Vx 
(I-*) 2 
29. (l/2)sin-i2x. 31. -tan-i(l-x) 



28. 



Vl-x 2 
25. a-/3. 



VI — e 2uinx 
21 3(logtan-*x) 2 

(1 + x 2 ) tan-i x 
27. - t/G. 
88. ir/6 ; r/&. 35. x/12 ; % ir/Q, 

§ 84. Page 136 

1. VTO; 2VI5; (6-a)VlO. 
8. Vl + m 2 ; 2\Zr+wT 2 ; (6 -a) Vl + m 2 . 

5. (2/3)(4-V2); (8/3)(2V2 - 1) ; (2/3)(6* - a*) V2. 

7. 9. 11. 

ds: V2(tt. 2(1 + *)<«- (1 + *-*)(«. 

«: 2>/2. 99. (6-a) + (6-»-a-»)/8. 

» : V5. 2(1 + 0- 1 + f" 4 - 

§ 85. Page 139 

1. 4*V5; 20*V6; 2*V5(&- a)(6+a-l). 
8. 13irVlO; 44*VlO; WM(&-a)(3& + 3a + 4). 
5. 8 it ; 4 it. 7. (t/ 2 )(« 2 + e -2 + 6). 9. 263 ir/64. 

§87. Page 144 

a fi 



R 

(l + 4x 2 )* | 



3. 



5. 



(yg 4- 4 a 2 ) 



4a2 
(1 + cos 2 xy 



sinx 
7. coab 3 x; 



-4x3; 
3x + 2a; 

_ . 1 + COS 2 X 

* + — 4 ; 

ctnx 
x — sinhxcoshx; 



6x 2 + l 
2 

2>/x7a(2a — x). 

.. 1 -h cos 2 X 

y • 

cscx 

2y. 
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(W + aV)* 



11. 

13. 
15. 

17. 
19. 






2Va 
3 a sin 2 



2 

(l + t 4 )* 



2*3 



x + 2(x + y) \fi; v + 2(x + y) \fc 
"a 'a 

0; 0. 

a cos 0(1 + 2 sin* 0) ; a sin 0(1 + 2 cos* 0). 



3 + t* 

~2r' 



(l/6)(9 + 4*)*|; 2-4*3/3; 



l+3t< 
2*3 

3 <2 - 1/2. 



§ 91. Page 149 

1. tan0. 3. - (3/4)csc0 — ctn0. 5. (1 + cos*0)/(2 tan0). 

7. 0/2. 9. 1/2. 11. (l/3)tan30. 13. (1/3) tan(3 + 2r/3). 
15. -tan (0/2). 17. (ecos0- l)/(esin0). 19. -ctn(0/2). 

§ 92. Page 151 

1. »3/6. 3. 3*V4. 5. VZyfc. 7. 3. 9. 626/2. 11. */8. 
13. (V3-l)/2. 15. 4t. 17. 4. 

§ 93. Page 154 
1. Sir. 3._>/2(e*/2_i). 5. tan 1- tan (1/2) =1.012+. 7. ir\/2. 
9. (e5-e*)V5. 

§ 94. Page 155 

1. p\/2. 3. (a/0*)(l + 02)"i 5. (1 + 8cos2 3 0)^/(lO + 8cos2 30). 
7. (2/3)V2"tyT. 9. (&2_a2 + 2a/>)V(2& 2 --2a2 + 3a/>). 
§98. Page 160 

1. x - x 2 /2 + x s /3 - x 4 /4 + c. 3. a*x + a&x 2 + 523.3/3 + c . or> 

(a+6x)3/(3 6)+c'. 5. (e2» _ e-2»)/2 - 2 x + c. 

7. fx*-fx3 + fx* + c. 45. .0585 47. 1/3. 49. log 3. 

51. 6 V2/12. 53. t2/2. 55. 3ira2. 57. Areas : 2, 1, »/2. 

§ 99. Page 164 

19. (2 +x + 2x 2 + x») tan-*x-2x-x 2 /2 + c. 
21. e 4 *(32x3-24x«+12x-163)/128+c. 25. 1. 27. »/12+ V5/2-1. 
29. (2-3e-»)/13. 31. (l + e-*)/2.' 33. 2-6/e. 
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§ 105. Page 170 

15. logiSiS!. 17. x+log^l. 19. l^ (*-2) 4 C* + 3) 
* + l x + 2 20 6 (x -1)3 

21 - J^IStS-:- * ^ g ;g=-2 Wl *- »■ ^gxvi^i. 

27. |log*=|+ltan-i?. 29. I log fiL±li!flLzJL 
8 x + 2 4 2 3 s (x-l)(x + 2)2 

35. log2-41ogf-.£. 37. - tan-i (cosx). 39. -log 14-6 *. 

41. log tan (x/2). 43. log L=-£. 45. log (e* + e-*). "" 

§ 107. Page 174 

9. (6x-4)(l+x)*/16. 11. 2tan-iV«^2. 13. Vx^x* + sin-iVx. 

1K V* + 4 . , 1, Vx + 2 — 2 4 

15. _ - +i log_±__. 17. A (4*-8)(l+.)* 

19. -(3/10)(2 x + 3)(l-x)i . 21. (4/3)x*-4x* + 4tan-ix* 

23. cos-ix-2V(l-x)/(l+x). 25. -9-41og2. 

27. 6 log (3- Vsin x)- 2 ViETx. 29. (2/3) V2 + 3 tan x. 

31. -sinx-4Vsinx— 41og(l -Vsinx). 33. (l+x 2 )f/3. 

35. (1 + g«)*/5 . 37. -(a + te*)"*/6. 39. 2(a + 6x3)*/9 6. 

^^a±l^ m 49. log ^g + "l = 1 . 51. Vx-^I-tan-i^ZI. 
53. (x-Vl^x~2)2/2. 59. ( vS/2) log[4x + 1 + 2 V4x* + 2x + 2]. 

61. -cos-i?-±i. 63. JLj s + V3-Vx2 + 2x + 3 < 

V2 V3 x-V3_V22 + 2x + 3 # 

66 - ~^J— VI + x + x2 + | log (2x + 1 + 2vTTx~+^2). 

67. 3« 3 - 2 -^ Li i2-^log(l-f2x + 2i2); £ = VT+FT^. 

69. log 7 _!inijx 

& 1 + Vl - x* x 

„ 6x2 -8x- 3 . , 3x-8 * -5 

71. z sin -1 x 4- — -. — vl — x 2 . 

4 4 

73. ^^ Vf^x2 + 2 X * 1 sin" 1 x + x2 cog-ix. 
x 2 
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§ 111. Page 183 

cos x sin 3 x , 3 nna/main „.\ 

1. — h-(x— cosxsinx). 

3. (1/6) tan& x — (1/3) tern 3 x + tan x — x. 5. (1/5) tan 6 x. 

„ tan 2 x ,tan*x a .' 2ctn 3 x ctn^x 
7. _- + - i -. 9. -ctn*--3 g— 

11. — (1/2) cot 2 x —log sinx. 13. — sin x — cscx. 

15. (1/2) sec 2 x + log tan x. 17. x cos a + sin a log sin x. 

19. (l/3)sin 3 x-(l/5)sin5x. 21. -sinx-cscx. 23. sin4x(l+cos 2 x)/12. 

25. (l/2)cos 2 x-logcosx. 27. - (1/2) (cos x esc 2 x + log tan x). 

29. — (l/14)cos7x — (1/2) cos x. 

§ 114. Page 185 
x 2 A 1, x + 3 1 _ ll-8x , , •„ s 

7. -+3x + logJ F - 1 ^. 9. ^—-^-f^og— • 

87. n 89. A(4x-7)(3x+7)*. 

6(»-i>) v/(a + te)-" 28 

36. 12/^-^ + ^-^ + tan-i jA , where j/" = x. 

\9 7 5 3 / 

37. 4(3&x-4a)(a+&x)*/(216 J ). 39. (4/405) (15 x+28)(3x+7)*. 
41. (3/56)(4x»-3a)(a + x*)*. 43. ^ + T) + |tan-*«. 

«, x» + 5x-9 VS^ x 47 x + 1 + l tan -,£±l. 

12(xH3) 2 + 36 V3 8(x* + 2 x + 5) T 16 2 

*• ^T^ + re 8 -- 1 !- "• 6 L 4 (4* S -21)(7+4x»)* 
M> 2x» - 5 ate ^-^ + 3o4 + vg^TP). 

O O 



Digitized by 



Google 



12 ANSWERS 

55. g 57. 59. 4sinx-31ogtan(£ + |Y 

aVa + 6x* 3a(a + 6x*)* ^ 4 2 ' 

61. tan B- sec *. 68. -4, log 2 toD ('/»> ± 6 = V g- 
V21 2 tan (0/2) + 6 + V21 
65. - x - (1/3) ctn 3 x. 67. 7/2 - 2 log 2. 
69. (3/4) log (5/3) - (2/ V6) tan~i V2/3. 





V3 


10 


' —2' ' 


«. iug {* t i 


/ uj. 


77. 


- log (3 


- V5). 


79. 68.7 81. 0.833 


88. 0.184 




85. 


4.037 


87. 0.88 


89. 2.274 91. 


0.767 


98. 0.949 


95. 


0.902 


97. 0.254 


§ 118. Page 195 






1 


. 16/3. 


8. 4/5. 


5. - 1.307 7. 2. 


9. ir/6. 


11. »/4. 


18. 


vf/8. 


15. 6.89 


17. 0.263 19. 


0.693 


21. 0.746 


28. 


74/3. 


25. 0.346 


27. 0.550 







§ 120. Page 198 

1. 12.4 8. 17.2 5. 2 7. 0.35 9. 57.6 

11. 4; 1/2; (abs. val.). 13.48. 15.161. 17.4500/*-. 

19. 3500/3 rev., 4.7 sec, nearly. 

§ 123. Page 202 

I. *aV15. 8. wabhyS. 5. 2V3a'/3. 7. kir/2. 
9. ir(e2»-e-2° + 4a)/4. 11. 64*-ay3. 18. 32iray6. 15. 18,7201b. 
17. 12,480 lb. 19. 599 lb. nearly. 21. J" = d*P. 

§ 124. Page 206 

5. 1/2%. 7. 232/3. 9. 90. 15. 1.099 17. 7.912 

19. 0.293 

§ 127. Page 211 

8. x*/2 + ex + c'. 5. (4/15) (1 - t)' + ct + c'. 

7. 0*/6O — 4 /12 + c0 2 + c'0 + c". 9. e* + ex + c'. 

II. c + c'u - u log u. 18. P/2 + sin t ; #/6 — cos t + 1. 
15. Vf+12"; («/2)vT+l2+(l/2)log (f + vTTl 5 ). 

17. 8. 19. (4/15)(6*-6* + 3*-32). 21. 32/3. 28. 1106/2. 



Digitized by 



Google 



ANSWERS 13 

26. *tV3. 27. 32 ir. 29. 8/9. 31. 6(4x2 - J 2 )/a 
33. y = fc(3 te 2 - s*)/6. 35. y = (3 as* + 6x»)/6. 

37. y = *[log(Z/aO+x/J-l]. 

§ 129. Page 218 

1. 26/105. 3. 363/5. 5. (5* - 1)/16 + (5">-l)/30. 7. 20477/4. 
9. 26/35. 11. 1/70. 13. 2a«/3. 17. at x = 0.904 19. 1/12. 
21. V3 + 2 ir. 28. V2/3 + k)g(l+\/2). 25. 5VB/6. 27. ir/8. 
29. 3*-/2. 81. iH>/6. 33. 3ir/2. 35. 16 aV^/S. 37. o2/6. 

§ 131. Page 223 

1. 3/20. 8. 104 V2/35. 5. \/2(tt2/16 - 31/18) + 16/9. 

7. 17/162. 9. ka*/S;2kayS. 11. 1ctc<*/2. 13. faray4. 

15. kh\b + 3 6')/12. 17. far(a 2 4 - ai 4 )/2. 19. 5 ka*/VS ; side = 2 a. 
21. 3 far/64. 23. 35 far/16. 25. farV20. 27. 19 far/4. 

29. kaK 31. 641 fc/756. 33. 846290 &/189. 85. 21026 &/10395. 

§ 136. Page 227 

1. 3/8. 3. 1/5. 5. 3/4. 7. 1/4. 9. 1/20. 11. 2/w. 
13. 2 a/3. 15. 3 h/b. 17. (4a/3x, 4 6/3*-). 

19. 3 h/4: from vertex. 21. 3 a/8 from center, on axis of revolution a. 

23. Dist.fromcenter = 2asina/(3a). 25. ( 2 , e 2 - <r* — 4\ 

\e + 1 4 e — 4 e _1 / 

27. (3/5,12/35). 29. (1,-1/2). 31. (1,0). 33. (-5/6,0). 
35. [(24 - 6 ir 2 )/ir«, (2 x 2 _ 12)/ir2]. 

§ 136. Page 229 

1. ir(a2/2 + 62); a>6. 3. 3*-a 2 /4. 5. 1.558+. 7. »a6 2 [>/(2a) 
-(1/4) sin (2 *■/«)]• »• 4irr3/3. 11. *V*. 13. 32 Tray 105. 

15. A = log >/2 ; x = 0.6192 j y = 0.2059 ; I = fc(7r/4 - 23/48) . 
17. ^l = 3ira 2 ; x = ira; y = 5a/6; I = (ira»/3)(8ir2 + 5). 
19. A = *r(6 2 - a 2 )/4 ; x = (a 2 + a6 + &2)/2(6 + a) ; I = 3 ir(&< - a*)/32. 
21. s = 2 c/3. 23. i = 3/4. 25. a = ira/2 + 64 a/ (45 it). 

29. 4 irr3(l - cos 4 a)/3 ; 2 a = angle of cone. 31. log tan (x/2 -f x/4). 
33. 8 a. 35. (3/10) mass times square of radius. 
37. (1/5) mass times sum of squares of other two semi-axes. 
47. 2/ir; 1/2. 49. 2r/ir. 51. S025irfc/27. 53. 382812.5 *■* ft. lb. /min. 
61. 7T. 
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14 ANSWERS 

§ 140. Page 236 

1. 2x = 3y-ll; 4x = y + 11. 9. v = 85.2 P--»» 11. h = Mt~^. 
13. d = 14.8**». 19. y = e2»/a. 21. y = 10er*. 28. y = 4e- & . 

§ 141. Page 240 

1. /(x)= 0.6x2 _ 1.4 x + 2.5 8. 0(m)= m 2 + m». 5. P =06.10-^. 
7. D = lO^-^)/ 20 . 9. 0.012 x lO- 7 ^ 1 •«. 

11. Tungsten: C = .00000272 T™»° ; IT = 10300 P""* ; B = 31.6 F-»>. 

§ 145. Page 249 

1. x = 1/2. 8. x = 1.88 11. About ±40 ft. 13. About 420 ft. 
15. T changes by about 1.1%, 1.4%, .06% respectively. 
17. 0.620, 0.630, 0.641, 0.590 calories 

§ 147. Page 256 

1. tanx = x. 8. cosx = 1 — x 2 /2. 

The cubics are : 5. 1 + x + x 2 /2 + x 8 /6 ; | E\< .000004 
7. x - xV2 + x3/3 ; | E\ < .0004 

9. e-2[l - (x - 2) + (x - 2)2/2 - (x - 2)3/6] ; | E |< .0004 
11. 1 + 2(x - ir/4) + 2(x - !r/4)2 + (8/3)(x - *-/4)3 ; | E |< .000007 
15. x - x3/6 + xyi20. 17. x<5°60'. 

§ 148. Page 258 



1. 8. 


5. 


7. 9. 




Max. none. x = 1. 


none. 


(2 mr + ir/2)i !31°.2 etc. 


none. 


Min. x = 0. none. 


none. 


(2 mc - ir/2)i 291°.4 etc. 


x = 0. 




§150. 


Page 262 




1. 1. 8. 3. 5. 
18. -1/2. 15. 0. 
25. 4. 27. 3. 29. 


-1. 
17. 1. 
1. 81. 


7. 2/3. 9. log (a/6). 
19. log a - 1. 21. 0. 
3. 33. oo. 35. 2. 


11. 1. 
28. 3. 

87. 3/2. 




§151. 


Page 264 





1. 0. 8.-00. 5. -1/2. 7. 0. 9. 0. 11. 0. 18. 1. 
15. e». 17. 1. 19. 1. 21. 1.102 

§ 153. Page 268 

11. (V5/2)[l +(x - t/4)-(x- t/4) 2 /2 ! -(x - tt/4)V3 1 + •••]• 
13. ( X - l)-(x- 1)2/2 +(x- 1)3/3-... 
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ANSWERS 15 

§ 156. Page 276 

" The answers for Ex's. 1-9 are in the order z xx , z xy , z vv , 

1. 2,0,-2. 3. 2cos(x 2 + y 2 )— 4x 2 sin(x 2 4-y 2 ), — 4xysin(x 2 4-2/ 2 ), 

2cos(x 2 + y 2 )-4 2/ 2 sin(x 2 + y 2 ). 5. n 2xy — , V 2 -* 2 _rlSL. 
k -r-yj * y -vy j (tf + y 2 ) 2 (x 2 + y 2 ) 2 ' (x 2 *? 2 ) 2 

7. (6x4-2y + 4x 3 4-4x2y)e«, 2(x + y)(l +2xy)e v , 

(2x + 6y + 4x2/ 2 + 42/ 3 )e«; u = x* + y 2 . 

9 y 2 -x 2 -2xy x 2 -y 2 .. _p & 

(x 2 + y 2 ) 2 ' (x 2 + 2/ 2 ) 2 ' (x 2 + y 2 ) 2 ' " v' v' 

17. Area = K ; IT tt = 6 sin (7, IT 6 = a sin C, i" c = a& cos C ; Diag. = D ; 

i) = 2(a — b cos C), D 6 = 2(6 — a cos C7), D<7 = 2 a& sin C. 

§ 160. Page 283 

1. — x/(4y). 3. (y - x 2 )/(y 2 - x). 7. Errors due to Aa, A5, 
AJ. : 1 % ; .30 % ; .84 %. 9. 3 %. 11. 20.5, 19.3, 101.5 

§ 166. Page 295 

7. (x - 3)/12 = (2 - y)/16 = 3-«. 




§169. Page 301 

I. 2x + 4y + « = 18; (x - 4)/2 ={y- 2)/4 = z - 2. 
3. 3x-22/+z = 18; (x- 6)/3 =(1 - y)/2 = z - 2. 

5. 3x + 4y-5z = 0; (x - 3)/3 =(y - 4)/4 =(5 - z)/5. 

7. ex 4- ey + 2 2 = 4 e ; x/e = (2/ - 2)/e = (z - e)/2. 

9. cos-^i 2/V6). 11. x + y + V2 z = 2 a, x = y = z/ >/2 . 

V3x+3y+2z=4a, x/VS =y/S = z/2. 13. xxo - yyo- 2(z + z ) = ; 

(0, 0, 0) ; no extreme. 15. x 2 + y 2 = 1 + z 2 ; — X + Sy+Sz = l. 

17. 9 x 2 4-4 2/2 + 36 2* = 36; 9x + 6y + 18V2 z = 36. 

19. 8x-32/-z = l;9x + 6y-z = 20. 

§ 170. Page 304 

3. 2 0^(3 v/4 — 2). 5. V2 a 2 ; a = side of square. 

II. (2 7r/3)(Vm(2 fc + m) 3 - m 2 ). 
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16 ANSWERS 

§ 172. Page 306 

1. 90°. 3. cog-i(l/5). 7. (0i - 2 ) Va 2 + & 2 , 2 Wa 2 + b*. 

§ 172. Page 306 (Second List) 

1. r sin.2 ; r 2 cos 2 0. 3.2 re 2 *(cos - sin 0) ; 2 re**(cos + sin 0) . 
7. 2 cos ^(r 2 — sin 2 0)/r ; 2 sin 0(r 2 + cos 2 0)/r. 

9. (0 cos - sin log r)/r, (0 sin + cos log r)/r. 11. x = 285/116. 
13. 4aS(3ir-4)/9. 17. (0,0). 23. The inscribed cube. 

25. tf = - 7.97 + .000107 P*. 27. (a) JT = 33.68 - 1.138 P. 

(6) H = 31.64 - 0.965 P - 0.0037 P 2 . (c) H = 40.86 - 10.73 log P. 
33. sin-i (1/V3) and sin-i (1/3). 
35. -aJ/2=(y-2)/0=(4 2- w - 2 )/(4ir); 
(x + 2)/0 = - y/2 =(2 - ,r 2 )/(2 tt) ; 8x - 4 *z + ** = 0; 
y — irZ + ir 3 = 0. 
87. a >/l + * 2 (0 2 -0i). Value of y should be a cos sin 0. 

§ 175. Page 314 

17. x 2 - y 2 = - 3x ; 5/4. 19. xdx + j/dy = 0. 21. yy" + y'« = 0. 
23. x* - y 2 - xj/(y' - 1/y') = a 2 - 6 2 . 25. dy = xdx. 

d* 2 *' d* 2 U ' d* 2 ' *"5» dT* — *-5f 

§ 178. Page 318 

11. y = 1 + ce«°»». 13. y - 1 = c(x + 1). 15. 1 + V 2 = c(l + x 2 ). 
17. 2y = ex 2 + c>. 23. y 3 - c^«. 25. y = 3(1 + x) 

27. T 2 = 200 e»/» ; Jc = (2/tt) log 1.1 
29. (£ - g)/(J. - q) - e <*-*)<*+c>. 31. „2 = c _ 2 * 2 /t. 

§180. Page 323 

1. y = (c + x)e**/2. 8. y = 2sinx-2 + ce" 8in «. 5. xy*(2 + ex) = 1. 
7. 2/r = 1 — tf 2 + cer*. 9. y = tanx - 1 + cer*»*. 11. * = ce~« - 1 + t. 
13. y = ce* — (sinx + cosx)/2. 15. y = Jcx + cVl + x 2 . 

§ 181. Page 324 

1. 3y3 = 1 - 3x + ce-3». 3. (x + y)/(x- y) = ce 2 *. 

7. x3 + 8«V + y» = c 9. X6*/» = c. 15. (a)x - y = c. 

17. y 2 = 4 c(x + c). 19. y 2 = fca. 
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ANSWERS 17 

§ 183. Page 329 

1. a = A& 4 Be-*, 3. s = a sin {t 4 6). 
5. y = .Ae* + Be~ H or y = a sin (Art 4 6). 
7. S. H. M. with zero amplitude ; no motion. 
9. a = vl04, b =tan-i5 ; a = 5, b = »/2. 

§184. Page 332 

1 = cic* 4 (^e 3 *. 3. y = Cie* + c 2 e-*' 5 . 5. y = fax + C2)e*. 

7. y = (ci sin V2 x 4 ^ cos V2~x)e». 9. y = Cie 2 * 4- c^ 7 *. 
11. y = cie 2 */ 3 4 C26 3 */ 2 . 13. y = Cic 2 * 4- c^" 2 *. 15. y = Ci 4 c 2 e~**. 
17. x = e-6«/2|- Cie Vw=irt/2 + ^e-N/M^^/2], c < 52/4 . 

x = e-**/2[ci sin V4 c — 6 2 </2 4- c 2 cos V4c-6 2 t/2], c > 6 2 /4. 
19. x==e-«/ 2 r^±^ev^/2 + 5J^Ie-^/ 2 l ; No; 

L 2V5 2>/5 J 

§ 186. Page 337 



5. 3 1 = 2(Vs - 2 c) vVs+c 4 c'. 7. y = e^/4 4 cix 4 c* 

9. y = 6 cos x + 4 x sin x — x 2 cosx 4 ex 4 c'. 
11. y = e* —(1/16) cos2 x 4 c x x* 4 C2X 2 4 c 3 x 4 c 4 . 
15. y = fcx 2 (x 2 - 4 Ix 4 6 l 2 )/12. 

§189. Page 341 

9. y = 3x/4 + x 2 /4 4- Cie* 4 c 2 e 2x 4 c 3 . 
11. y = cie* + <*>-* 4- ^tr 2 * + (c 4 4 x/12)e to . 18. y = cie* + c^' 8 + c 3 . 
15. y = — }xsinx + Cicosx 4c 2 sinx + c 3 . 17. y = Cie r +c 2 e~*+ c 3 x4c 4 . 
19. 2V1 4- ce* 4- log [(VI 4 ce* - l)/( Vl + ce* 4 1)] + c'. 
21. y = (x - x 2 /2) log x 4 Cix 2 + c?x + c 3 . 25. y = C1X 2 - x logx 4 c 2 . 
27. y = (1 - 6)/&2 - log (a 4 bx)+ Ci(a 4 &s) m i + c 2 (a 4 bx) m *, where 
wii and w^ are the roots of m 2 4 (6 — l)m — b 2 = 0. 
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